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PREFACE, 


The  methods  of  investigation  adopted  in  this  work  are 
in  accordance  with  what  may  be  called  the  modem  school 
of  practical  astronomy,  or  more  distinctively  the  Ger- 
man school,  at  the  *  head  of  which  stands  the  unrivalled 
Bessel.  In  this  school,  the  investigations  both  of  the 
general  problems  of  Spherical  Astronomy  and  of  the  Theory 
of  Astronomical  Instruments  are  distinguished  by  the  gene- 
rality of  their  form  and  their  mathematical  rigor.  When 
approximative  methods  are  employed  for  convenience  in 
practice,  their  degree  of  accuracy  is  carefully  determined  by 
means  of  exact  formulae  previously  investigated ;  the  latter 
being  developed  in  converging  series,  and  only  such  terms 
of  these  series  l3eing  neglected  as  can  be  shown  to  be  insc»n- 
sible  in  the  cases  to  which  the  fonnula)  are  to  be  applied. 
And  it  is  an  essential  c(mdition  of  all  the  methods  of  com- 
putation from  data  furnished  l)y  observation,  that  the  errors 
of  the  computation  shall  always  Ix*  practically  insensible  in 
n*lation  to  the  ern)rs  of  ()l)sorvati()n  :  so  that  our  nssults 
shall  Ix?  pun4y  the  legitimate  deductions  from  the  obstTva- 
tions,  and  free  from  all  avoidable  error. 

It  is  another  characteristic  feature  of  modem  spherical 
astronomy,  that  the  final  formulae  fumished  to  the  practical 
computer  are  so  prc»si»nted  as  seldom  to  rcMpiire  accompany- 
ing verbal  precepts  to  distin;ruish  the  si)eciesof  the  luiknown 
angles  and  arcs;  and  this  results,  in  a  gn»at  measun\  from 
the  consideration  of  tht*  j/f/ifnit  sjJtfrtcftf  frl<iitf/ff\  or  that  in 
which  the  six  parts  of  the  triangle  are  not  subjected  to  the 
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their  origin  in  the  United  States, — the  method  of  finding 
differences  of  geographical  lomjitude  by  the  electric  telegraph, 
and  that  of  finding  the  geographical  Icttitude  by  the  zenith 
telescope.  These  are  the  direct  offspring  of  our  admirably 
conducted  Coast  Survey,  which,  with  the  aid  of  these 
methods,  both  of  the  greatest  simplicity,  has  fixed  the  lati- 
tudes and  relative  longitudes  of  a  series  of  points  on  our 
coast  with  a  degree  of  accuracy  wholly  unapproached  in  any 
previous  work  of  this  kind.  This  extreme  accuracy  will  Ije 
apparent  to  the  reiider  who  will  refer  to  the  examples  here 
given,  which  have  been  selected  (almost  at  random)  from 
the  records  of  the  Survey. 

It  is  perhaps  necessary  to  say  a  few  Avords  here  respect- 
ing those  |X)rtions  of  this  treatise  in  Avhich  I  have  ventured 
to  substitute  my  own  methods  for  those  heretofore  employed. 
My  method  of  reducing  lunar  distances,  which  was  first 
published  in  the  American  Ephemeris  for  1855,  is  here  re- 
produced, together  witli  the  necessary  tables  for  its  applica- 
tion. But  I  have  first,  for  the  sake  of  completeness,  given 
the  usual  rigorous  solution,  although  this  is  confessedly  too 
laborious  for  ordinary  use,  and  esj)ecially  for  use  at  sea.  The 
approximative  methods  heretofore  proposed  may  be  divided 
into  two  classes :  first,  those  based  upon  sufficiently  precise 
fonuula),  but  such  that  the  tables  required  in  their  applica- 
ti(m  are  adapted  only  to  a  mean  state  of  the  atmosphere ; 
an«l  second,  those  based  ujx)n  incomplete  formula?.  As  to 
the  first  chuss,  the  trouble  of  correcting  the  tabular  numlxjrs 
for  the  barometer  and  thermometer  would  render  the 
methods  iis  laborious  as  the  rigorous  method,  and  it  is 
then»fore  the  usual  practice,  at  sea,  to  disreganl  these  corivc- 
tions  altogether,  thus  introducing  a  greater  error  than  would 
follow  from  the  use  of  the  moiv  incomplete  formula?  of  the 
second  class,  if  in  the  latter  these  corrections  were  taken 
into  account.  But,  as  to  the  methods  of  the  second  class  (of 
wliich  there  are  several  in  common  use),  it  will  be  found 
upon  examination  that  the  omitted  tenns  of  the  formula) 
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than  usual  completeness.  The  fundamental  formula)  adopted 
are  those  of  Bessel's  theory,  but  the  solutions  of  the  various 
problems  relating  to  the  prediction  of  solar  eclipses  for  the 
earth  generally  are  mostly  new.  The  rigorous  solutions  of 
these  problems  given  by  Bessel  in  his  Aiutlyae  der  Futster- 
nesse  are  not  required  for  the  usual  purposes  of  prediction, 
however  interesting  they  may  be  as  specimens  of  refined 
and  elegant  analysis.  On  the  other  hand,  the  approximate 
solutions  commonly  given  appear  to  be  unnecessarily  rude. 
Those  that  I  have  substituted  will  be  found  to  be  very  little 
if  at  all  more  laborious  than  the  latter,  while  they  are  almost 
as  precise  as  the  former,  and  by  a  very  little  additional  labor 
(that  is,  by  repeating  only  some  parts  of  the  computation 
for  a  second  or  third  approximation)  may  be  rendered  quite 
exact. 

So  far  as  I  can  find,  no  one  has  heretofore  treated  distinct- 
ively of  the  occultations  of  phuiets  by  the  moon,  and  these 
phenomena  have  been  dismissed  as  simple  cases  of  the 
general  theory  of  eclipses,  in  which  both  the  occulting  and 
the  occulted  body  are  spherical.  But  in  almost  every  oc- 
cultation  of  one  of  the  principal  planets,  the  planet  will  be 
either  a  sphen)idal  body  fully  or  partially  illuminated  by 
the  sun,  or  a  spherical  Ixxly  partially  illuminated :  so  that, 
in  the  general  cai4C,  we  have  to  consider  the  disc  of  the  oc- 
culted Ijody  as  bounded  bv  an  ellipse  or  by  two  diflerent 
semi-ellipses.  I  have  discussed  this  general  case  at  length, 
and  have  adapted  the  theory  to  each  planet  specially.  The 
additiimal  computations  retjuiivd  to  take  into  account  the 
tnie  figuix}  of  the  })lanet's  disc  are  sufliciently  brief  and 
simple.  The  cast*  of  the  occultation  of  a  cusp  of  Venus  or 
Mercurv  is  included  in  the  discussion,  and  also  the  occulta- 
tion  of  Saturn's  rings. 

The  well  known  fonnula  for  predicting  the  transits  of  the 
inferior  planets  over  the  sun's  disc,  iii^t  given  by  Laghange, 
is  here  rendered  more  accurate  by  introducing  a  considera- 
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to  the  rejection  of  nearly  the  same  observations  as  that  of 
Peirce. 

The  plates  at  the  end  of  the  work  exhibit  in  minute 
detail  the  instruments  now  chiefly  employed  by  astronomers. 
To  have  given  more,  with  the  necessary  explanations,  would 
have  led  me  too  far  into  the  mere  history  of  the  subject,  and 
would  have  occupied  space  which  I  thought  it  preferable  to 
fill  with  discussions  relating  to  the  leading  instruments  now 
in  use.  The  scale  of  these  plates  is  purposely  made  quite 
small;  but  the  great  precision  with  which  they  are  executed 
will  enable  the  reader  to  measure  from  them  the  dimensions 
of  all  the  important  parts  of  each  of  the  principal  instru- 
ments. I  am  greatly  indebted  for  the  perfection  of  these 
drawings  to  the  engravers,  the  Messrs.  Illmak  Brothers,  of 
Philadelphia. 

Such  auxiliary  tables  as  seemed  to  be  necessary  to  the 
*  reader  in  using  these  volumes  have  been  given  at  the  end 
of  Vol.  II.  Some  of  these  are  new.  Most  of  those  which 
have  been  derived  from  other  sources  have  been  either  re- 
computed or  tested  by  differences  and  corrected.  To  insure 
their  accuracy,  they  have  also  been  tested  by  diflbrences 
after  being  in  type. 

For  the  very  complete  index  to  the  whole  work,  I  am 
indebted  to. my  friend.  Prof.  J.  D.  Creuoke,  of  Washington 
University. 

In  conclusion,  I  desire  to  express  my  obligations  to  those 
citizens  of  Saint  Louis  who,  without  solicitation,  have  gene- 
rously assumed  a  share  of  the  risk  of  publication.  Their 
liberal  spirit  has  been  met  by  a  corresponding  liberality  on 
the  part  of  my  publishers,  who  have  spared  no  exjK^nse  in 
the  tviM^graphical  execution.  I  shall  be  content  if  their 
expectations  are  not  wlioUy  disappointed,  and  the  work 
contributes  in  any  degree  to  the  advancement  of  the  noblest 
of  the  physical  sciences. 

WASniX<!TOX    rNIVKRHITT, 

Saijjt  Locih,  January  1,  18G3. 
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CHAPTER  I. 

THE   CELESTIAL   SPHERE — SPHERICAL  AND  RECTANGULAR 

COORDINATES. 

1.  From  whatever  point  of  space  an  observer  be  supposed  to 
view  the  heavenly  bodies,  they  will  appear  to  him  as  if  situated 
upon  the  surface  of  a  sphere  of  which  his  eye  is  the  centre.  If, 
without  changing  his  position,  lie  directs  liis  eye  successively  to 
the  several  bodies,  he  may  learn  their  relative  directions,  but 
cannot  determine  either  their  distances  from  himself  or  from 
each  other. 

The  position  of  an  observer  on  the  surface  of  the  earth  is, 
however,  constantly  changing,  in  consequence,  Ist,  of  the  diur- 
nal motion,  or  the  rotation  of  the  earth  on  its  axis ;  2d,  of  the 
annual  motion,  or  the  motion  of  the  earth  in  its  orbit  around 
the  sun. 

The  changes  produced  by  the  diurnal  motion,  in  the  appa- 
rent relative  positions  or  directions  of  the  heavenly  bodies,  are 
different  for  obsen^ers  on  different  parts  of  the  earth's  surface, 
and  can  be  subjected  to  computation  only  by  introducing  the 
elements  of  the  observer's  position,  such  as  his  latitude  and 
longitude. 

But  the  changes  resulting  from  the  annual  motion  of  the 
earth,  as  well  as  from  the  proper  motions  of  the  celestial  bodies 
themselves,  may  be  separately  considered,  and  the  directions 
of  all  the  known  celestial  bodies,  as  they  would  be  seen  from 
the  centre  of  the  earth  at  any  given  time,  may  be  computed 
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earth  at  the  observer.*  The  plane  of  the  horizon  may  be  con- 
ceived as  that  which  sensibly  coincides  with  the  surface  of  a 
fluid  at  rest. 

The  vertical  line  is  a  straight  line  perpendicular  to  the  plane 
of  the  horizon  at  the  observer.  It  coincides  with  the  direction 
of  the  plumb  line,  or  the  simple  pendulum  at  rest.  The  tAvo 
points  in  which  this  line,  infinitely  produced,  meets  the  sphere, 
are  the  zenith  and  nadiry  the  first  above,  the  second  below  the 
horizon. 

The  zenith  and  nadir  are  the  poles  of  the  horizon. 

Secondaries  to  the  horizon  are  vertical  circles.  They  all  pass 
through  the  zenith  and  nadir,  and  their  planes,  which  are  called 
vertical  planeSy  intersect  in  the  vertical  line. 

Small  circles  parallel  to  the  horizon  are  called  almncantarSy  or 
parallels  of  altitude. 

The  celestial  meridian  is  that  vertical  circle  whose  plane  passes 
through  the  axis  of  the  earth  and,  consequently,  coincides  with 
the  plane  of  the  terrestrial  meridian.  The  intersection  of  this 
plane  with  the  plane  of  the  horizon  is  the  meridian  line^  and  the 
points  in  which  this  line  meets  the  sphere  are  the  north  and  south 
points  of  the  horizon,  being  respectively  north  and  south  of  the 
plane  of  the  equator. 

The  prime  vertical  is  the  vertical  circle  which  is  perpendicular 
to  the  meridian.  The  line  in  which  its  plane  intersects  the 
plane  of  the  horizon  is  the  ea^t  ami  west  line^  and  the  points  in 
which  this  line  meets  the  sphere  are  the  east  and  iccst  points  of 
the  horizon. 

The  north  and  south  points  of  the  horizon  are  the  poles  of  the 
prime  vertical,  and  the  east  and  west  points  are  the  poles  of  the 
meridian. 


*  In  this  definition  of  the  horixon  we  coniiider  the  pUne  tangent  to  the  earth's 
surface  a«  Mensibly  coinciding  with  a  parallel  plane  parsed  through  the  centre  ;  that 
is,  we  consider  the  radius  of  the  celestial  sphere  to  be  infinite,  and  the  radius  of  the 
earth  to  be  relatiTelj  zero.  In  general,  any  number  of  parallel  planes  at  Jinite  dis- 
tances roust  be  regarded  as  marking  out  upon  the  in/?ni/r  sphere  the  same  great  circle. 
Indeed,  since  in  the  celestial  sphere  we  consider  only  direttion^  abstracted  f^om  dis- 
tance, all  lines  or  planes  having  the  ?ame  direction — that  is,  all  parallel  lines  or 
planet — must  be  regarded  as  intersecting  the  surface  of  the  sphere  in  the  same 
point  or  the  same  great  circle.  The  point  of  the  surface  of  the  sphere  in  which  a 
number  of  parallel  lines  are  conceived  to  meet  is  called  the  tanithing  point  of  those 
lines :  and,  in  like  manner,  the  great  circle  in  which  a  number  of  parallel  planes  are 
conceived  to  meet  may  be  called  the  vanishing  circle  of  those  planes. 
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The  value  of  ^  for  a  point  below  the  horizon  will  be  greater 
than  90®,  and  the  corresponding  value  of  A,  found  by  the  for- 
mula h  =  90°  —  ^,  will  be  negative :  so  that  a  negative  altitude 
will  express  the  depression  of  a  point  below  the  horizon.  Thus, 
a  depression  of  10°  will  be  expressed  by  A  =  —10°,  or  {;"  =  100°. 

4.  Second  system  of  co-ordinates. — Declination  and  hour  angle. — In 
this  system,  the  primitive  circle  is  the  celestUd  equator ^  or  that 
great  circle  of  the  sphere  whose  plane  is  perpendicular  to  the 
axis  of  the  earth  and,  consequently,  coincides  with  the  plane  of 
the  terrestrial  equator.  This  circle  is  also  sometimes  called  the 
equinoctiaL 

The  diurnal  motion  of  the  earth  does  not  change  the  position 
of  the  plane  of  the  equator.  The  axis  of  the  earth  produced  to 
the  celestial  sphere  is  called  the  axis  of  the  heavens:  the  points 
in  which  it  meets  the  sphere  are  the  north  and  south  poles  of 
the  equator,  or  the  poles  of  the  heavens. 

Secondaries  to  the  equator  are  called  circles  of  decUnationy  and 
also  hour  circles.  Since  the  plane  of  the  celestial  meridian 
pasHcs  through  the  axis  of  the  equator,  it  is  also  a  secondary  to 
the  equator,  and  therefore  also  a  circle  of  declination. 

Parallels  of  declination  are  small  circles  parallel  to  the  equator. 

The  declination  of  a  point  of  the  sphere  is  its  distance  from  the 
equator  measured  on  a  circle  of  declination,  and  its  hour  angle  is 
the  angle  at  either  pole  between  this  circle  of  declination  and  the 
meridian.  The  hour  angle  is  measured  by  the  arc  of  the  equator 
intercepted  between  the  circle  of  declination  and  the  meridian. 
Aa  the  meridian  and  ecjuator  intersect  in  two  points,  it  is  neces- 
sary to  distinguish  which  of  these  points  is  taken  as  the  origin 
of  hour  angles,  and  also  to  know  in  what  direction  the  arc  which 
measures  the  hour  an<?le  is  reckoned.  Astronomers  reckon 
from  that  jmint  of  the  equator  which  is  on  the  meridian  above 
the  horizon,  towards  the  west, — that  is,  in  the  direction  of  the 
apparent  diurnal  motion  of  the  celestial  sphere, — and  from  0°  to 
300°,  or  from  0*  to  24*,  allowing  lo°  to  each  hour. 

Of  these  co-ordinates,  the  declination  is  not  changed  by  the 
diurnal  motion,  while  the  hour  angle  depends  only  on  the  time 
at  the  meridian  of  the  observer,  or  (which  is  the  same  thing)  on 
the  position  of  his  meridian  in  the  celestial  sphere.  All  the 
olwervers  on  the  same  meridian  at  the  same  instant  will,  for  the 
same  star,  reckon  the  same  declination  and  hour  angle.   We  have 
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Bnn  appears  to  be  moving  at  that  instant.  Its  annual  change  is, 
however,  very  small,  and  its  daily  change  altogether  insensible. 

The  obliquity  of  the  ecliptic  is  the  angle  which  it  makes  with 
the  equator. 

The  points  where  the  ecliptic  and  equator  intersect  are  called 
the  equinoctial  points^  or  the  equinoxes ;  and  that  diameter  of  the 
sphere  in  which  their  planes  intersect  is  the  Ibie  of  equinoxes. 

The  vernal  equinox  is  the  point  through  which  the  sun  ascends 
from  the  southern  to  the  northern  side  of  the  equator ;  and  the 
auiunvuil  equinox  is  that  through  which  the  sun  descends  from  the 
Dortbeni  to  the  southern  side  of  the  equator. 

The  solstitial  points^  or  solstices,  are  the  points  of  the  ecliptic 
90°  from  the  equinoxes.  They  are  distinguished  as  the  north- 
em  and  southern,  or  the  summer  and  winter  solstices. 

The  equinoctial  colure  is  the  circle  of  declination  which  passes 
through  the  equinoxes.  The  solstitial  colure  is  the  circle  of  decli- 
nation which  passes  through  the  solstices.  The  equinoxes  are 
the  poles  of  the  solstitial  colure. 

By  the  annual  motion  of  the  earth,  its  axis  is  carried  very 
nearly  parallel  to  itself,  so  that  the  plane  of  the  equator,  which 
is  always  at  right  angles  to  the  axis,  is  very  nearly  a  iixed  piano 
of  the  celestial  sphere.  The  axis  is,  however,  subject  to  small 
changes  of  direction,  the  eflect  of  which  is  to  change  the 
position  of  the  intersection  of  the  equator  and  the  ecliptic,  and 
hence,  also,  the  position  of  the  equinoxes.  In  expressing  the 
positions  of  stars,  referred  to  the  vernal  equinox,  at  any  given 
instant,  the  actual  position  of  the  equinox  at  the  instant  is 
understood,  unless  otherwine  stilted. 

The  right  ascension  of  a  point  of  the  sphere  is  the  arc  of  the 
ec{uator  intercepted  between  its  circle  of  declination  and  the 
venial  equinox,  and  is  reckoned  from  the  vernal  equinox  east- 
ward from  0°  to  360°,  or,  in  time,  from  0*  to  24\ 

The  ]K)int  of  observation  being  supposed  at  the  centre  of  the 
earth,  neither  the  declination  nor  the  right  ascension  will  be 
aflected  bv  the  diurnal  motion:  so  that  these  co-ordinates  are 
wholly  independent  of  the  observer's  position  on  the  surface  of 
the  earth.  Their  values,  therefore,  vary  only  with  the  time, 
and  are  given  in  the  ephemerides  as  functions  of  the  time 
reck(me<l  at  some  assumed  meridian. 

We  shall  generally  denote  right  ascension  by  a.  As  its  value 
reckoned  towards  the  east  is  positive,  a  negative  value  resulting 
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done  by  referring  his  zenith  to  the  primitive  circle  in  the  same 
manner  as  in  the  case  of  any  other  point. 

In  the  first  system,  the  primitive  circle  being  the  horizon,  of 
which  the  zenith  is  the  pole,  the  altitude  of  the  zenith  is  always 
90®,  and  its  azimuth  is  indeterminate. 

In  the  second  system,  the  declination  of  the  zenith  is  the  same 
as  the  terrestrial  latitude  of  the  observer,  and  its  hour  angle  is 
zero.  The  declination  of  the  zenith  of  a  place  is  called  the 
geographical  latUiidej  or  simply  the  latitude,  and  will  be  hereafter 
denoted  by  f.  North  latitudes  will  have  the  sign  + ;  south 
latitudes,  the  sign  — . 

In  the  third  system,  the  declination  of  the  zenith  is,  as  before, 
the  latitude  of  the  observer,  and  its  right  ascension  is  the  same 
as  the  hour  angle  of  the  vernal  equinox. 

In  the  fourth  system,  the  celestial  latitude  of  the  zenith  is  the 
same  as  the  zenith  distance  of  the  nonagesimal,  and  its  celestial* 
longitude  is  the  longitude  of  the  nonagesimal. 

It  is  e\ndent,  from  the  definitions  which  have  been  given,  that 
the  problem  of  determining  the  latitude  of  a  place  by  astro- 
nomical observation  is  the  same  as  that  of  determining  the 
declination  of  the  zenith ;  and  the  problem  of  finding  the  lon- 
gitude may  be  resolved  into  that  of  determining  the  right 
ascension  of  the  meridian  at  a  time  when  that  of  the  prime 
meridian  is  also  given,  since  the  longitude  is  the  arc  of  the 
equator  intercepted  between  the  two  meridians,  and  is,  conse- 
quently, the  difference  of  their  right  ascensions. 

8.  The  preceding  definitions  are  exemplified  in  the  following 
figures. 

Fig.  1  is  a  stereographic  projection  of 
the  sphere  upon  the  plane  of  t\(e  horizon, 
the  projecting  point  being  the  nadir.  Since 
the  plancH  of  the  equator  and  horizon  are 
lK)th  perpendicular  to  that  of  the  mori<lian,  w'j 
their  internection  is  also  perpendicular  to 
it ;  and  hence  the  equator  WQE  passes 
through  the  cast  and  west  points  of  the 
horizon.  All  vertical  circles  passing 
through  the  pnyecting  point  will  be  projected  into  straight 
lines,  as  the  meridian  NZS,  the  prime  vertical  WZE,  and  the 
vertical  circle  ZOJI dmwn  through  any  point  Oof  the  surface 
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Hence  the  latitnde  of  the  observer  is  always  equal  to  the  alti- 
tude of  the  north  pole.  For  an  observer  in  south  latitude,  the 
north  pole  is  below  the  horizon,  and  its  altitude  is  a  negative 
quantity:  so  that  the  definition  of  latitude  as  the  altitude  of  the 
north  pole  is  perfectly  general  if  we  give  south  latitudes  the 
negative  sign.  The  south  latitude  of  an  observer  considered 
independently  of  its  sign  is  equal  to  the  altitude  of  the  south 
pole  above  his  horizon,  the  elevation  of  one  pole  being  always 
equal  to  the  depression  of  the  other. 

9.  Numerical  expression  of  hour  angles. — The  equator,  upon 
which  hour  angles  are  measured,  may  be  conceived  to  be  divided 
into  24  equal  parts,  each  of  which  is  the  measure  of  one  hour, 
and  is  equivalent  to  ^  of  860°,  or  to  15°.  The  hour  is  divided 
sexagesimally  into  minutes  and  seconds  of  tbne^  distinguished 
from  minutes  and  seconds  of  arc  by  the  letters  ■•  and  '  instead 
of  the  accents '  and  ".     We  shall  have,  then, 

1»  =  15°  1-  =  15'  1-  =  15" 

To  convert  an  angle  expressed  in  time  into  its  equivalent  in 
arc,  multiply  by  15  and  change  the  denominations  *  ■*  '  into 
°  '  ";  and  to  convert  arc  into  time,  divide  by  15  and  change  °  '  " 
into  *  ■•  •.  The  expert  computer  will  readily  find  ways  to 
abridge  these  operations  in  practice.  It  is  well  to  observe,  for 
tliis  purjmse,  that  from  the  above  equalities  we  also  have, 

lo  =4-         1'  =  4- 

and  that  we  may  therefore  convert  degrees  and  minutes  of  arc 
into  time  by  multiplying  by  4  and  changing  °  '  into  "*  • ;  and 
reciprocally. 

TRANSFORMATION   OF   SPHERICAL   CO-ORDINATES. 

10.  Gxren  the  altitude  {h)  and  azimuth  {A)  of  a  stary  or  of  any  point 
of  the  sphere,  and  the  latitude  (f )  of  the  observer^  to  find  the  dcclina* 
tion  (S)  and  hour  angle  {t)  of  the  star  or  the  point.  In  other  words, 
to  transform  the  co-ordinates  of  the  firet  system  into  those  of  the 
second. 

Thirt  problem  is  solved  by  a  direct  application  of  the  fomiulfe 
of  Spherical  Trigonometry  to  the  triangle  POZ,  Fig.  1,  in  which, 
0  being  the  given  star  or  point,  we  have  three  parts  given, 
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to  determine  such  arcs  and  angles  by  both  the  sine  and  the 
cosine,  in  order  to  fix  the  quadrant  in  which  their  values  are  to 
be  taken.  It  has  been  shown  in  Spherical  Trigonometry  that 
when  we  consider  the  general  triangle,  or  that  in  which  values 
are  admitted  greater  than  180°,  there  are  two  solutions  of  the 
triangle  in  every  case,  but  that  the  ambiguity  is  removed  and 
one  of  these  solutions  excluded  "when,  in  addition  to  the  other 
data,  the  sign  of  the  sine  or  cosine  of  one  of  the  required  parts  is 
given.'*  [Sph.  Trig.  Art.  113.]  In  our  present  problem  the  sign 
of  cos  d  is  given,  since  it  is  necessarily  positive ;  for  d  is  always 
numerically  less  than  90°,  that  is,  between  the  limits  +90°  and 
—90°.  Hence  cos  i  has  the  sign  of  the  second  member  of  (2)  or 
(5),  and  sin  t  the  sign  of  the  second  member  of  (3)  or  (6),  and  i 
is  to  be  taken  in  the  quadrant  required  by  these  two  signs.  Since 
h  also  falls  between  the  limits  +90°  and  —90°,  or  {;  between  0° 
and  180°,  cos  A,  or  sin  ^^  is  positive,  and  therefore  by  (3)  or  (6) 
sin  /  has  the  sign  of  sin  A ;  that  is,  when  A  <  180°  we  have  i  < 
180°,  and  when  A>180°  we  have  ^  >  180°,— conditions  which 
also  follow  directly  from  the  nature  of  our  problem,  since  the 
star  is  west  or  east  of  the  meridian  according  as  A  <  180°  or  A 
>  180°.  The  fonnula  (1)  or  (4)  fully  determines  J,  which  will 
always  be  taken  less  than  90°,  positive  or  negative  according  to 
the  sign  of  its  sine.* 

To  adapt  the  equations  (4),  (5),  and  (6)  for  logarithmic  compu- 
tation, let  m  and  M  be  assumed  to  satisfy  the  conditions  [PI. 
Trig.  Art.  174], 


m  sin  3/*=  sin  C  cos  A 
m  cos  J/'=co8C 

the  three  equations  may  then  be  written  as  follows  : 


}     ^^^ 


Bin  ^  ==  m  sin  (^  —  M) 
cos  <J  cos  t=zm  cos  (^  —  M)  \     (8) 

cos  d  sin  ^  =  sin  C  sin  A 

If  we  eliminate  m  from  these  equations,  the  solution  takes  the 
following  convenient  form : 

*  Ther«  are,  howerer,  special  problems  in  which  it  is  conTenient  to  depart  fh>m 
this  general  method,  and  to  admit  declinations  greater  than  90®,  as  will  be  seen 
hcreaAer. 
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tan  G  =  tan  fsec  A 
tan  q  = 


tan  A  cos  Q  v     n^\ 


cos  (C  —  G) 

and,  in  the  use  of  the  last  form,  it  is  to  be  observed  that  y  is  to 
be  taken  greater  or  less  than  180°  according  as  -4  is  greater  or 
less  than  180°,  as  is  evident  from  the  preceding  forms. 

12.  K,  in  a  given  latitude,  the  azimuth  of  a  star  of  known 
declination  is  given,  its  hour  angle  and  zenith  distance  may  be 
found  as  follows.    We  have 

cos  f  sin  f  —  sin  t  cot  A  =  cos  f  tan  d 
cos  C  sin  f  —  sin  C  cos  ^  cos  A  =  Bin  d 

The  solution  of  the  first  of  these  is  effected  by  the  equations 

6  sin  ^  ==  sin  ^ 
b  COB  B  =  cot  A 

•    /  z>      ^N      cos  9>  tan  ^ 
Bin  (B  —  t)  = ^ 

and  that  of  the  second  by 

c  sin  C=sin  ^ 

c  cos  C=  cos  f  cos  A 

sm((7— C)  = 

c 

13.  Finally,  if  from  the  given  altitude  and  azimuth  we  wish  to 
find  the  declination,  hour  angle,  and  parallactic  angle  at  the 
same  time,  it  will  be  convenient  to  use  Gausses  Equations,  which 
for  the  triangle  ABC,  Fig.  3,  are 

cos  }a8inl(B  +  C)  =  cos  }  (6  —  c)  cos  }  A 
cos  1  a  cos  1  (B  -f  C )  =  cos  1  (6  +  c)  Bin  1  A         .       -^ 
sin  la  sin  1  (B  — C)  =  8in  i  (6~c)co8  1  A         /      W 
sin  i  a  cos  i  (B  —  C )  ==  sin  i  (b-^-c)  sin  }  A 

which  are  to  be  solved  in  the  usual  manner  [Sph.  Trig.  Art, 
116]  after  substituting  the  values  A  =  180°  —  ^,  6  =  A,  c  = 
90°-^,  a==90°~5,  B  =  ^  C  =  q. 

14.  Girai  (he  declination  (S)  and  hour  angle  (t)  of  a  star^  and  the 
latitude  (^),  to  find  the  zenith  distance  (^)  and  azimuth  (Ai  of  the  star. 
That  is,  to  transform  the  co-ordinates  of  the  second  system  into 
those  of  the  first. 

We  take  the  same  general  equations  (3)  of  Spherical  Trigo- 
nometiy  which  have  been  employed  in  the  solution  of  the  pre- 
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For  verification  we  can  use  the  equation 

sin  C  sin  A  =  cos  d  sin  t 

log  sine    9.9721748  log  cos  ^   9.9951697 

log  sin  A    9.9367621  log  sin  t   9.9137672 

9.9089869  9.9089369 

Example  2. — In  latitude  <p=  —48°  32',  there  are  given  for  a 
star,  J  ^44°  6'  0'^  <  =  17*  25-  4';  required  A  and  C- 

We  find  A  =  241°  53'  33".2,  C  =  126°  25'  6".6;  the  star  is 
])elow  the  horizon,  and  its  negative  altitude,  or  depression,  is 
A  =  —  36°  25'  6".6. 

K  the  zenith  distance  of  the  same  star  is  to  be  frequently  com- 
puted on  the  same  night  at  a  ^ven  place,  it  will  be  most  readily 
done  by  the  following  method.     In  tiie  first  equation  of  (14) 

substitute 

cost  =  l  — 2sin«  H 
then  we  have 

cos  C  =  cos  (f^S)  —  2  cos  f  cos  d  sin'  \  t 

where  f^d  signifies  either  <p  —  d  or  d  —  ip^  and  if  d >  y  the  latter 
form  is  to  be  used.  Subtracting  both  members  from  unity,  we 
obtain 

sin'  1  C  =  sin'  i  (f  >*  ^)  +  cos  f  cos  d  sin*  i  t 
Now  let 

m  =  i/cos  f  cos  d 

n  =  sin  1  (f  «^^) 
then  we  have 


sin  K  =  n  Ji7^!?«iF 

and  hence,  by  taking  an  auxiliary  iVsuch  that 

tan  N=  —  sin  i  t 
n 

we  have  )     (17) 

sin  J  C  = =  - — r--  sin  }  t 

cos  iV      sin  iv 

The  second  form  for  sin  J  ^  will  be  more  precise  than  the  first 
when  sin  N  is  greater  than  cos  N. 

The  quantities  m  and  n  will  be  constant  so  long  as  the  decli- 
nation does  not  vary. 

15.  If  the  parallactic  angle  q  (Art.  11)  and  the  zenith  distance 

Vol.  L— « 


SPHERICAL  CO-ORDINATES.  35 

the  point  F  changes  its  position  on  the  horizon  with  the  time ; 
but  its  position  depends  only  on  the  time  or  the  hour  angle 
ZPOj  and  not  upon  the  declination  of  0.  The  elements  of  the 
position  of  F  may  therefore  be  previously  computed  for  succes- 
sive values  of  L 

We  have  in  the  triangle  PFSj  right-angled  at  S,  FPS=t, 
P,S=  180°  —  f;  and  if  we  put 

a  =  jRS,        £  =  Pi^— 90°,       r  =  180''  —  PFS. 
we  find 

tan  fl  =  sin  f  tan  ^,    tan  B  =  cot  f  cos  f,     cot  y  =  Bin  B  tan  t 

We  have  now  in  the  triangle  HOF^  right-angled  at  -H, 

B  +  d=OF,  r  =  HFO,  h  =  OH, 

and  if  we  put 

u  =  HF  =  HS—FS  =  A-^% 

we  find 

tan  u  =  cos  y  tan  (B  -f  ^)  A  =  31  -f  u 

sin  A  =  sin  z'  sin  (5  +  ^)         er,  tan  h  =  tan  ysinu. 

To  find  the  parallactic  angle  q=POZ,  we  have  in  the  triangle 

HOF 

tan  ^  =  cot  /'  soc  (5  +  ^) 

In  the  Gaussian  table  for  Altona  as  given  in  the  "Iliilfstafcln** 
we  find  five  columns,  which  give  for  the  argument  /,  the  quan- 
tities S,  i?,  log  cos  Yj  log  sin  y^  log  cot  y^  the  last  three  under 
the  names  log  C,  log  2),  and  log  E^  respectively.  With  the  aid 
of  this  table,  then,  the  labor  of  finding  any  one  of  the  quan- 
tities A,  Aj  q  is  reduced  to  the  addition  of  two  logarithms, 
namely: 

tan  u  =  C  tan  (5  +  d)  sin  A  =  /)  sin  {B  +  d) 

il  =  a  +  u  tanq^EBQC  {B-^-d) 

Tlie  formulae  for  the  inverse  problem  (of  Art.  10)  may  also  be 
found  thus.  Let  G  be  the  intersection  of  the  equator  and  the 
vertical  circle  through  0,  and  put  B^IIG,  u  —DG^  a=  QG, 
Y=  ZGQ;  then  we  readily  find 

tan  3  =  sin  f  tan  A,    tan  B  =  cot  f  cos  ^4,    cot  /'  =  sin  B  tan  A 

which  are  of  the  same  form  as  those  given  above,  with  the  ex- 
change of  >1  for  (.  Hence  the  same  table  gives  also  the  elements 
of  the  point  G,  by  entering  with  the  argument  "azimuth/*  ex- 
pressed in  time,  instead  of  the  hour  angle.     We  then  have  ( = 
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Fig.  5. 


18.  To  Jind  the  hour  avgle^  azimuth^  and  zenith  distance  of  a  given 
star  at  its  greatest  elongation. — In  this  case  the  vertical  circle 
ZSj  Fig.  5,  is  tangent  to  the  diurnal  circle, 
SAy  of  the  star,  and  is,  therefore,  perpendicular 
to  the  declination  circle  PS.  The  right  triangle 
PZS  gives,  therefore, 

tan  ip 


cos  t  = 


sinA  = 


oosC  = 


tan  d 
cos  d 
cos  ^ 
sin  ^ 
sin  d 


(23) 


If  d  and  f  are  nearly  equal,  each  of  the  quantities  cos  /,  sin  A, 
and  cos  f  will  be  nearly  equal  to  unity,  and  a  more  accurate 
solution  for  that  case  will  then  be  as  follows : 

Subtract  the  square  of  each  from  unity ;  then  we  have 

tan*  d  —  tan*  ^         sin  (d  +  f )  sin  (d  —  ^ ) 


sin' t  = 


cos*A  = 


sin*  C  = 


tauM 
cos'  $p  —  cos'  d 


cos'^ 

sin'^  —  sin'^ 
sin'^ 


cos'f  sin'd 
sin  (S  -f-  f )  sin  (d  —  ^) 

cos'^ 

sin  (^  4-  9)  sin  (d  —  f ) 

sin' J 


Hence  if  we  put 

k  =  ^/[sin  (^  +  f>)  sin  (d  —  f )] 
we  shall  have 

k  k 


sin  t  = 


cos  A  = 


sm  ;  = 


(24) 


cos  f  sin  d  cos  ^  sin  d 

19.  To  Jind  the  hour  angle,  zenith  distance,  and  parallactic  angle  of 
a  given  star  on  the  prime  vertical  of  a  given  place. 

In  this  case,  the  point  0  in  Fig.  1  being  in  the  circle  WZE^ 
the  angle  PZO  is  90°,  and  the  right  triangle  PZO  gives 


tan  d 

cos  t  = 

tan  ^ 

sin  d 


cosC  = 


sin  ^ 


(25) 


cos  fp 

sin  a  =  -   -l- 
^  cos  d 
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21.  Girm  the  hour  angle.  {()  of  a  siar^  to  Jind  its  right  ascension  (a). 
— Transformatioii  from  our  second  system  of  co-ordiuates  to  the 
third. 

There  must  evidently  be  given  also  the  position  of  the  meridian 
with  reference  to  the  origin  of  right  ascensions.  Suppose  then 
in  Fig.  1  we  know  the  right  ascension  of  the  meridian,  or  VQ 
=  e,  then  we  have  VD  =  VQ  —DQ,  that  is, 

a=e  —  t 

Conversely,  if  a  and  0  are  known,  we  have 

t  =e  —  a 

The  methods  of  finding  0  at  a  given  time  will  be  considered 
hereafter. 

22.  Given  the  zenith  distance  of  a  knoxcn  star  at  a  given  place^  to 
fold  the  stars  hour  angle^  azimuth,  aiul parallactic  angle. 

In  this  case  there  are  given  in  the  triangle  POZ,  Fig.  1,  the 
three  sides  ZO  =  C,  POP  =  90°  —  5,  PZ  =  90°  —  ^p,  to  find 
the  angles  ZPO  =  /,  PZO  =  180°  -  A,  and  POZ=q.  The 
formula  for  computing  an  angle  B  of  a  spherical  triangle  ABC, 
whose  sides  are  a,  6,  e,  is  either 

sin  J  B  =  J  I  "'"  ^'  -  ^>  ^^"  (^  -  0  \ 
\   \  sin  a  sin  c  i 

cos  1  B  = 


or 


■p /  /  sin  s  8in  {8  —  6)  \ 

\   \        nin  a  sin  c        ) 

tan  J  B  =  J  /  J!l!L^^_^/^L"*i^iLZLfl  \ 
\   \        sin  s  sin  (5  —  b)        I 


in  which  «  =  J  {a  +  b  -\-  c).  We  have  then  only  to  suppose  B 
to  reprenent  one  of  the  angles  of  our  astronomical  triangle,  and 
to  substitute  the  above  corresponding  values  of  the  sides,  to  ob- 
tain the  required  solution. 

This  substitution  will  be  carried  out  hereafter  in  those  cases 
where  the  problem  is  practically  applied. 

23.  Given  the  declination  (o)  and  the  rifjht  ascension  (a)  of  a  star, 
and  the  obUquilif  of  t/ie  ecVpdc  {t\  to  find  the  latitude  (^9)  and  the  longi- 
tude (i)  of  the  star. — Transformation  from  the  third  system  of  co- 
ordinates to  the  fourth. 

The  solution  of  this  problem  is  similar  to  that  of  Art.  10. 
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k  Bin  M 
k  cosM 
A*' sin    X 
A'' cos  X 
tan  fi 

cos  fi  sin  X 


tan  ^ 

sin  a 

cos  ( JIf  —  c) 

cos  -W  cot  a 

sin  X  tan  (Jlf 

cos  (M  —  e) 


-0 


(81) 


For  verification :     ^^  >  ^.       = — rrT-vr 
"^  cos  o  sin  a  cos  M 


Example. — Given  J,  a,  and  e  as  below,  to  find  ^  and  jl.     Com- 
putation by  (31). 


a  =  — 16*^  22'  35".45 
a  ==        6   83  29  .30 

e=  23  27  31.72 
log  tan  <)  =  log  k  sin  ^  n9.4681562 
log  sin  a  =  log  k  cos  3f     9.0577093 

if  =  —  eS**  45'  41".87 
if— *  =  — 92   13  13  .59 

log  cos  M    9.5590070 
log  cot  a       0.9394396 

log  A' cos  >l    M98446G 
log  cos  (if — «)  =  log  A-'  sin  ;i  n8.5882080 

X  =  SSO^'  17'  43".91 


log  sin  X  W8.0897286 

log  tan  (if—  r)  1.4114658 

log  tan  fi  W9.5011944 

/9  =  —  17°  35'  37".51 

Verification. 
log  cos  /9  sin  X  n8.0689234 
log  cos  d  sin  a    9.0397224 


log 


cos  (if— f) 
cos  if 


n9.0292010 


Tables  for  facilitating  the  above  transformation,  based  upon 
the  same  method  as  that  employed  in  Art.  16,  are  given  in  the 
American  Ephemeris  and  Berlin  Jahrbnch.  The  formulro  there 
used  may  be  obtained  from  Fig.  6,  in  which  the  points  i^^and  G 
are  used  precisely  as  in  Fig.  4  of  Art.  16. 

24.  If  we  denote  the  angle  at  the  star,  or  P'OP.  by  00°  —  E, 
the  solution  of  the  preceding  problem  by  Gauss's  E<[uationd  is 


cos  (45° 
cos  (45° 
tin  (45° 
sin  (45° 


i^)8inKJ5:+>l) 
i,S)cmi(E  +  X) 

i,9)fi\TiHE-X) 
ifi)cmh{E-~X) 


=  8in[45« 
r  cos [45° 
-8in[45« 
=  coh[45° 


i(c-^)]8in(45°+ia) 

J(c  +  ^)]C08(45°+ia) 
i(c  +  a)]C08(45°+ia) 

He  — ^)]  sin  (45°  4- i  a) 


(32) 


25.  If  the  angle  at  the  star  is  required  when  the  Gaussian 
Expiations  have  not  been  employed,  we  have  from  the  triangle 
POP',  Fig.  6,  putting  P'OP  -  ij  -   90°  —  E, 
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COS  /S  COS  Tj  =  COS  c  COS  ^  -(-  sin  e  sin  d  sin  a 
cos  ^  sin  19  =  sin  e  cos  a 

or,  adapted  for  logarithms, 

n  sin  iV=  sin  c  sin  a 

n  cos  JV  =  cos  c 
cos  /9  cos  ly  =  w  cos  (iV  —  d)  I      (^^) 

cos  /S  cos  Tj  =  sin  e  cos  a 

26.  G^/rrn  //<€  latitude  (Ji)  and  longitude  {X)  of  a  siar^  and  the 
ohliquitj  of  the  ecliptic  (t\  to  find  the  declination  and  right  ascension 
of  the  star. 

By  tlie  process  already  employed,  we  derive  from  the  triangle 
PF'O,  Fig.  6,  for  this  case, 

sin  d  =       cose  sin  y5  +  ^^^  *  ^<>^  ?  ^^^  ^ 
cos  ^  sin  a  =  —  sin  e  sin  ^5  +  cos  c  cos  ^5  sin  >l  )-     (34) 

cos  6  cos  a  =  cos  i3  cos  X 

which,  it  will  he  ohser\'ed,  may  be  obtained  from  (29)  by  inter- 
changing a  with  A,  and  o  with  y?,  and  at  the  same  time  changing 
the  sign  of  £,  that  is,  putting  — e  for  e,  and,  consequently,  —  sin  e 
for  sin  e. 

For  logarithmic  computation,  we  have 

VI  sin  M  =  sin  ,S 

VI  cos  M  =  cos  /5  sin  X 

sin  d  =  m  sin  (M  +  e)  ^      (35) 

cos  d  sin  o  =r  in  cos  {M  -j-  c) 

cos  ^  cos  a  :^  cos  ^5  COS  X 

or  the  following,  analogous  to  (31): 

A*  sin  M  =  tan  ^9 

A*  cos  J/-  :  sin  >l 

A**  sin    a  —  cos  (^f  +  c) 

A'  cos  a  =.  cos  M  cot  >l 

tan  J  =    sin  a  tan  (J/+  e) 

...  cos  ^  sin  a       cos  (M  4-  e^ 

For  vtnhration  :   -  -  ,•  .     ,  — -  ,r — 

•^  cos  /^  bin  X  cos  JZ 


(86) 


27.  The  angle  at  the  star,  POP\  being  denoted,  as  in  Art.  24, 
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by  90°  —  J?,   the  solutiou   of  this  problem  by  the   Gaussian 
Equations  is 


8in  (45°—  i  d)  sin  i(E+d)  =  sin  [45°—  }  (c  +  fi)']  sin  (45°+  }  X) 
sin  (45°—  J  a)  cos  J  (^  +  a)  =  cos  [45°—  J  (c  —  /5)]  cos  (45°+  }  X) 
cog(45°—  }  a)  sin  }  ( JS;  —  a)  =  cos [45°—  i  (c  — /5)]  sin  (45°+  J  X) 
coe(45°—  J  a)  cos  J  (J5:  —  a)  ==  sin  [45°—  J  (c  +  /5)]  cos  (45°+  }  X) 


(37) 


28.  But  if  the  angle  tj  =  90°  —  J?  is  required  when  the 
Gaussian  Equations  have  not  been  employed,  we  have  directly 

cos  d  cos  17  =  cos  e  cos  fi  —  sin  c  sin  fi  sin  X 
cos  d  sin  17  =  sin  c  cos  X 

or,  adapted  for  logarithms, 

n  sin  N=  sin  c  sin  X 

n  cos  N=  cos  r 
cos  a  cos  17  =  n  cos  (N  +  /f)  |      (^^) 

cos  a  sin  Tj  =  sin  e  cos  X 

29.  Jbr  ^A€  sujij  we  may,  except  when  extreme  precision  is 
desired,  put  ^  =  0,  and  the  preceding  formulae  then  assume  very 
simple  forms.  Thus,  if  in  (34)  we  put  sin  /J  =  0,  cos  ^9  =  1,  we 
find 

Bin  a  =  sin  ff  sin  X 
cos  d  mn  a  =  cos  i  sin  X 

cos  d  cos  a  =  cos  X 

whence  if  any  two  of  the  four  quantities  5,  a,  >l,  e  are  given,  we 
can  deduce  the  other  two. 

RECTANGULAR    CO-ORDINATES. 

30.  By  means  of  splierical  co-ordinates  we  have  expressed 
only  a  star's  direction.  To  define  its  position  in  space  com- 
pletely, another  element  is  necessary,  namely,  its  (li.siatiri\  In 
8pherieal  Astronomy  we  consider  this  element  of  distance  only 
SO  far  as  may  be  necessary  in  determining  the  changes  of 
apparent  <lirection  of  a  star  resulting  from  a  change  in  the  point 
from  which  it  is  viewe<l.  For  this  purpose  the  rectangular  co- 
ordinates of  analvtical  i^eometry  mav  he  employed. 

Three  planes  of  reference  are  taken  at  right  angles  to  each 
other,  their  common  intersection,  or  origin,  being  the  jjoint  of 
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For,  let  AB^  Fig.  7,  be  tlie  given  great  circle  orthographi- 
cally  projected  upon  a  plane  passing  through  its  axis  OP  and 
the  given  point  C;  P  its  pole.  The  dis- 
tance of  the  point  C  from  the  plane  of  the 
great  circle  is  the  perpendicular  CD ;  CE 
is  its  distance  from  the  axis;  CO  its  dis- 
tance from  the  centre  of  the  sphere ;  and 
the  angle  COP  the  angular  distance  from 
the  pole.  The  truth  of  the  Lemma  is, 
therefore,  obvious  from  the  figure. 

B 

82.  The  values  of  the  rectangular  co-ordinates  in  our  several 
systems  may  be  found  as  follows : 

First  system. — Altitude  and  azimuth. — ^Let  the  primitive  plane, 
or  that  of  the  horizon,  be  the  plane  of  xy;  that  of  the  meridian, 
the  plane  of  xz;  that  of  the  prime  vertical,  the  plane  of  yz. 
The  meridian  line  is  then  the  axis  of  x;  the  east  and  west  line, 
the  axis  of  y;  and  the  vertical  line,  the  axis  of  z.  Positive  x 
will  be  reckoned  from  the  origin  towards  the  south,  positive  y 
towards  the  west,  and  positive  z  towards  the  zenith.  The  first 
angUj  or  angle  of  positive  values,  is  therefore  the  southwest 
quarter  of  the  hemisphere  above  the  plane  of  the  horizon.  Let 
Z,  Fig.  8,  be  the  zenith,  S  the  south  point,  W  the  Fig.  8. 

west  j)oint  of  the  horizon.  These  points  are 
respectively  the  poles  of  the  three  great  circles 
of  reference ;  if,  then,  A  is  the  position  of  a 
star  on  the  surface  of  the  sphere  as  seen  from 
the  centre  of  the  earth,  and  if  we  put 

h  =  altitude  of  the  star  =  Alff 
A  =  azimuth  "  =  SH, 

J  =  its  distanco  from  tho  centre  of  the  sphere 

we  have  immediately,  by  the  preceding  Lemma, 

X  =  J  cos  AS,         y  =  J  cos  AW,         2  =  J  cos  AZ, 

which,  by  considering  the  right  triangles  AUS,  AHWy  become 

X  =  J  cos  h  cos  A  ^ 

y  r=  J  cos  A  sin  A  >      (39) 

z  =z  A  ^xnh  ) 

These  equations  determine  the  rectangular  co-ordinates  x^y^z^ 
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The  axis  of  x  is  the  intersection  of  the  planes  of  the  equator 
and  equinoctial  colure,  positive  towards  the  vernal  equinox ;  the 
axis  of  y  is  the  intersection  of  the  planes  of  the  equator  and  sol- 
stitial colure,  positive  towards  that  point  whose  right  ascension 
is  +90® ;  and  the  axis  of  z  is  the  axis  of  the  equator,  positive 
towards  the  north.  If  then,  in  Fig.  8,  Z  is  the  north  pole,  W 
the  vernal  equinox,  A  a  star  in  the  first  angle,  projected  upon 
the  celestial  sphere,  and  we  put 

b  =  doclination  of  the  star  =  AH^ 
a  =  right  ascension  "  =  WH^ 
A  =  distance  from  the  centre, 

while  x",  y",  z"  denote  the  rectangular  co-ordinates,  we  have 

a/'=  JcosilTr,         y"=Jco8^S,        2^' =  A  qo&  AZ, 

which  become 

x"  =  J  cos  9  cos  a  \ 

y"  =  J  cos  ^  sin  a  V      (41) 

/'  =  J  sin  d  ) 

Fourth  system. — Celestial  latitude  and  longitude. — Let  the  plane 
of  the  ecliptic  be  the  plane  of  ry ;  the  plane  of  the  circle  of 
latitude  passing  through  the  equinoctial  points,  the  plane  of  xz  ; 
the  plane  of  the  circle  of  latitude  passing  through  the  solstitial 
points,  the  plane  of  yz.  The  positive  axis  of  x  is  here  also  the 
straight  line  from  the  centre  towards  the  vernal  cciuinox ;  the 
positive  axis  of  y  is  the  straight  line  from  the  centre  towards  the 
north  solstitial  point,  or  that  whose  longitude  is  +90°;  and  the 
positive  axis  of  z  is  the  stmght  lino  from  the  centre  towards 
the  north  pole  of  the  ecliptic. 

If  then,  in  Fig.  8,  Z  now  denotes  the  north  pole  of  the  ecliptic, 
W  the  vernal  equinox,  A  the  star's  place  on  the  sphere,  and 
we  put 

^  =z  latitude  of  the  star     ^=  AH, 

k  =  longitude  of  the  star  =  TIV/, 

J  =  distance  of  the  star  from  the  centre, 

and  x'",  y'",  ^'",  denote  the  rectangular  co-ordinates  for  this 

system,  we  have 

t"'  —  J  cos  ,9  cos  X  \ 

y"' -  -  J  cos  ,?  sin  ;  I      (42) 

/"  ^  J  sin  ?  ) 
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OZ^j  the  axes  of  Xj  and  Zj  in  the  new  system.  Let  A  be  the 
projection  of  a  point  in  space  upon  the  common  plane ;  and 
let  X  =  AByZ  =  OB,  x^  =  AB^,  z^  =0B^.  The  distance  of  the 
point  from  the  common  plane  being  unchanged,  we  have 

The  axis  of  y  may  be  regarded  as  an  axis  of  revolution  about 
which  the  planes  ofyx  and  yz  revolve  in  passing  from  the  first  to 
the  second  system ;  and  if  u  denotes  the  angular  measure  of  this 
revolution,  or  u  =  XOX^  =  ZOZ^  =  BAB^y  we  readily  derive 
from  the  figure  the  equation 

x  sec  u  =  x^  — z^  tan  u 

or,  multiplying  by  cos  m, 

x  =  x^  cos  u  —  z^  sin  u 
and 

« 

z  =zx  tan  u-\-z^  sec  u 
or,  substituting  in  this  the  preceding  value  of  x, 

r  =  X,  sin  w  +  z^  cos  u 

Thus,  to  pass  from  the  first  to  the  second  system,  we  have  the 

formulae 

x  =  x^coHu — r^  sin  II  1 

y  =  yi  I    (44) 

Z  =  T^  Hin  U  -\-  -?j  COS  U  ) 

And  to  pass  from  the  second  to  the  first,  we  obtain  with  the  same 

ease, 

x^=     X  cos U'\-zsinu  "j 

yt=      y  >     (45) 

^4  =  — xsinu-^zoosu  ) 

As  an  example,  let  us  apply  these  to  transforming  from  our 
second  system  of  spherical  co-ordinates  to  the  first;  that  is,  from 
declination  and  hour  angle  to  altitude  and  azimuth.  The  meri- 
dian is  the  common  plane ;  the  axis  of  ^  in  the  system  of  declina- 
tion and  hour  angle  is  the  axis  of  the  equator,  and  the  axis  of  ^, 
in  the  svstoni  of  altitude  and  azimuth  is  the  vertical  line;  the 
angle  between  these  axes  is  the  coini»lement  of  the  latitude,  or 
u  —  W^  —  if.  Substituting  this  value  of  u  in  (44),  and  also  the 
values  of  /*,  y,  z,  r^,  j/p  Tj,  given  by  (39)  and  (40),  we  have,  after 
omitting  the  common  factor  J, 

Vol.  L— 4 
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35.  As  an  example,  take  the  spherical  triangle  formed  by  the 
zenith,  the  pole,  and  a  star,  Art.  10,  and  put 

A  =  180*»  —  A  a  =  90^  —  a 

C  =  q  c  =  90^  —  9» 

then  the  first  equations  of  (46)  and  (47)  give 

dd  =z  —  cos  qdZ  -\-  sin  q  sin  Z  dA  '\-  cos  t  d<p   ^     ^^qx 

COS  d  dt  =       Bin  q  dZ  +  cos  q  sin  Z  dA  -{-  sin  d  sint  d^   ) 

which  determine  the  errors  dd  and  dt  in  the  values  of  3  and  t 
computed  according  to  the  formulae  (4),  (5),  and  (6),  when  ^,  Ay 
and  f  are  affected  by  the  small  errors  rfj,  dAj  and  d^  respectively. 
In  a  similar  manner  we  obtain 

dZ  =  —  cos  q  dd  -}-  sin  q  cos  d  dt  -{-  cos  Ad^   ^     ,ejx 

sin  ZdA=z       sin  q  dd  -{•  cos  q  cos  d  dt  —  cos  ZsmAd^} 

which  determine  the  errors  d^  and  dA  in  the  values  of  (^  and  A 
computed  by  (14),  when  3,  t,  and  f  are  affected  by  the  small 
errors  dSy  dty  and  df  respectively. 

86.  As  a  second  example,  take  the  triangle  formed  by  the  pole 
of  the  equator,  the  pole  of  the  ecliptic,  and  a  star,  Art.  23.  De- 
noting the  angle  at  the  star  by  ijy  we  find 

dfi  =  cos  1^  dd  —  sin  19  cos  d  da  —  sin  X  dt        1      .rpv 

cos  p  dX  =  sin  ly  c/^  +  ^^^  rj  cos  d  da  -{•  sin  fi  cos  X  dt        j     ^  "'>' 

and  reciprocally, 

dd  =       cos  7)  d,3  +  sin  ly  cos  fi  dX  -f-  sin  a  ^c    )     ,-o\ 

cos  d  da=z  —  Bin  ly  rf/?  +  cos  ly  cos  /9  (/A  —  sin  d  cos  adt   )  ^ 
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of  the  vernal  equinox  is  so  nearly  the  same  at  two  successive 
transits,  that  sidereal  days  thus  defined  are  sensibly  equal.  (See 
Chapter  XI.  Art.  411.) 

The  sidereal  time  at  any  instant  is  the  hour  angle  of  the  vernal 
equinox  at  that  instant,  reckoned  from  the  meridian  westward 
from  0*  to  24*. 

When  HP  is  on  the  meridian,  the  sidereal  time  is  0*  0*  O* ;  and 
this  instant  is  sometimes  called  sidereal  noon. 

40.  A  solar  day  is  the  interval  of  time  between  two  successive 
upper  transits  of  the  sun  over  the  same  meridian. 

The  sdar  time  at  any  instant  is  the  hour  angle  of  the  sun  at 
that  instant. 

In  consequence  of  the  earth's  motion  about  the  sun  from  west 
to  east,  the  sun  appears  to  have  a  like  motion  among  the  stars, 
or  to  be  constantly  increasing  its  right  ascension ;  and  hence  a 
solar  day  is  longer  than  a  sidereal  day. 

41.  Apparent  and  mean  solar  time. — If  the  sun  changed  its  right 
ascension  uniformly,  solar  days,  though  not  equal  to  sidereal  days, 
would  still  be  equal  to  each  other.  But  the  sun's  motion  in  right 
ascension  is  not  uniform,  and  this  for  two  reasons : 

1st.  The  sun  does  not  move  in  the  equator,  but  in  the  ecliptic, 
80  that,  even  were  the  sun's  motion  in  the  ecliptic  uniform,  its 
equal  changes  of  longitude  would  not  produce  equal  changes  of 
right  ascension;  2d.  The  sun's  motion  in  the  ecliptic  is  not  uni- 
form. 

To  obtam  a  uniform  measure  of  time  depending  on  the  sun's 
motion,  the  following  method  is  adopted.  A  fictitious  sun,  which 
we  shall  call  thc^r^^  mean  suny  is  supposed  to  move  uniformly  at 
such  a  rate  as  to  return  to  the  perigee  at  the  same  time  with  the 
true  sun.  Another  fictitious  sun,  which  we  shall  call  the  second 
mean  sun  (and  which  is  often  called  simjily  the  mean  sun),  is  sup- 
posed t<>  move  unifonnly  in  the  equator  at  the  same  rate  as  the 
tirnt  mean  sun  in  the  ecliptic,  and  to  return  to  the  vernal  equinox 
at  the  same  time  with  it.  Then  the  time  detioted  by  this  second 
mean  sun  is  perfectly  uiiifonn  in  its  increase,  and  is  called  mean  time. 

The  time  which  is  denoted  by  the  true  sun  is  called  the  true 
or,  more  commonly,  the  apparent  time. 

The  instant  of  transit  of  the  true  sun  is  called  apparent  noon,  and 
the  instant  of  transit  of  the  second  mean  sun  is  called  mean  noon. 


V 
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45.  Time  at  different  nuridiaiis, — The  liour  angle  of  the  sun  at 
any  meridian  is  called  the  local  (solar)  time  at  that  meridian. 

The  hour  angle  of  the  sun  at  the  Greenwich  meridian  at  the 
same  instant  is  the  corresponding  Grecnicich  time.  This  time  we 
shall  liave  constant  occasion  to  use,  hoth  hecause  longitudes 
in  this  country  and  England  are  reckoned  from  the  Greenwich 
meridian,  and  because  the  American  and  British  Nautical 
Almanacs  are  computed  for  Greenwich  time.* 

The  difference  between  the  local  time  at  any  meridian  and  the 
Greenwich  time  is  equal  to  the  longitude  of  that  meridian  from 
Greenwich,  expressed  in  time,  observing  that  1*  =  15°. 

The  diticrence  between  the  local  times  of  any  two      f»«-  'O- 
meridians  is  equal  to  the  ditierence  of  longitude  of 
those  meridians. 

In  comparing  the  corresponding  times  at  two  dif- 
ferent meridians,  the  most  easterly  meridian  may  be 
distinguished  as  tliat  at  which  the  time  is  greatest ; 
that  is,  latest. 

If  then  PMy  Fig.  10,  is  any  meridian  (referred  to  the  celestial 
sphere),  PG  the  Greenwich  meridian,  PS  the  declination  circle 
through  the  sun,  and  if  we  put 

T^  =  the  Greenwich  time  =  GPS, 

T  =  the  local  time  =  MPS, 

L  =  the  west  longitude  of  the  meridian  PJ/  =  GPM, 

we  liave 

T^=T-\-L  i     (^^> 

If  the  given  meridian  were  east  of  Greenwich,  as  PJ/',  we 
should  have  its  east  longitude—  T—  T^;  but  we  prefer  to  use 
the  genend  formula  L—  T^—  T  in  all  cases,  obser\'ing  that  last 
hngittules  are  to  he  regarded  as  vegatire. 

In  the  formula  (54),  T^  and  T  are  supposed  to  be  reckoned 
always  westwanl  from  their  respective  meridians,  and  from  <>*  to 
24*;  that  is,  7^  and  7^  are  the  astronomical  times,  which  shouhl,  of 
course,  be  used  in  all  astronomical  computations. 

As  in  almost  everj'  computation  of  pnictieal  astronomy  wo  are 
dependent  for  some  of  the  data  upon  the  ephemeris, — and  these 

*  What  we  hare  to  say  respecting  the  Greenwich  time  is,  howeTer,  eqaally  appli- 
cable to  the  time  at  an/  other  meridian  for  which  the  ephemeris  maj  be  computed. 
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time.     As  this  is  a  daily  operation  at  sea,  it  may  be  well  to  illus- 
trate it  by  a  few  examples. 

1.  In  the  approximate  longitude  5*  "W.  about  3*  P.M.  on  Au- 
gust 3,  the  Greenwich  Chronometer  marks  8*  11"*  7*,  and  is  fast 
on  G.  T.  G*  lO' ;  what  is  the  Greenwich  astronomical  time  ? 

Approx.  Local  T.  Aug.  3f  3*        Gr.  Chronom.  8*  11"    7' 

"        Longitude,      +  5         Correction,  —    6    10 

Approx.  G.  T.  Aug.  3,       8         Gr.  Ast.  T.  Aug.  3,  8     4    57 

2.  In  Long.  10*  E.  about  1*  A.M.  on  Dec.  7,  the  Greenwich 
Chronometer  marks  3*  H"  13*.5,  and  b  fast  25"*  18*.7 ;  what  is 
the  G.  T.  ? 

Approx.  Local  T.  Dec.  6,  13*  Gr.  Chronom.      3*  14-  13*.5 

«        Long.  —10  Correction,         —  25    18 .7 

Approx.  G.  T.  Doc.  6,  3^  G.  A.  T.  Dec.  6,  2  48    54.8 

8.  In  Long.  9*  12*  W.  about  2*  A.M.  on  Feb.  13,  the  Gr.  Chron. 
marks  10*  27*  13'.3,  and  is  slow  30*  30'.3;  what  is  the  G.  T.? 

Approx.  Local  T.  Feb.  12,  14*        Gr.  Chronom.       10*  37-  13'.3 
«       Long.  +9^         Correction,  +    SO    30.3 

Approx.  G.  T.  Feb.  12,       23         G.  A.  T.  Fob.  12,  23     7    43-6 

The  computation  of  the  approximate  Greenwich  time  may,  of 
course,  be  performed  mentally. 

47.  The  formula  (54),  L=T^—T,U  true  not  only  when  T^ 
and  Tare  solar  times,  but  also  when  they  are  any  kindn  of  time 
whatever,  or,  in  general,  when  T^  and  T  express  the  hour  angles 
of  any  point  whatever  of  the  sphere  at  the  two  meridians  whose 
difierence  of  longitude  is  L.  This  is  evident  from  Fig.  10,  where 
8  may  be  any  point  of  the  sphere. 

48.  To  convert  the  apparent  time  at  a  given  meridian  into  the  mean 
time^  or  the  mean  into  the  apparent  time. 

If  M=  the  mean  time, 

A  =  the  corrcBponding  apparent  time, 

E  =  the  equation  of  timo, 
we  have 

M^-  A  +  E 

or  A  =  M—E 
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extreme  precision  is  required  that  recourse  must  be  had  to  the 
more  exact  method  of  interpolation  which  will  be  given  here- 
after. 

49.  To  determine  the  relative  length  of  the  solar  and  sidereal  units 
of  time. 

According  to  Bessel,  the  length  of  the  tropical  year  (which  is 
the  inter\'al  between  two  successive  passages  of  the  sun  through 
the  mean  vernal  equinox)  is  365.24222  mean  solar  days;*  and 
since  in  this  time  the  mean  sun  has  described  the  whole  arc  of 
the  equator  included  between  the  two  positions  of  the  equinox, 
it  has  made  one  transit  less  over  any  given  meridian  than  the 
vernal  equinox ;  so  that  we  have 

366.24222  sidereal  days  =  365.24222  moan  solar  days 
whence  we  dedute 

1  Sid.  day  =  ""    sol.  day  =  0.99726957  sol.  day 

^       366.24222  ^  ^ 

or 

24»  sid.  time  =  23*  56-  4v091  solar  time 
Also, 

1  sol.  day  =  ???:?i???  ^.^  ^      ^  1.00273791  sid.  day 
^       365.24222  ^  ^ 

or 

24*  sol.  time  =  24*  3-  56-.555  sid.  time 

If  we  put 

^  366.24222  ^  ^^^273791 
305.24222 


S.     «     >  *    4 


and  denote  by  Jan  interval  of  mean  solar  time,  by  P  the  equiva- 
lent interval  of  sidereal  time,  we  always  have  /  '^'- 


/'  =  Ai/  =  /+  Oi  —  1)  7  =7+  .00273791  7 


7  =  -  =  7'  —  ( 1  —  -)7'  =  7'  —  .00273043  V        }     (^^) 
ft  ^        fi^ 

Tables  are  given  in  the  Nautical  Almanacs  to  save  the  labor  of 
computing  these  equations.  In  some  of  these  tables,  for  each 
solar  interval  7  there  is  given  the  equivalent  sidereal  interval 
I'  =  fil^  and  reciprocally:  in  others  there  are  given  the  correc- 
tion to  be  added  to  7  to  find  7'  {i.e.  the  correction  .00273791  7), 


*  The  length  of  the  tropical  year  is  not  absolutely  constant.     The  Talae  given  in 
the  text  is  for  the  year  1800.     Its  decrease  in  100  yean  is  about  O'.S  (Art.  407). 
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the  preceding  article,  if  T^  in  the  latter  expression  is  expressed 
in  seconds,  since  we  have 

.?^:^  =  0.0027391  =  ;i-l 
3600' 

We  may  then  write  (56)  in  the  following  form,  putting  L  =  the 
west  longitude  of  the  given  meridian,  and  7^  =  T+  L: 

e=r+Fo  +  (M-l)(T+i)  (67) 

The  term  (ji  —  1)  {T  +  L)  h  given  in  the  tables  of  the  Amer- 
ican Ephemeris  for  converting  "Mean  into  Sidereal  Time,*'  and 
may  be  found  by  entering  the  table  with  the  argument  T  -\-  Lj 
or  by  entering  successively  \i'ith  the  arguments  T  and  L  and 
adding  the  corrections  found,  observing  to  give  the  correction 
for  the  longitude  the  negative  sign  when  the  longitude  is  east. 
If  no  tables  are  at  hand,  the  direct  computation  of  this  term  will 
be  more  convenient  under  the  form  9*. 8565  X  T^. 

Example  1.— In  Longitude  165°  W.  1856  May  17,  4*  A.M. ; 
what  is  the  sidereal  time  ? 

The  Greenwich  time  is  May  17,  3*;  and  the  computation  may 
be  arrauged  as  follows : 

Local  Ast.  Time                T  =  16*    0-  0-. 
At  Gr.  Noon  May  17,        Vo=    3  41  28  .32 
Correction  of  V^  for  3*  )      oq  fv- 


=  9*.8565  X  3 


e=  19   41  57.89 


Example  2.— In  Longitude  25°  17'  E.  1856  March  13,  about 
9*  30^  P.M.,  an  obscr^•ation  is  noted  by  a  Greenwich  chronometer 
which  gives  7*  51""  12'.3  and  is  slow  3*  13\4;  what  is  the  local 
sidereal  time  ? 

Gr.  moan  date,  March  13,  7*   54-  25*.7 

Longitude,  1     41      8      E, 

T  =   9~35^3.y 
March  13,  T'„  =  23    25    12  .26 
Tabular  corr.  for  7*  54-  25v7  rr^  1    17  .94 

e  =~9      2     ^3 .90 
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Example. — In  Longitude  165°  W.,  the  Greenwich  mean  time 
being  1856  May  17,  3*,  the  local  sidereal  time  19*  41-  67'.89, 
what  is  the  local  mean  time  ? 

F„  =    3*  41-  28'.32 
Corr.  for  3*    =         +    29.57 

F  =    3    41    57 .89 
e    =  19    41    57 .89 

6  —  r=  T   =IQ     0      0.00 
The  longitude  being  11*  W.,  the  local  date  is  May  16. 

Second  method. — ^When  the  Greenwich  mean  time  is  not  given, 
we  can  find  T  from  (57),  all  the  other  quantities  in  that  equation 
being  known.     We  find 

or,  in  a  more  convenient  form  for  use, 

r=e-Fo-(i~J)(e-F,  +  X)  (58) 

in  which  the  term  multiplied  by  1  —  —  is  the  retardation  of  mean 

time  on  sidereal  in  the  interval  ©  —  V^  +  //,  and  is  given  in  the 
table  "Sidereal  into  Mean  Time/'  It  is  convenient  to  enter  the 
table  first  with  the  argument  0  —  F^  and  then  with  the  argu- 
ment //,  and  to  subtract  the  tsvo  corrections  from  0  —  Fy,  ob- 
serving that  the  correction  for  the  longitude  becomes  additive 
if  the  longitude  is  east.   - 

Example.— In  Longitude  165°  AV.  1856  May  16,  the  sidereal 
time  is  19*  41-  57'.89;  what  is  the  mean  local  time? 

e  =  19*  41'»  57'.S9 
May  16,     T^^  r^    3   37    31  .76 

e  _r„==  16"  4~  26.13 

Table,  "Sidereal  into  |  Corr.  for  16*  4-  26'.13       =     —  2    3H  .00 

Mean  Time"  (      "       "longitude    11*      =     —  1    48.13 

r=T6    0    oToo 

53.  The  following  method  of  converting  the  sidereal  into  the 

mean  time  is  preferred  by  some.     In  the  last  column  of  page  III 

of  the  month  in  the  American  Xaut.  Aim.  is  given  the  *'Mean 

Time  of  Sidereal  0*.*'     This  quantity,  which  we  may  denote  by 

V,  is  the  number  of  hours  tiie  mean  sun  is  west  of  the  vernal 
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the  value  of  t  reckoned  in  the  usual  manner,  west  of  the  meri- 
dian. 

According  to  this  formula,  then,  we  have  first  to  convert  the 
given  time  into  the  sidereal  time,  from  which  we  then  subtract 
the  right  ascension  of  the  star,  increasing  the  sidereal  time  by 
24*  when  necessary ;  the  remainder  is  the  required  hour  angle 
west  of  the  meridian. 

In  the  case  of  the  sun,  however,  the  apparent  time  is  at  once 
the  required  hour  angle,  and  we  only  have  to  apply  to  the  given 
mean  time  the  equation  of  time. 

Example.— In  Longitude  165°  W.  1856  May  16, 16*  0-  0*  mean 
time,  find  the  hour  angles  of  the  sun,  the  moon,  Jupiter,  and 
the  star  Fomalhaut. 

The  Greenwich  mean  date  is  1856  May  17,  8*,  and  the  local 
sidereal  time  is  (see  Example  1,  Art.  50)  0  =  19*  41*  57'.89. 
For  the  Greenwich  date  we  find  from  the  Naut  Aim.  the  equa^ 
tion  of  time  Ey  and  the  right  ascensions  a  of  the  moon,  Jupiter, 
and  Fomalliaut,  as  below : 

r  =  16*    0-    0*  e  =  19*  41-  57*.89 

—  E=  + 3    49.85  D's  a  =  13    50    21 .35 

Q*st  =  lQ     3    49 .85  D's  t  =    5    51    36 .54 

e  =  19*  41-  57'.89  e  =  19*  41-  57'.89 

Q^'g  a  =    0      7     57  .52         Fomalh.  a  =  22    49    40  .18 


%'h  f  =  19   34      0  .37         Fomalh.  t  =  20    52    17  .71 

If  the  sidereal  time  had  been  given  at  first,  we  should  have 
found  the  hour  angle  of  the  sun  by  subtracting  its  apparent  right 
aiK:ension  a8  in  the  case  of  any  otlier  body. 

55.  Given  the  hour  angle  of  a  star  at  a  givai  meridian  on  a  given 
day  J  to  find  the  local  mean  time. 

By  transposing  the  formula  (59),  we  have 

e  =  t  +  a  (60) 

so  that,  the  right  ascension  of  the  star  being  given,  we  have  only 
to  aild  it  to  the  given  hour  angle  to  obtain  the  local  sidereal  time, 
whence  the  mean  time  is  found  by  Art.  52.  When  the  sum  t  +  a 
exceeds  24*,  we  must,  of  course,  deduct  24*.  If  the  body  is  the 
sun,  however,  the  given  hour  angle  is  at  once  the  apparent  time, 
whence  the  mean  time  as  before.     But  if  the  body  is  the  moon 

Vol.  L— 4 
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t=    4»10-53'.2 
For  Aug.  10,  9*  22-    a  =  16  29   26.8 

e  =  20  40   20.0 
»<  «  V=    9   18     8.1 

2d  approx.  value       T  =  11   22   11 .9 

A  third  approximation,  setting  ont  from  this  value  of  7",  gives 
ns  T  =  11*  22-  12'.32. 

56.  The  mean  time  of  the  meridian  passage  not  only  of  the 
moon  but  of  each  of  the  planets  is  given  in  the  Ephemeris. 
This  quantity  is  nothing  more  than  the  are  of  the  equator  in- 
tercepted between  the  mean  sun  and  the  moon's  or  planet's 
declination  circle.  K  we  denote  it  by  M,  we  may  regard  J!f  as 
the  equation  between  mean  time  and  the  Uomr  ot  planetary  time, 
these  tenns  being  used  instead  of  "hour  angle  of  the  moon"  or 
hour  angle  of  a  planet,"  just  as  we  use  *' solar  time"  to  signify 
hour  angle  of  the  sun."  This  quantity  3f  is  given  in  the  Ephe- 
meris for  the  instant  when  the  lunar  or  planetary  time  is  0*,  and 
its  variation  in  1*  of  such  time  is  also  given  in  the  adjacent 
column.  If,  then,  when  the  moon's  or  a  planet's  hour  angle  at  a 
given  meridian  =  /,  we  take  out  from  the  Almanac  the  value  of 
M  for  the  corresponding  Greenwich  value  of  /,  we  shall  find  the 
mean  time  Thy  simply  adding  J/ to  i;  that  is, 

T=t+M  (61) 

Tliis  is,  in  fact,  the  direct  solution  of  the  problem  of  the  pre- 
ce<ling  article,  and  neither  requires  a  previous  knowledge  of  the 
Greenwich  mean  time  nor  introduces  the  sidereal  time.  But 
the  Almanac  values  of  M  are  not  given  to  seconds;  and  there- 
fore we  can  use  (61)  only  for  making  our  first  approximation  to 
y,  after  which  we  proceed  as  in  the  last  article.  The  Green- 
1%-ich  value  of  t  with  which  we  take  out  M  is  equal  to  /  -f  />, 
denoting  by  L  the  longitude  of  the  given  meridian  (to  be  taken 
with  the  negative  sign  when  east),  and  the  required  value  of  M  is 
the  Almanac  value  increased  by  the  hourly  difi*.  multiplied  by 
(/  -*-  L)  in  hours.  As  the  hourly  dift".  of  M  in  the  case  of  the  moon 
is  itself  variable,  we  should  use  that  value  of  it  which  corresponds 
to  the  mi<ldle  of  the  interval  /  +  />;  that  is,  we  should  first  correct 
the  hourly  dift'.  by  the  product  of  its  hourly  change  into  \{t-\-  L) 
iu  hours. 
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Before  we  can  find  from  it  the  valucft'Of  any  of  these  quanti- 
ties for  a  given  local  tinie^o  must  find  the  corresponding  Green- 
wich time  (Arts.  45,  46).  When  this  time  is  exactly  one  of  the 
instants  for  which  the  required  quantity  is  put  down  in  the  Ephe- 
lueris,  nothing  more  is  necessary  than  to  transcribe  tlie  quantity 
as  there  put  down.  But  when,  as  is  mostly  the  case,  the  time 
falls  between  two  of  the  times  in  the  Ephemeris,  we  must  obtain 
the  required  quantity  by  interpolation.  To  facilitate  this  inter- 
]H)lation,  the  Ephemeris  contains  the  rate  of  change,  or  ditterence 
of  each  of  the  quantities  in  some  unit  of  time. 

To  use  the  ditterence  columns  with  advantage,  the  Greenwich 
time  should  be  expressed  in  that  unit  of  time  for  which  the 
ditterence  is  given :  thus,  when  the  diflference  is  for  one  hour, 
our  time  must  be  expressed  in  hours  and  decimal  parts  of  an 
hour;  when  the  ditterence  is  for  one  minute,  the  time  should  be 
expressed  in  minutes  and  decimal  parts,  &c. 

59.  Simple  interpolation, — In  the  greater  number  of  cases  in 
practice,  it  is  sutticiently  exact  to  obtain  the  required  quantities 
by  simpUi  interpolation;  that  is,  by  assuming  that  the  ditterences 
of  the  quantities  arc  proportional  to  the  ditterences  of  the  times, 
^vliich  is  equivalent  to  assuming  that  the  ditterences  given  in  the 
Ephemeris  are  constant.  This,  however,  is  never  the  case;  but 
the  error  arising  from  the  assumption  will  be  smaller  the  less 
the  interval  between  the  times  in  the  Ephemeris;  hence,  those 
quantities  which  vary  most  irregularly,  as  the  moon's  right 
ascension  and  declination,  are  given  for  every  hour  of  Grcen- 
wich  time ;  others,  as  the  moon's  parallax  and  semidiameter,  for 
every  twelt\h  hour,  or  for  noon  and  midnight;  others,  as  the 
sun's  right  ascension,  &c.,  for  each  noon ;  others,  as  the  right 

ascensions  an<l  declinations  of  the  fixed  stars,  for  everv  tenth  <lav 

••  • 

of  the  year.  Thus,  for  example,  tlie  (jnateM  errors  in  the  right 
ascensions  and  declinations  found  from  the  American  Ephe- 
meris by  simple  interpolation  are  nearly  as  follows : — 


Error  in  R.  A. 

ErrtJT  In  Drcl 

Sun 

o-.i 

:r'.5 

Moon 

0.1 

1  .5 

Jupiter 

0.1 

0  .0 

Mars 

0.4 

2  .4 

Venus 

0.2 

5  .4 
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S  at  12»  =  16'  2".0  Diff.  in  12*  =  +  7'M 

Corr.  for  5*.2  =  +  3  .1 

S  =  10  5  .1  ^ 

5.  Jupiter* s  R.  A.  and  Dec. 

a  at  0*  =  23*  29-  49*.95  H.  D.  +  2M75 

Corr.  for  17*.  187  =         +    37.38  17.187 

a  =  23  30    27  .33  37.38 

^  at  0*  =  —  4^  22'  45".6  H.  D.  +  13".74 

Corr.  fot  17*.187  =       +     3  56  .1  17.187 

^  =  —  4     18  49  .5  236.1 

6.  Jupiter* s  Hor.  Par.  and  Semid. — At  the  bottom  of  pago  231,  wo 
find  for  the  nearest  date  Mareh  31,  without  interpolation : 

TT  =  1".5  S  =  15".7 

Nora. — It  maj  be  obsenred  that  we  mark  hourly  differences  of  declination  j»/m, 
when  the  body  is  moTing  northward,  and  minus  when  it  is  moTing  southward. 

In  the  above  we  have  carried  the  computation  to  the  utmost 
degree  of  precision  ever  necessary  in  simple  inter}>olation. 

60.  Tofiml  the  right  ascension  and  declination  of  the  sun  at  the  time 
of  its  transit  over  a  given  rneridiany  ami  also  the  equation  of  time  at 
the  same  instant. 

When  the  sun  is  on  a  meridian  in  west  longitude,  the  Green- 
wich apjMfrt'fd  time  is  precisely  c<iual  to  the  longitude,  that  is, 
the  Gr.  App.  T.  is  after  the  noon  of  the  same  date  with  the  local 
date,  by  a  number  of  hours  e(|ual  to  the  longitude.  When  the 
sun  is  on  a  meridian  in  east  longitude,  the  Gr.  App.  T.  is  before 
the  noon  of  the  same  date  a^  the  local  date,  by  a  number  of 
hours  ei\\ui\  to  the  hmgitude.  Hence,  to  obtain  the  sun's  right 
asc*ension  and  declination  and  the  cquatioii  of  time  for  a]»parent 
noon  at  any  meridian,  take  these  quantities  from  the  Ephemeris 
(page  I  of  the  month)  for  Greenwich  Apparent  Xoon  of  the 
same  date  as  the  local  date,  and  apply  a  correction  eipud  to  the 
hourlv  difference  multiplied  by  the  number  of  hours  in  the  Ion- 
gitude,  observing  to  add  or  suhtract  this  correction,  according  as 
the  numbers  in  the  Ephemeris  may  indicate,  for  a  time  btforc  or 
after  noun. 
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by  simple  interpolation.  On  page  IV  of  the  month  {Am.  Ephenu 
and  British  NauL  Aim.)  we  find  the  mean  time  of  tranflit  of  the 
moon  over  the  Greenwich  meridian  on  each  day.  This  mean 
time  is  nothing  more  than  the  hour  angle  of  the  mean  sun  at 
the  inntant,  or  the  diflTerence  of  the  right  ascensions  of  the  moon 
and  the  mean  sun;  and  if  this  difterence  did  not  change,  the 
mean  local  time  of  moon's  transit  would  he  the  same  for  all 
meridians;  but  as  the  moon's  right  ascension  increases  more 
rapidly  than  the  sun's,  the  moon  is  apparently  retarded  from 
transit  to  transit.  The  difterence  between  two  successive  times 
of  transit  given  in  the  Ephemeris  is  the  retardation  of  the  moon 
in  passing  over  24*  of  longitude^  and  the  hourly  difterence  given 
is  the  retardation  in  passing  from  the  Greenwich  meridian  to 
the  meridian  1*  from  that  of  Greenwich.  Hence,  to  find  the 
local  time  of  the  moon's  transit  on  a  given  day,  take  the  time  of 
meridian  passage  from  the  Ephemeris  for  the  same  date  (iistro- 
nomical  account)  and  apply  a  correction  ecpial  to  the  hourly 
difterence  multiplied  by  the  longitude  in  hours;  adding  the 
correction  when  the  longitude  is  west,  subtracting  it  when  east. 
The  same  method  applies  to  planets  whose  mean  times  of  transit 
are  given  in  the  Ephemeris  as  in  the  case  of  the  moon. 

Example.— Longitude  130^  25' E.  185G  March  22;  required 
local  time  of  moon's  transit. 

Gr.  Merid.  Passage  March  22,  13».  2-.7      II.  D.  -f-  l-.r)9 
Corr.  for  Long.  —  8*.7      r.-        -     in.8  ~      s.7 

Local  M.  T.  of  transit      ^        12  4s.9  —13.8 

62.  To  find  (he  moon's  or  a  pfancfs  rujht  ascension^  dcrUnationy 
jfr.,  at  the  lime  (tf  (rausU  orer  a  (jhuii  meridian. 

Find  the  local  time  of  transit  by  the  ]»rrroding  article,  deduce 
the  (in'cnwii'h  time,  and  take  out  the  rcquirc^l  (piantitics  from 
the  Ephemeris  for  thi^  time.  Tliis  is  the  usual  nauti<'al  method, 
and  is  aeruratc  enough  even  for  the  moon,  as  meridian  <»bserva- 
tituis  of  the  moon  at  sea  are  not  susceptible  of  great  pre<'isi<>n. 
For  greater  )»reeision,  liiid  the  local  time  by  Art.  .V>  tor  /  0*, 
and  then<*e  the  Greenwich  time.  See  also  Moon  Cnlminaiions^ 
Chapter  VII. 

03.  IxTKRPOLATiox  iiY  SKcoNU  DiFFKUEXCEs. — Tlio  ditreren<»es 
Wtwecn   the   successive  values  of  the   (piantities  given   in   the 
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0*.25;  we  therefore  find  the  value  of  the  first  difterence  at  12* 
14-  48*,  by  adding  to  its  vahie  taken  for  12*  the  quantity  0'M89 
X  0.25,  and  then  proceed  as  in  simple  interjiolation.  This  exam- 
ple suffices  to  illustrate  the  method  in  all  cases  where  the  first 
difterence  is  given  in  the  Ephemeris  for  the  time  against  which 
it  stands.  In  using  the  British  Nautical  Almanac  and  other 
works  of  the  same  kind,  interpolation  by  second  difterences 
may  be  perfonued  by  the  general  interpolation  formula  here- 
after given. 

64.  7^0  find  the  Greenwich  time  corresponding  to  a  given  right  ascm- 
sion  of  the  moon  on  a  given  day. 

Let  T'  =  the  Greenwich  time  corresponding  to  the  given  right 
ascension  a', 
T  =  the  Greenwich  hour  preceding  T'  and  corresponding  to 

the  right  ascension  a, 
Aa  ^-  the  diff.  of  E.  A.  in  1"  at  the  time  jT, 

then  we  have,  approximately, 

rpt  rji <*    —  <* 

To  correct  for  second  difterences,  we  have  now  only  to  find 

A^o  =  diff.  of  R.A.  in  1"  for  the  middle  instant 
of  the  inter\'al  T'—T, 

and  then  we  have,  accurately. 


J„a 


Tliese  fonnuhe  give  T'  —  T  in  minutes  of  time. 

65.  To  find  the  distance  of  the  moon  from  a  given  object  at  a  given 
Greenwich  time. 

In  the  American  Ephemeris  and  the  British  Nautical  Alma- 
nac, the  *' lunar  distances'*  are  given  at  every  3d  hour  of  (trecn- 
wich  time,  together  with  the  proportional  Injarithms  of  the  difter- 
ences between  the  successive  distances. 

The  proportional  logarithm  of  an  angle  expressed  in  hours, 
4c.  is  the  logarithm  of  the  quotient  of  3*  divi<le(l  by  the  angle ; 
that  of  an  angle  expressed  in  degrees,  &e.  is  the  logarithm  of 
the  quotient  of  3°  divided  by  the  angle.  Thus,  if  yl  is  the  angle, 
in  hours. 
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we  have 

Q'  =  Q-{^-^^yQ  (64) 

in  which  t  is  in  hours  and  decimal  parts.    We  find  then,  with 
regard  to  second  differences, 

log  J'  =  log^— Q' 

Example. — Find  the  distance  d  of  the  moon's  centre  from  the 
star  Fomalhaut  at  the  Greenwich  time  1856  March  30,  13*  20* 
24*. 

Here  T=  12»,  f  =  P  20-  24-  =  1».34 :  ^^'^  ~"  *  ^  =  0.28 ;  and  from  the 
Ephomeris : 

March  30,  12*  (<f)       86^7' 63"       Q,      .2993    a  Q, +  .0041 

J'      — 0  40  28  —  .0011  ^ 

At  13*  20-  24'   cZ  =   35  37  25         C,     .2982  +  .0011 

logf,   3.6834 

log  J',  3.3852 

66.  To  find  the  Greenwich  time  corresponding  to  a  given  lunar  dis- 
tance on  a  given  day. 

We  find  in  the  Ephemeris  for  the  given  day  the  two  distances 
between  which  the  given  one  falls;  and  if  J' =  difference  be- 
tween the  first  of  these  and  the  given  one,  J  — difference  of  the 
distances  in  the  Ephemeris,  we  find  the  interval  /,  to  be  added  to 
the  preceding  Greenwich  time,  by  simple  interpolation,  from  the 

formula 

J' 
<  =  3»X- 

or 

log  f  =  log  J'  +  p.  L.  J  =  log  J'  +  (2  (65) 

and,  with  regard  to  second  differences,  the  true  inten'al,  Vy  by 

the  formula 

logr'^zlog  J'+Q'  (66) 

where  Q^  has  the  value  given  in  the  preceding  article. 

But  to  find  Q*  by  (64)  we  must  first  find  an  approximate  value 
of/.  To  avoid  this  double  computation,  it  is  usual  to  find  t  by 
(65),  and  to  give  a  correction  to  reduce  it  to  V  in  a  small  table 
which  is  computed  as  follows.     We  have  from  (64),  (65),  and  {66) 
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INTERPOLATION  BY  DIFFERENCES  OF  ANY  ORDER. 

67.  TVlien  the  exact  value  of  any  quantity  is  required  from  the 
Ephcineris,  recourse  must  be  had  to  the  general  interpolation 
formula;  which  are  demonstrated  in  analj'tical  works.  These 
cnahle  us  to  determine  intermediate  values  of  a  function  from 
tabulated  values  corresponding  to  equidistant  values  of  the 
variable  on  which  they  depend.  In  the  Ei)hemeri3  the  data  are 
in  most  cases  to  be  regarded  as  functions  of  the  time  considered 
as  the  variable  or  argument. 

Let  T^  T-\-  w,  T+  2wj  T+  8w,  &c.,  express  equidistant  values 
of  the  variable ;  F,  F',  F^\  F^'%  &c.,  corresponding  values  of 
the  given  function ;  and  let  the  differences  of  the  lirst,  second, 
and  following  orders  be  formed,  as  expressed  in  the  following 
table : — 


Argument. 

Funotion. 

Ist  Diff. 

2a  Diff. 

3d  Diff. 

4th  Diff. 

5th  Diff. 

6th  Diff. 

T 

F 

a 

r  f  w 

F' 

a' 

b 

C 

T-1-2W 

pit 

a" 

V 

d 

d 

« 

T+3ir 

j»>' 

a'" 

b" 

c" 

d' 

c' 

/ 

T+4w 

pnw 

fl" 

V" 

d" 

d" 

T-r  5ir 

F' 

a' 

6" 

T  -r  Ow 

/•"• 

The  differences  are  to  be  found  by  subtracting  dowmrards^  that 
is,  each  number  is  subtracted  from  the  number  below  it,  and  the 
j»ropcr  algebraii!  sign  must  be  jirefixed.  The  differences  of  any 
onlcr  are  fonned  from  those  of  the  ]»receding  order  in  the  same 
manner  as  the  first  differences  are  formed  from  the  given  func- 
tions. Tbe  even  differences  (2d,  4th,  &c.)  fall  in  the  same  lines 
with  the  argument  and  function ;  the  cnld  differences  (1st,  3d,  &c.) 
between  the  lines. 

Now,  <lenoting  the  value  of  the  function  corresponding  to  a 
value  of  the  argument  T-\-  nw  by  F^'*\  we  have,  from  algebra, 

1.2         '         1  .  2  .  .{  1.2.3.4 

in  which  the  coefficients  are  those  of  the  n'*  power  of  a  binomial. 
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which  agrees  precisely  with  the  value  given  in  the  American 
Ephemeris. 


68.  The  formula  (68)  may  also  be  written  as  follows : 


— '+"(-  +  "i^'+T-l'+Tl'^T^( 


rf-f  ^ — ^|«-f  &c. 


2    \  8    \  4    \  5 

Thus,  in  the  preceding  example,  we  should  have 


(68*) 


11—4 

5 
w— 3 

4 

3 
n  — 1 


n  = 


-  h 


-  /o  X  -  0'.66  = 

-  i  (+    1M4  +  0-.46)       = 


+  0'.46 
-  1.38 


_  ^  (+    4M9  —  lv38)       ==         —  1 .71 

_  I  (-_  36*.97  —  IMl)       =         +  9 .67 
i  (+  28"47'.04  +  9-.67)  =  +  14-  28'.35 


and  adding  this  last  quantity,  14"'  28-.35,  to  21*  58*  28'.89,  we 
obtain  the  same  value  as  before,  or  22*  12*  56'.74. 

69.  A  more  convenient  formula,  for  most  purposes,  may  be 
deduced  from  (68),  if  we  use  not  only  values  of  the  functions 
following  that  from  which  we  set  out,  but  also  preceding  values; 
that  ii<,  also  values  corresponding  to  the  arguments  T  —  Wy 
T —  2/r,  &c.  We  then  form  a  table  according  to  the  following 
schedule : 


Argmnent.  '  Function. 
T— 3u7 


T—   w 


T+    w 


Hi 


H 


F' 


T+2w        F" 
T  +  3.r        F'" 

Vol.  I.— « 


1st  Diir. 

2d  Diff. 

SdDiff. 

4tb  Diff. 

6tb  Diff. 

Gtb  Diff. 

<',„ 

K 

«« 

K 

<^« 

d, 

«/ 

b 

<", 

d 

«/ 

/ 

a' 

b' 

■<f 

d' 

e 

a" 

b" 

c" 

a'" 
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1856  Mtfeb  8,  12* 

4,  0 
4.12 
6.    0 


]>  *•  R.  A. 


20*  28"»  17'.88 

20  58    57.08 

21  29      2.01 
21   58    28.89 


lit  DiflT. 


-f  80-  80».20 
80  4 .93 
29    26.88 


2dDlflr. 

adDiff. 

4th  DlfT. 

—  84'.27 

—  4'.  28 

88.55 

—  0.79 

+  8'.  49 

89.84 

8.16 

5th  Diir. 


— 0«.88 


5,  12 

6,  0 
6,12 


22  27  15.43 
22  55  25.50 
28  28      8.89 


28  47.04 
28  10.07 
27    87.89 


86.97 
82.18 


4-2.87 

4-4.79 


2.42 


—  0.74 


Drawing  a  horizontal  line  under  the  function  from  which  we 
set  out,  the  differences  required  in  the  formula  (69)  stand  next 
to  this  line,  alternately  below  and  above  it. 

F     =  21*  58-  28'.39 
Aa!  =  +   14    23 .52 

Bb   =+  4.92 


a'  =  +  28-  47V04,     A  = 


b  =  — 

<f  =  + 
<f  =  + 


89.34,  B  =  A. 

2.37,  C  =  B. 

3.16,  D=C. 

0.74,  E=D, 


n         =         i. 


2 
n  +  1 

3 
n— 2 

4 

n4-2 


—  "~    T«» 


Of    =-  — 


=  +  ji^,    Dd  =  + 


0.15 


0.07 


0.01 


y%  R.  A.  1856  March  5,  6*  =    F^  z=  22   12    50 .74 


-1) 


69*.  IS  in  (69)  we  substitute  the  values 

a'  =  a^  +  b 

(/  =  c^  +  d 

&c. 
we  find 

^      '^        1.2  ^  1.2.3 

,    (n  +  2)  (n  +  1)  (n-)  (n  -  1) 

+ TilTI ''  +  *"•  (•«' 

in  which  the  law  of  the  coofBcients  is  that  one  new  factor  is 
introduced  into  the  numerator  alternately  before  ami  after  tlie 
other  factors,  observing  still  that  the  faotoi's  decrease  by  unity 
from  left  to  right.  The  differences  employed  are  those  which  lie 
on  each  side  of  the  horizontal  line  drawn  immediately  above 
the  function  from  which  we  set  out. 
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Met.  8,  12* 

"  4,    0 

«  4,  12 

*^^  ^    0 

**  5,  12 

"  6,    0 

"  6,  12 


y%  R.  A. 

20*28- 17'.88 

20  58  57  .08 

21  29     2  .01 


21  58  28.39 


22  27  15  .43 

22  55  25  .50 

23  23    3  .39 


iBt  Diff. 

2d  Diff. 

3d  Diff. 

4th  Diff. 

+  30-  29'.20 

34'.27 

30     4 .93 

— 4'.28 

38.55 

+3v49 

29    26.38 

0.79 

i+a       6  .71] 

39.34 

[  +  0    .79] 

+  3.16 

28   47.04 

+  2.37 

36.97 

2.42 

28    10.07 

32.18 

+  4.79 

27    37.89 

-0-.33 

[-  0  .64] 

—0.74 


Drawing  two  lines,  one  above  and  the  other  below  the  func- 
tion from  which  we  set  out,  and  then  filling  the  blanks  by  the 
means  of  the  odd  differences  above  and  below  these  lines  (which 
means  are  here  inserted  in  brackets),  we  have  presented  in  the 
same  line  all  the  difi'ereuces  required  in  the  formula  (71) ;  and 
we  then  have 


a  =  +  29-  6'.71,  A=  n 


b  =  — 


n' 


=        h 
39.34,^=  ^  =+4, 

n«-l 


F=  2P58-28V39 
Ja  =  +   14    33  .36 


c  =  +         0  .79,  C  =  ^  . 


6 
n»-l 


—  —  T«> 


Bb=  — 


Cc=  — 


d  =  +        3.16,  D=  ^.-^—  =  - -pig,    Dd=- 


0  .54,  ^  =  C . 


n' 


20 


=  +  2!«,    Ee=^ 


4.92 


0.05 


0.02 


0.01 


jpiH)  ^  22   12    56  .75 


agreeing  within  O'.Ol  with  the  value  found  in  the  preceding 
article.  Hansen  has  given  a  table  for  facilitating  the  use  of  this 
formula,     (See  his  TcMes  dc  la  Lunc). 

71.  Another  form,  considered  by  Bessel  as  more  accurate  than 
any  of  the  preceding,  is  found  by  employing  the  odd  differences 
that  fall  next  below  the  horizontal  line  dnnvn  below  the  function 
fnmi  which  we  set  out,  and  the  means  of  the  even  diflcrcnces 
that  fall  next  above  and  next  below  this  line.     Thus,  if  we  put 

6.  =  J  (6  +  6'),    d,  =  \{il-{-  rf'),  &c. 
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For  iiiteqx>lation  by  formula  (72)  we  draw  a  horizontal  line 
below  the  function  from  which  we  8et  out,  and  one  above  the 
next  foHowing  function.  These  lines  enclose  the  odd  ditierences 
rejrularly  occumng  in  the  table.  Inserting  in  the  blanks  in  the 
columns  of  even  ditierences  the  means  of  the  numbers  above  and 
below,  all  the  differences  to  be  employed  in  the  formula  stand  in 
the  same  line,  namely : 

a'  =  +  1725'.97,  60  =  +  7v39,  (/  =  —  4*.20,  ^0  =  — 1'-^2,  e' =  +  O-.SS 

As  n  is  here  not  a  simple  fraction,  the  computation  will  be 
most  conveniently  performed  by  logarithms,  as  follows : 


4»  42-19- =  16939' 

log  4.2288878 

12*              =  43200                     log  4.6354837 

log  ^  —  log  n  —  9.5934041 

n 

0.3921065 

9.59340         9.5934 1         9.59341         9.5934 

n  — 1- 

0.60789 

n9.78383 

n9.7838 

119.7838         W9.7838 

n-1- 

—  0.10789 

719.0330 

n9.0330 

n      2~ 

1.6079 

n0.2063         ;i0.2063 

11  +  1  = 

+ 1.3921 

0.1437          0.1437 

(i)    9.69807 

(i)   9.2218 

(,^)  8.6198  (\io)7.9208 

G-i) 

9.5934041  (5)n9.07620 

(C)  7.6320 

(/))  8.3470:  (f:)/i6.6810 

(«') 

3.2370332  (6j  0.86864  (c')n0.6232|(^ J JnO.  1523!  (e')    9.5185 

2.8304373 

n9.94484       ;i8.2552l       n8.4993.        n6.1995 

An'  —        11-  16*.764 

Bb^  —  —           0 .879 

W   —  —           0.018 

D,!^  -  -  -_           0 .032 

LV  —                0.000 

Increaso  of  R.  A.             —        1115 .835 

R.  A.  Greenwich  Culm.  —  16*    9-  39'.800 

R.  A.o 

n  triven  merit 

lian  —  16» 

20-  55-.725 

The  u.*^e  of  Bessel's  formula  of  interpolation  is  facilitated  by  a 
table  in  which  the  values  of  the  coefficients  above  denoted  bv 
A^  2?,  (7,  /),  &c.,  and  also  their  logarithms,  are  given  with  the 
argument  n. 

72.  Infrrpof/ifhn  into  (he  middle. — A\nien  a  value  of  the  function 
is  sought  corresponding  to  a  value  of  the  argument  which  is  u 
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74.  TTke  interpolation  formidce  arranged  according  to  the  powers  of 
the  fractional  part  of  the  argument. 

WLen  several  values  of  the  function  are  to  be  inserted  between 
two  of  the  given  series,  it  is  often  convenient  to  employ  the 
formula  arranged  according  to  the  powers  of  n.  Performing  the 
multiplications  of  the  factors  indicated  in  (68),  and  arranging  the 
terms,  we  obtain 

JP«>  =  J'+n(rt  —  ]6  +  jc  —  Jd  +  Je  —  &c.) 

^1.2.3.4^  ^       ^ 

H (e  —  Ac.) 

^1.2.3.4.5^  ^ 

+  &c (74) 

where  tlie  differences  are  obtained  according  to  the  schedule  in 
Art.  67. 

Transforming  (71)  in  the  same  manner,  we  have 

/^">  =  F  +  n  (a  -  i  c  +  ,'o  e  -  &c.) 


A (c  —  \  e  4-  &c.) 

^1.2.3  ^       ^ 


n* 


A (r/  — &c.) 

^1.2.3.4^  ^ 


n» 


A (e  — &c.) 

1.2.3.4.5 

+  &c (75) 

whore  the  difForences  a,  r,  e,  are  the  mean  interpolated  odd  dif- 
ferences in  the  line  of  the  function  -Fof  the  schedule  Art.  69. 

75.  Derivatives  of  a  tabtdated  function. — When  the  analytical  ex- 
pression of  a  function  is  ^ivcn,  its  derivatives  may  be  directly 
found  by  successive  diftcrcntiation ;  but  when  this  expression  is 
not  known,  or  when  it  is  very  complicated,  we  may  obtain  values 
of  the  derivatives,  for  particular  values  of  the  variable,  fnmi  the 
tabulated  vabies  of  the  functions  bv  means  of  their  diflcrences. 

Denoting  the  argument  by  T  +  ;??(?,  its  corresponding  function 
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Tlie  preceding  formiilie  detemiine  the  derivatives  for  the  value 
7^  of  the  argument.  To  iind  them  for  any  other  value,  we  have, 
by  diiierentiuting  Maclaurin*s  Formula  with  reference  to  nw^ 

f'iT-rnw)=f\T)+nT).nw  +  }/'"(r).  n'w"  +  &c.       (78) 

in  wliich  we  may  substitute  the  values  of  f{T)^f'{T)^  &c.  from 
(76)  or  (77). 

In  like  manner,  by  successive  difierentiations  of  (78)  we  ob- 
tain 

/"  (r+  nw)=f"  (T)  +/'"(r).  nw+  \  f  {T) ,  n^w^  +  kQ. 
/'"  (r+  nw)=f"\T)  +/•'  (T).  nw  +  &c. 
&e.  &c. 

76.  An  immediate  application  of  (76)  or  (77)  is  the  compu- 
tation of  the  differences  in  a  unit  of  time  of  the  functions  in  the 
Ephemeris;  for  this  difference  is  nothing  more  than  the  first 
derivative,  denoted  above  by  the  symbol  /'. 

Example. — Find  the  difference  of  the  moon's  right  ascension 
in  one  minute  for  1856  March  5,  0*. 

We  have  in  Art.  70,  for  T  =  March  5,  0*,  a  =  29*  6'.71, 
c=  -h  0'.79,  e  =  —  0'.54,  and  m?  =  12*  =  720-^.  Hence,  by  the 
first  equation  of  (77), 

/'  (T)  =  ,io  (29-  6'.71  —  0'.13  —  0-.02)  =  2'.4258 

On  interpolation,  consult  also  Excke  in  the  Jahrbuch  for  1830 
and  18:37. 

STAR   CATALOGUES. 

77.  Tlie  Nautical  Almanac  gives  the  position  of  only  a  small 
number  of  Htars.  The  positions  of  others  are  to  be  found  in 
the  Cutalogues  of  stars.  These  are  lists  of  stars  arranged  in 
the  order  of  their  right  ascensions,  with  the  data  from  which 
their  apparent  right  ascensions  and  declinations  may  be  ob- 
tained for  any  given  date. 

The  right  ascension  and  declination  of  the  so-called  fixed 
stars  are,  in  fact,  ever  changing:  1st,  by  precession,  nutation, 
and  aberration  (hereafter  to  be  specially  treated  of),  which  are 
not  changes  in  the  absolute  position  of  the  stars,  but  are  either 
changes  in  the  circles  to  which  the  stars  are  referred  by  sphe- 
rical co-ordinates  (precession  and  nutation),  or  apparent  changes 
arising   from  the  observer's  motion   (aberration);    2d,   by  the 
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a  =  cos  a  BCC  d  a'  =z  tan  «  cos  6  —  sin  a  sin  <J 

b  =  sin  a  sec  ^  b'  =  cos  a  sin  ^ 

c  =  46".078  +  20".056  sin  a  tan  ^  </ =  20".056  cos  a 

d  =  cos  a  tan  d  rf'  =  —  sin  a 

in  which  c  =  obliquity  of  the  ecliptic.  Or  we  may  resort  to 
what  are  usually  called  the  independent  constants^  and  dispense 
with  the  n,  ft,  c,  t/,  a',  6',  c',  </'  altogether,  proceeding  then  by 
the  formula 

a  =  o^  -f-  T/i  -f-/  + 17  «in  (G^  -f-  <*)  t^'^  ^  +  ^  8^"  (^+  «)  sec  ^  1     q>. 

3  =  a^  -f-  Tfi*  -ft  cos  ^  +  <7  cos  (G  -\-  a)  -f  A  cos  (/T-f  a)  sin  ^  /  ^     ^ 

the  independent  constants  /,  ^,  tr,  A,  i/,  i  being  given  in  the 
Ephemeris,  togetlier  with  the  value  of  r  for  the  given  date, 
expressed  decimally. 

It  should  be  observed  that  the  constants  a,  6,  Cy  d,  a',  i',  c',  d' 
are  not  absolutely  constant,  since  they  depend  on  the  right 
ascension  and  declination,  which  are  slowly  changing:  unless, 
therefore,  the  catalogue  which  contains  them  gives  also  their 
variations,  or  unless  the  time  to  which  we  wish  to  reduce  is  not 
verj'  remote  from  the  epoch  of  the  catalogue,  it  may  be  prefer- 
able to  use  the  independent  constants. 

In  forming  the  products  Aa,  Bb,  &c.,  attention  must  of  course 
be  jmid  to  the  algebraic  signs  of  the  factors.  The  signs  of -^1,  i?, 
C\  D  are,  in  the  Ephemerides,  prefixed  to  their  logarithms ;  and 
the  signs  of  a,  6,  c,  &c.  are  in  some  catalogues  (as  that  of  the 
British  Association)  also  prefixed  to  their  logarithms;  but  I 
slmll  here,  as  elsewhere  in  this  work,  mark  only  the  logarithms 
of  uajaticc  factors,  prefixing  to  them  the  letter  n. 

It  should  be   remarked,  also,  that  the  B.   A.   C*  gives  the 


•  B.  A.  C. — Brilith  Association  Catalo^r,  containing  8377  stars,  distributed  in  all 
|MrtB  of  the  hearens ;  a  Tcry  useful  work,  but  not  of  the  highest  degree  of  prcciaioo. 
The  Greenwich  Catalogues,  published  from  time  to  time,  are  more  reliable,  though 
less  comprehensiTe.  For  the  places  of  certain  fundamental  stars,  see  Besbel's 
T^hMltf  Rrtfiomontanm  and  its  continuation  by  Wolfers  and  Zccii. 

Lalande's  Iliatoire  Celeste  contains  nearly  50,()()0  stars,  most  of  which  are  em- 
braced in  a  catalogue  published  by  the  British  Association,  reduced,  under  the 
direction  of  F.  Baily,  from  the  original  work  of  Lalande.  The  K6nigxl>erg  ObscrTa- 
lions  embrace  the  series  known  as  Bkssei/s  Zones,  the  moi^i  extensive  series  of 
obaerrations  of  small  stars  yet  published.  The  original  observations  are  given  with 
data  for  their  reduction,  but  an  important  part  of  them  is  given  in  Wris«ie*s  Poni- 
tionet  Me*iiae  Stellarum  fizarum  in  Zonit  RnjiomoutaniM  a  Besselio  inter — 1.'>°  et  -j  10® 
detbm.  ohserrat.,  containing  nearly  .I'J.OOO  stars. 

8e«  also  Stri've's  Catal.  gentralis,  and  the  catalogues  of  Arqclaxdcr,  RI'MKCR, 
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in  tlie  precession  and  in  the  logarithms  of  the  constants.  Fur- 
ther, it  is  to  be  observed  that  the  annual  precession  of  the  cata- 
logues is  for  a  mean  year  of  365''  5*.8.  But /or  a  fuller  consider- 
ation of  this  subject  see  Chapter  XI. 


CHAPTER   III. 

HGURE  AND  DIMENSIONS  OF  THE  EARTH. 

79.  The  apparent  positions  of  those  heavenly  bodies  which  are 
within  measurable  distances  from  the  earth  are  ditterent  for  ob- 
sen-ers  on  different  parts  of  the  earth's  surface,  and,  therefore, 
before  we  can  compare  observations  taken  in  different  places  wo 
must  have  some  knowledge  of  the  form  and  dimensions  of  the 
earth.  I  must  refer  the  reader  to  geodetical  works  for  the 
metho<ls  by  which  the  exact  dimensions  of  the  earth  have  been 
obtaine<l,  and  shall  here  assume  such  of  the  results  as  I  shall 
have  occasion  hereafter  to  apply. 

The  figure  of  the  earth  is  verj'  nearly  that  of  an  oblate  spheroid^ 
that  is,  an  ellipsoid  generated  by  the  revolution  of  an  ellipse 
al>out  its  minor  axis.  The  section  made  by  a  i»lane  through  the 
earth's  axis  is  nearly  an  ellipse,  of  wliith  the  major  axis  is  the 
e<piat()rial  and  the  minor  axis  the  polar  diameter  of  the  earth. 
Accurate  geodetical  measurements  have  shown  that  there  are 
small  deviations  from  the  regular  ellipsoid ;  but  it  is  Hufficient 
for  the  ])uq>oses  of  astronomy  to  assume  all  the  meridians  to  be 
ellipses  with  the  mean  dimensions  deduced  from  all  the  measures 
made  in  various  parts  of  the  earth. 

80.  Let  EPQP\  Fig.  11,  be  one  of  the  elliptical  meridians  of 
the  earthy  EQ  the  diameter  of  the  ecjuator,  PP'  the  jiolar 
diameter,  or  axis  of  the  earth,  (7  the  centre,  Fa  foeus  of  the 
ellipse.    Let 

a  -~thc  semi-mnjor  axis,  or  equatorial  radius,  -     ^77, 
b  —■  the  Hcini-nunor  axis,  or  polar  radius,  =--  CPf 

c  -    the  comprcHsioii  of  tiio  earth, 
€  =^  the  eeecntricity  of  the  meridian. 
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The  absolute  lengths  of  the  semi-axes,  aceortling  to  Bessel,  are, 

a  =  6377397.15  metres  =  0974532.34  yds.  =  3962.802  miles 
b  =  6350078.96      '*       =  6951218.06    ''     =  3949.555    " 

81.  To  find  the  reduction  of  the  latitude  for  the  compression  of  the 
earth. 

Let  A,  FifiT.  11,  be  a  point  on  the  surface  of  the  earth;  -4  7"  the 
tangent  tn  tlie  meridian  at  that  point;  -40,  perpendicular  to  AT^ 
the  normal  to  the  earth's  surface  at  A.  A  plane  touching  the 
eartlf  8  surface  at  A  is  the  plane  of  the  horizon  at  that  point 
(Art.  3),  and  therefore  AO,  which  is  p6q)endicular  to  that  plane, 
represents  the  vertical  line  of  the  observer  at  A.  This  vertical 
line  does  not  coincide  with  the  radius,  except  at  the  equator  and 
the  poles.  If  we  produce  Ci?,  OA^  and  CA  to  meet  the  celestial 
sphere  in  E%  Z,  and  Z'  respectively,  the  angle  ZO'E'  is  the 
declination  of  the  zenith,  or  (Art.  7)  the  geoffraphical  latitude,  and 
iTis  the  geographical  zenith ;  the  angle  Z'CE'  is  the  declination 
of  the  geocentric  zenith  Z\  and  is  called  the  geocentric  or  reduced 
latitude ;  and  ZAZ'  ^=  CAO  is  called  the  reduction  of  the  latitude. 
It  is  evident  that  the  geocentric  is  always  less  than  the  geogra- 
phical latitude. 

Now,  if  we  take  the  axes  of  tlie  ellipse  as  the  axes  of  co-ordi- 
nates, the  centre  being  the  origin,  and  denote  by  x  the  abscissa, 
and  ]>y  g  the  ordimite  of  any  point  of  the  curve,  by  a  and  h  the 
semi-major  and  semi-minor  axes  respectively,  the  equation  of 
the  ellipse  is 

a*      6* 


If  wc  put 


f>  r—  the  gcorrraphieal  latitude, 
^'     :  the  geocentric 


we  have,  since  f  is  the  angle  which  the  normal  makes  with  the 
axis  of  abscisste, 

dx 
tan  c  = 

and  from  the  triangle  ACB, 

tan  v-'        ^ 

Vol.  I. — 7 
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82.  Ibfnd  the  radius  of  the  terrestrial  spheroid  for  a  given  latitude^ 

Let 

p  =  the  radios  for  the  latitude  f  =  AC. 
We  have 


p  =  y/  x'  +  y* 

To  express  x  and  y  in  terms  of  y ,  we  have  from  the  equation  of 
the  ellipse  and  its  differential  equation,  after  substituting  1  —  e* 

for  -zj 


1— €' 


=  a' 


^•=(1  —  e«)tan  f 

X 

from  which  by  a  simple  elimination  we  find 

a  cos  f 

^""|/(1  —  c«  sinV) 
(1  —  Qgsinf^ 
|/(1  —  e*  sinV) 


and  hence 


~^\L  1— e«sinV  J 


(84) 


by  which  the  value  of  p  may  be  computed.    The  logarithm  of 
Pj  putting  a  =  1,  is  given  in  our  Table  III.  Vol.  11. 

But  the  logarithm  of  p  may  be  more  conveniently  found  by  a 
series.     K  in  (84)  we  substitute 


sin'f  =  }  (^  —  ^^^  2f) 
we  find,  putting  a  =  1, 

"l+/*4-(l-/*)co6  2y1 

—  /«)  cos  2  f  J 


=v[:- 


+/■+(' 


l+Z- 


H  y.  M  f+fc: 


1  +/\' 
Now  (PI.  Trig.  Art.  2G0)  if  we  have  an  expression  of  the  form 


X=  I  (1  +  m"  —  2m  cos  C) 


(^) 
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llence,  also,  the  following : 

,  =  aJ( r^ r^)  (89) 

'^  \  \  COS  f    COS  (f  —  f ')  /  ^      ^ 

83.  To  find  the  length  of  the  normal  temiinating  in  the  axis,  for  a 
gken  latitude. 

Putting 

N=  the  normal  =  AO  (Fig.  11), 

we  have  evidently 

^_^C09/_ ? (90) 

COS  ip  |/(1  —  e*  sin'  ^ ) 

or,  employing  the  auxiliary  4'  of  the  preceding  article, 

N  =  a  sec  4 

84.  To  find  the  distance  from  the  centre  to  the  intersection  of  the 
normal  with  the  axis. 

Denoting  this  distance  by  ai  (so*  that  i  denotes  the  distance 
when  a  =  1),  we  have  in  Fig.  11, 

ai  =  CO 
and,  from  the  triangle  A  COj 


or,  by  (88), 


/>  sin  (c9  —  «p ) 

at  = ^^^ ^-^ 

cos  f 


ae*  sin  f 


ae*  sin  f> 

=  -771 ^   '  , — :  =  c^  8in  f  sec  4» 

|/(1  —  e*  sin*  f )  ^ 


ai  =  — r-Tj .  , — -  =  ae*  sin  f  sec  4»  (91) 


85.  To  find  the  radius  of  curvature  of  the  terrestrial  meridian  for  a 
gicen  latitude. — Denoting  this  radius  by  i?,  we  have,  from  the  dif- 
ferential calculus, 

where  we  employ  the  notation  D^y^  D}  y  to  denote  the  first 
and  second  difterential  coefficients  of  y  relatively  to  x.  We 
have  from  the  equation  of  the  ellipse 

D  y  =  —~r  ,~  2>'V  = 


a"       y  '^  fl»y» 
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the  aid  of  the  geodetic  measures  of  its  distance  and  direction 
from  each) ;  or,  which  is  the  same  thing,  the  latitude  and  longi- 
tude of  the  place  are  deduced  from  those  of  each  of  the  assumed 
places :  then  the  mean  of  all  the  resulting  latitudes  is  the  geMletic 
latitude^  and  the  mean  of  all  the  resulting  longitudes  is  the  geodetic 
longitude^  of  the  place.  These  quantities,  then,  correspond  as 
nearly  as  possible  to  the  true  normal  of  the  regular  ellij)soid ; 
the  geodetic  latitude  being  the  angle  which  this  normal  makes 
with  the  plane  of  the  equator,  and  the  geodetic  longitude  being 
tlie  angle  which  the  meridian  plane  containing  this  normal 
makes  with  the  plane  of  the  first  meridian.  The  geodetic  lati- 
tude is  identical  witli  the  geographiad  latitude  as  we  have  defined 
it  in  Art.  81. 

The  astronomical  latitude  of  a  place  is  the  declination  of  the 
apparent  zenith  indicated  by  the  actual  plumb  line ;  but,  unless 
when  the  contrary  is  stated,  it  will  be  hereafter  understood  to  be 
identical  with  the  geographical  or  geodetic  latitude. 

It  has  recently  been  attempted  to  show  that  the  earth  diflfers 
Bensibly  from  an  ellipsoid  of  revolution;*  but  iio  deduction  of 
this  kind  can  be  safely  made  until  the  anomalous  deviations  of 
the  plumb  ime  above  noticed  have  been  elimmated  from  the 
discussion. 


CHAPTER    IV. 

REDUCTION   OF   OBSERVATIONS   TO   THE   CENTRE   OF   THE   EARTH. 

87.  The  places  of  stars  given  in  the  Ephemerides  are  those  in 
which  the  stars  would  be  seen  bv  an  obser\'er  at  the  centre  of 
the  earth,  and  are  called  ^cort/^/r/c,  or  tnu\  places.  Those  observed 
from  the  surface  of  the  earth  are  called  observalj  or  apparent^ 
places. 

It  must  be  remarked,  however,  that  the  geocentric  places  of 
the  Ephemeris  are  also  called  apparent  places  when  it  is  intended 


•  See  Attr,  Nach.  No.  1308. 
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lines  wliich  have  a  common  direction,  i.e.  parallel  lines.  But  a 
still  more  direct  method  of  comparison  is  obtained  by  referring 
them  to  one  and  the  same  straight  line,  as  CAZj  Z  being  the 
zenith.  We  then  call  ZCS  the  true  and  ZAS  the  apparent 
zenith  distance,  and  these  are  evidently  the  complements  of  the 
tme  and  apparent  altitudes  respectively. 
In  the  figure  we  have  at  once 

ZAS—ZCS^ASO 

that  is,  the  parallax  in  zenith  distance  or  altitude  is  the  angle 
at  the  star  subtended  by  the  radius  of  the  earth.  When  the  star 
is  in  the  horizon,  as  at  -flT',  the  radius,  being  at  right  angles  to 
AH\  subtends  the  greatest  possible  angle  at  the  star  for  the  same 
distance,  and  this  maximum  angle  is  called  the  horizmxtal  parallax. 
The  eqwitorial  horizontal  parallax  of  a  star  is  the  maximum  angle 
subtended  at  the  star  by  the  equatorial  radius  of  the  earth. 

89.  To  find  the  equatorial  horizontal  parallax  of  a  star  at  a  given 
distance  from  the  centre  of  the  earth. 

Let 

r  =  tho  equatorial  horizontal  parallax, 

J  =  tho  given  diMtanee  of  the  star  from  tho  earth's  centre, 

a  =  the  equatorial  radius  of  tho  earth, 

we  have  from  tho  triangle  CAIP  \\\  Fig.  12,  if  CA  is  the 
e<piatorial  radius, 


sin  r  =.  ^  (93) 

J 

Tlie  value  of  r  given  in  the  Ephemcris  is  always  that  which  is 
given  by  this  formula  when  tor  J  we  employ  the  dir>tance  of  the 
star  at  the  instant  for  which  the  parallax  is  given. 

fH).  To  fiitd  tlit  parallax  in  altlttule  or  zenith  distance y  the  earth  being 
ngarded  as  a  sphere. 

Let 

:  —  the  true  zenith  dij*tnnco  -:  ZCS  (  Fig.  12\ 

r     -  tho  appariMit  zonith  <iistanoe  ^^  ZAS, 
p  —  the  parallax  in  olt.  or  z.  d.      ^=  CSA. 
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referred  to  this  line.  K,  however,  we  refer  it  to  the  radius  drawn 
from  the  place  of  observation  (or  CAZ\  Fig.  11),  the  zenith  dis- 
tance is  that  measured  from  the  geocentric  zenith  of  the  place; 
whereas  it  is  desirable  to  use  the  geographical  zenith.  Hence 
we  shall  here  consider  the  geocentric  zenith  distance  to  be  the 
angle  which  the  straight  line  drawn  from  the  centre  of  the  earth 
to  the  star  makes  with  the  straight  line  drawn  through  the  centre 
of  the  earth  parallel  to  the  vertical  line  of  the  observer.  These  two 
vertical  lines  are  conceived  to  meet  the  celestial  sphere  in  the 
aame  point,  namely,  the  geographical  zenith,  which  is  the 
common  vanishing  point  of  all  lines  perpendicular  to  the  plane 
of  the  horizon.  Thus  both  the  true  and  the  apparent  zenith 
distances  will  be  measured  upon  the  celestial  sphere  from  the 
pole  of  the  horizon. 

The  azimuth  of  a  star  is,  in  general,  the  angle  which  a  vertical 
plane  passing  through  the  star  makes  with  the  plane  of  the  meri- 
dian. When  such  a  vertical  plane  is  drawn  through  the  centre 
of  the  earth,  it  does  not  coincide  with  that  drawn  at  the  place  of 
obsen'ation,  since,  by  delinition  (Art.  3),  the  vertical  plane  passes 
through  the  vertical  line,  and  the  vertical  lines  are  not  coincident. 
Hence  we  shall  have  to  consider  a  parallax  in  azimuth  as  well  as 
in  zenith  distance. 

92.  To  find  the  parallax  of  a  star  in  zenith  distance  and  azimuth 
Khen  the  geocentric  zauth  distance  and  azimuth  arc  ffivcn,  and  the  earth 
is  regarded  as  a  spheroid.* 

Let  the  star  be  referred  to  three  co-onlinate  planes  at  right 
angles  to  each  other :  the  first,  the  plane  of  the  horizon  of  the 
observer;  the  second,  the  plane  of  the  meridian;  the  third,  the 
plane  of  the  prime  vertical.  Let  the  axis  of  x  be  the  meridian 
line,  or  intersection  of  the  plane  of  the  meridian  and  the  plane 
of  the  horizon;  the  axis  of  ^,  the  east  and  west  line;  the  axis 
of  ^,  tlie  vertical  line.  Let  the  jjositive  axis  of  x  be  towards  the 
south;  the  positive  axis  of  y,  towards  the  west;  the  positive 
axis  of  ^,  towards  the  zenith.     Let 

J'  zzz  the  distance  of  the  star  from  the  origin,  which  is 

the  place  of  olmervation, 
C*  —  the  apparent  zenith  distance  of  the  star, 
A'     ■  the  apparent  azimuth      '' 


it  u 


*The  iiiTentigation  which  follows  is  nearly  the  same  as  that  of  Olbebs,  to  whom 
the  method  itself  is  due. 
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But  it   is   convenient  to  introduce  the  horizontal   parallax 
instead  of  J.     For,  if  wo  put  the  equatorial  radius  of  the  earth 

=  1,  we  liave 

1 
sin  IT  =  — 

J 
and  hence,  if  we  divide  the  equations  (97)  by  J,  and  put 


f-i 


we  have 


/  sin  C*  cos  A'  =  sin  C  cos  A  —  />  sin  r  sin  (f»  —  ^ ')       ^ 

/sin  r  sin  A*  =  sin  C  sin  A  \      (98) 

/  cos  r  =  cos  C  —  ^  sin  r  cos  (^  —  f ')       j 

To  obtain  expressions  for  the  diflerence  between  ^  and  J'  and 
between  A  and  A\  that  is,  for  the  parallax  in  zenith  distance 
and  azimuth,  multiply  the  first  equation  of  (98)  by  sin  -4,  the 
second  by  cos  A^  and  subtract  the  first  product  from  the  second ; 
again,  multiply  the  first  by  cos  Ay  the  second  by  sin  Ay  and  add 
the  products:  we  find 

/  sin  r  sin  (A'  —  A)  =  ^  sin  r  sin  (tp  —  f>')  sin  A 

/  sin  r  cos  (A'  —  A)  ==  sin  C  —  p  sin  r  sin  (^  —  f ')  cos  A 


}      (99) 


Multiplying  the  first  of  these  by  sin  J  {A'  —  A),  the  second  by 
cos  \  (A'  —A), and  adding  the  products,  we  find,  after  dividing 
the  sum  by  cos  \  (A'  —  A), 

^   .     ^         .     ^  .     .  .    cos  }  (^'  +  A) 

/  sm  r  =  sm  C  —  ^  sin  r  sm  (^  —  ^ ') — — -^ 

cos  \  (A  —  A) 

which  with  the  third  equation  of  (98)  will  determine  J'. 
\i  we  assume  ;'  such  that 

tun  ,  =  tan  (,  -  ,')  ^^'r^^  (100) 

COS  \  (A  —  A) 

we  have  the  following  equations  for  determining  f ' : 


/  gin  Z'  =^  sin  C  —  />  sin  r  cos  (^ 
/  cos  C'  =  cos  C  —  p  Bin  r  cos  (^ 


I;:;'"'  }  (10., 


which,  by  the  process  employed  in  deducing  (99),  give 

/sin  CC*  —  C)  =  p  sin  r  cos  (<p  —  cr')  -    — 

/cos  ^r  -  :)  =  1  -  /t>  sm  jr  cos  (f  —  s^')  — ^---^ 


(102) 
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formulie  tan"^  ^  =  y  ""  i y*  +  &c.,  tan  z  =  x  +  iz^  +  &c.  [PL 
Trig.  Arts.  209,  213], 

r  =  (f  —  f )  cos -4  —  5J:: — ^"  ^ f-  &c.    (107) 

2  Bin  C 

wliere  the  second  term  of  the  series  is  multiplied  by  sin  1" 
because  y  and  f  —  f '  are  supposed  to  be  expressed  in  seconds. 
Again,  if  we  put 

P  »mn  cos  (f  —  f ') 

cos  Y^ 
we  find  from  (102) 

tan  (r  -  C)  =  /''''^\7^\  (108) 

1  —  n  cos  (C  —  r) 

whence,  {^'  —  (^  being  in  seconds, 

nsin(:-r)      n«sin2(:-r)      n'sin3(C-r)  .  j^^ 

sin  1"        ^       2  sin  1"        ^       3  sin  1"        ^  ^      ^ 

Adding  the  squares  of  the  equations  (102),  we  have 
P  =  (^jj  =  1  —  2  n  cos(C  —  r)  +  »»' 
whence  [equations  {A)  and  (5),  Art  82] 
log  J'  =  log  J  —  Jtf-  (n  cos  (:  —  r)  +  ^'  ^^^  ^(^  -^  ^)  +  4o.)    (110) 

where  3/=  the  modulus  of  common  logarithms. 

94.  The  second  term  of  the  series  (107)  is  of  wholly  inappre- 
ciable eftcct ;  so  that  we  may  consider  as  exact  the  fonnula 

^  =  (^  —  ^')  cos  A  (111) 

and  the  rigorous  formulre  (105)  and  (108)  may  be  readily  com- 
puted under  the  following  form : 

Put 

.     ^                     .        p  sin  r  sin  (<p  —  cr')  cos  ^i 
Bin  ^  ==  m  cos  ^  =  ' ^--^ 

sin  C 
then  ^    (112) 

tan(^'— J)  =  ®-^^-^-^?^  =  tan  i>  tan  (45°  +  }  d)  tan  A 

1  —  sin  ^ 
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in  whicli  y  lias  the  value  found  by  (111),  or,  with  sufficient  aeeu- 

racT,by  the  formula 

r  =  (,9  —  9')Q0^A'  (115) 

Again,  if  we  multiply  the  first  of  the  equations  (98)  by  sin  A' 
and  the  second  by  cos  A\  the  difierence  of  the  products  gives 

8in  {A'-A)  =  /"'i""«i"(<^-y')Bi"^'  (116) 

Bin  C 

to  compute  which,  f  must  first  be  found  by  subtracting  the  value 
of  the  parallax  Z'  —  C»  found  by  (114),  from  the  given  value  of  f '. 

Example. — In  latitude  y  =  38°  59',  given  for  the  moon  A'  = 
320^  17'  45".09,  C'  =  29°  59'  7".79,  ;r  =  58'  37".2,  to  find  the 
parallax  in  zenith  distance  and  azimuth. 

We  have,  as  in  the  example  Art.  94,  ^  —  ^'  =  11'  15",  log  p 
=  9.999428,  r  =  (f  -  f ')  cos  A'  =  8'  39".3,  C''-r  =  29°  50'  28'^5 ; 
and  hence,  by  (114)  and  (116), 


log  p  sin  r  8.231179 

Iog8in(r— r)      9.696879 

log  sin  (r  —  :)      7.928058 

C'  —  :  =  29'  7".79 

C=  29°30'0" 


log /5  sin  r  8.23118 

log  sin  (f>  — f>')     7.51488 
log  sin  A'  n9.80538 

log  cosec  :  _^^^6G 

log  sin  (A'^A)HbJmO 
^'  — ^  =  — 14".91 
^1  =  320°  18'  0" 


agreeing  with  the  given  values  of  Art.  94. 

96.  For  (he  planets  or  the  sun^  the  following  formul®  are  always 
Bofficiently  precise : 


C  —  C  =  A>r  Bin  (C  —  r) 
A'  —  A  =  pi:  sin  (f>  —  f ')  sin  A'  cosec  Z' 


}(in) 


an<l  in  most  cases  we  may  take  C  ~  C'^'^  ^"^  C'  ^'^^^  A'  —  A  —0. 
The  (piaiitity  p::  is  frequently  called  (he  ndacvd  j>fir<illaj\,  and 
r  —  /wr  -  (1  —  p)::  the  rrdurtion  of  the  e(iuatorial  panillax  for  the 
givi'U  latitu<le ;  and  a  table  for  this  reduction  is  given  in  some 
collections.  This  reducti<m  is,  indeed,  sensibly  the  same  as  the 
correcti<»n  given  in  our  Table  XIII.,  whi<h  will  be  oxplainc<l 
more  particularly  hereafter.  Calling  the  tabular  correction  ^^.t, 
we  shall  have,  with  sufticient  accuracy  for  most  purposes, 

pK  =.  i:  —  Ak 
Vol.  L— 8 
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then,  drawing  SB  perpendicular  to  the  axis,  the  right  triauglea 
SCB  and  SOB  give 

J,  Bin^.  =  Jsin^  +  ai  1 

J,  cos ^,  =  J  cos  a  /     ^^^^^ 

which  determine  Jj  and  i^.    From  these  we  deduce 


Jj  sin  («5,  —  ^)  =  «*  cos  d 

Jj  cos  (^j  —  ^)  =  J  -}-  a«  sin  d 


}     (119) 


which  determine  J^  and  the  reduction  of  the  declination.  If  we 
divide  these  hy  J,  and  put 

in  which  ;r  denotes,  as  before,  the  equatorial  horizontal  parallax, 
they  become 

/j  sin  (d^  —  ft)  =  i  sin  r  cos  ^ 
/j  cos  (^j  —  ^)  =  1  -}-  I  Bin  r  sin  3 
whence 

,^         ..  I  sin  r  cos  ^ 

tan  (a,  —  ^)  =  :r— '•—""  "^^^ 

1  -f  1  sm  r  sm  d 

or  in  series  [PI.  Trig.  Art.  257], 

I  sin  r  cos  d       (i  sin  r)*  sin  2  ^    .    . 
3.  —  d  = ^ f-  ic. 

*  sin  1"  2  sin  1"         ^ 

But  pince  the  second  tenn  of  the  soricft  involves  P  and  conse- 
quently c*,  an<l  tills  is  further  multiplied  by  the  small  factor  sin*  r, 
the  term  is  wholly  inappreciable  even  for  the  moon;  and,  as 
the  first  term  cannot  exceed  25"  in  any  case,  we  shall  obtain  ex- 
treme accuracy  by  the  simple  formula 

^,  —  o  =  I  r  cos  o  (120) 

The  value  of  J,  is  found  from  (119),  by  the  same  process  as 
vrixA  used  in  finding  J'  in  (100),  to  be 


L  =  J  <  1  +  I  sm  r  -      > 

*  I  cos  1(0,-0-)/ 


or,  on  account  of  the  small  difference  between  3^  and  3y 

J,  =r  J  ri  -{-  I  sin  rrsin  'T)  (121) 
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P 

If  now  in  the  vertical  plane  passing  through  the  line  ZO  and 
the  star  S  we  draw  SB  perpendicular  to  OZy  and  put 

Cj  =  the  zenith  distance  at  0  =  SOZ 
C  =  the  apparent  zenith  dist.  =  8AZ 

the  triangles  OSB^  ASB  give 

J'cosr  =  J.coBC,-l  I    ^^2^^ 

J'  sin  C  =  ^i  sin  C^  J 

Dividing  these  equations  by  Jp  and  putting 

J'        .          .              1 
—  =/i        Bin  JT,  = 

they  become 

/j  cos  C*  =  cos  Cj  —  sin  Wj 
/j  sin  C*  =  sin  d 

from  which  we  deduce 

/j  sin  (C*  —  C,)  =  sin  n^  sin  d 

/j  cos  (C  —  d)  =  1  —  sin  r^  cos  d 

tan  (r  -  C.)  =      Bi" ''.»»?._  (124) 

1  —  Sin  TTj  cos  CI 

and  in  series, 

sjn..^«ind       sin»  .,  sin  2  :, 
*  sin  1"      ^       2  sin  1"       ^  ^    ^ 

Or,  rigorously, 

sin  ^  =  sin  tt,  cos  d  1 

tan  (r  —  d)  =  tan  d  tan  (45«  +  J  *)  tan  d  )    ^^^^^ 

To  find  i:^  we  have 

1  1 

sm  r,  =  —  = 


^       /»J,        />  J(l  -f  -^  ^i<)  '^  sin  ^  sin  d) 

sin  JT 

or  sm  ff,  = (127) 

p(l  '{'  A  Bin  i:  sin  ^  sin  ^) 
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by  the  method  of  the  present  article,  we  first  reduce  the  declhia- 
tion  to  the  point  0  by  (122),  as  follows : 

For  if  =  38^  59'        log  A  7.8250 

r  =  3517".2        log  r  3.5462 

log  sin  ^  9.7987 

a  =  14°  39'  24".54        log  cos  d  9.9856 

a,—  a  =  14  .31        log(^,  — a)  1.1555 

d^  =  14°  39'  38".85 

With  this  value  of  d^  and  i  =  341°  1'  86".85,  the  computation 
of  the  zenith  distance  and  azimuth  by  Art  14  gives  for  the 
point  O 

C.  =  29°  29'  47".67  A^  =  320°  17'  45".09 

and  this  value  of -4i  is  precisely  the  same  as  A'  found  in  Art.  94, 
as  it  should  be,  since  the  azimuth  at  the  point  0  and  at  the 
obser\'er  are  identical. 

We  find  from  Table  XIH.  a.t  =  4".6,  and  hence  ;r  =  58'  37".2 
+  4".6  =  58'  41".8;  and  then,  by  (126), 

log  sin  r,  8.23232 
log  cos  C,  9.93971 

«  =  51'  5"  log  sin  *    8.17203 

log  tan  »>  8.17208 

log  tan  (45°  +  i  *)  0.00645 

C,  =^  29°  29'  47".67  log  tan  :,  9.75258 

r  —  :,  n:=        29  20  .03  log  tan  (r  —  CJ  7.93111 

r  =  29°  59'    7".70 

agreeing  with  the  value  found  in  Art.  94  within  0".09.  If  we 
had  computed  n-j  by  (127),  the  agreement  would  have  been  exact. 

98.  To  find  the  parallax  of  a  star  in  right  ascension  and  declination 
when  its  (jcoccntric  right  ascension  and  declination  are  given. 

The  investigation  of  this  problem  is  simihir  to  that  of  Art.  92. 
Let  the  star  be  referred  by  rectangular  co-ordinates  to  tliree 
planes  pa.**sing  through  the  centre  of  the  earth :  the  first,  the 
plane  of  the  eipnitor;  the  second,  that  of  the  equinoctial  colure; 
the  thinl,  that  of  the  solstitial  colure.  Let  the  axis  of -r  be  the 
straight  line  drawn  through  the  equinoctial  points,  positive 
towards  the  vernal  equinox;  the  axis  of  ^,  the  intersection  of 
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and  for  transformation  from  one  system  to  the  other  we  have 
Hence 

J'  cos  ^  cos  a'  =  J  cos  ^  COS  a  —  p  COS  f>'  COS  6 

J'  COS  ^  sin  o'  =  J  COS  ^  sin  a  —  p  cos  f>'  sin  6         \    (131) 
J'  Bin  ^  =  J  sin  d  —  /o  sin  ^' 

or,  dividing  by  J,  and  putting  as  before 

.       J'  1 

/=—  8m^=— 

/  cos  9  COS  •'  =  COS  ^  COS  a  —  /5  sin  »  COS  ^'  COS  0 

/  COS  (f  sin  a'  =  COS  ^  sin  a  —  p  sin  -k  cos  ^  sin  O         ).    (182) 
/  sin  ^  =  sin  ^  —  ^  sin  rr  sin  tp* 


From  the  first  two  of  these  equations  we  deduce 

/  cos  if  sin  (a'  —  a)  =:  />  sin  :r  cos  f>'  sin  (a  —  6) 
/  cos  a  cos  (tt'  —  *)  =  cos  <J  —  /5  sin  r  cos  f>'  cos  (a 


_  e)  }  (188) 


Multiplying  the  first  of  these  by  sin  \  (a'  —  a),  the  second  by 
cos  \  (a'  —  a),  and  adding  the  products,  wo  find,  after  dividing  by 
cos  \  (a'  —  a), 

-        ^  .       fl  sin  TT  cos  ipl  cos  \\  (a'  +  a)  —  Bl 

/  cos  ^  =  cos  d  —  ^ ~v-rr-^ ■ ' 

cos  1  (tt  —  tt) 

Put 

^"  ^  -  cos  [i"(a' +-tt)^=nB]  C^^^) 


then  we  have,  for  determining  3', 

/sin  ^  =  sin  ^  —  ^  sin  r  sin  ^ 
/  cos  if  =  cos  J  —  />  sin  r  sin  ^  cot  y 
whence 

,  sin  (iJ  —  y) 


}    (135) 


/  sin  (Jf  —  ^)  =  p  sin  ?r  sin  ^' 


sin  T' 


X         /^       %\        t             '          '       r cos  (^  —  y) 
/cos  (^—  <5)  =  1  —  o  Bin  r  sm  c' ^; ^ 


(136) 


Jl^Hinf.-,) 

J  sin  (fT —  y)  ^       ^ 

Tlie  equations  (133)  determine,  rigorously,  the  parallax  in  right 


sin  ^  =  m  008  f  = 
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p  sin  r  COS  ip'  COS  t 


COS  d 

tan  (a  —  aO  =  tan  *  tan  (46^  +  1  *)  tan  t 

tan  cp'  cos  i  (o  —  o') 
tan  r  = ^^ \    (\A2'\ 

cos  p+  J  (a -a')]  '     ^     ^ 

'    jj  .         ^^       P  smit  sin  9/ cos  (r  —  ^) 

sin  ^  =  n  cos  (r  —  ^)  =  ^^ ^ 

sin  ^ 

tan  (a  —  a')  =  tan  ^  tan  (45^  4.  }  ^)  tan  (r  —  a) 

101.  Except  for  the  moon,  the  first  terms  of  the  series  (139) 
and  (141)  will  suflice,  and  we  may  use  the  following  approxi- 
mations: 

,       /or  cos  ^'  sin  t 

a  —  a  = 5 

COS  d 

tan  9' 
tanr  = 7-  \    (143) 

'         cos  t  f     \       J 

J. ^ pi:  sin  f'  sin  (y  —  d) 

sin  X 

If  the  star  is  on  the  meridian,  we  have  <  =  0,  and  hence 
y  —  f ',  and 

d  —  if  =  pK  Bin  (^  —  ^ 

Since  in  the  meridian  we  have  Z  ^^  V  —  ^>  ^^  ^®  easily  seen 
that  C'  —  C  f<>ii"d  ^y  (108)  and  d' —  8  found  by  (140)  will  then 
be  numerically  equal,  or  the  parallax  in  zenith  distance  is  niuncri- 
cally  equal  to  the  parallax  in  declination  when  the  star  is  on  the  vieri- 
diafu 

102.  To  find  the  parallax  of  a  star  in  right  ascension  and  declination^ 
xchm  its  observed  right  ascension  and  declination  are  given, 

Multi[>lying  the  tirnt  equation  of  (132)  by  sin  a',  the  second 
by  cos  a',  and  subtracting  one  product  from  the  other,  we  find 

.     ,           ,^       p  sin  r  cos  <p'  sin  (0  —  o') 
sm  (o  —  o  )  = ^ ^ 

cos  d 
In  like  manner,  from  (135)  we  deduce 
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o'  (in  arc)  = 

e 


«« 


169    15     0  .80 


}(a-a')  = 

log  see  [f  —  l(o  — 
log  cos  }  (a  —  a') 
log  imn  f* 

log  Un  y 

y  = 
y-^  = 

log  p  sin  IT 
log  sin  ^* 
log  sin  (y  —  ^) 
log  coseo  / 

log  sin  (6  —  <r) 


58   64  68  .76 

14  55  .8 
68   89  68 

o')]  0.227819 
9.999996 
0.096188 

0.828448 

=    640  85'67".6 
r    48   46  80 

8.218377 
9.892275 
9.876181 
0.044158 

8.080986 

=    4-  86'  65".  24 
=  16O27'22".90 


log  p  sin  IT  8.218877 

log  cos  ^'  9.796142 

log  sin  f  9.907489 

(1)  7.922008 

log  cos  (T  9.988186 

App.  log  sin  (tt  —  o')  7.938828 

Approx.  a  —  o'  =  29*  6r'.6 

(1)        .            .  7.922008 

log  cos  S  9.981836 

log  sin  (a  —  a')  7.940178 

o  — o'=  -f  29'57".28 

a  =116«50'  8".77 
=  7*48«20'.261 


103.  For  all  bodies  except  the  moon,  the  second  computation 
will  never  affect  the  result  in  a  sensible  degree,  and  we  may  use 
the  following  approximations : 


o  -^  o 

tan  ^ 


pK  cos  ^  sin  f 

cos  ^ 
tan  fA 

cos  f 

pTT  sin  ^'  sin  (y 


(145) 


-O 


sin/' 


For  the  sun,  planets,  and  comets,  it  is  frequently  more  conve- 
nient to  use  the  geocentric  distance  of  the  body  instead  of  the 
parallax,  or,  at  least,  to  de<luce  the  parallax  from  the  distance, 
the  latter  being  given.  This  distance  is  always  expressed  in 
parts  of  the  sun's  mean  distance  as  unity.     If  we  put 

r^  =  the  sun's  mean  equatorial  horizontal  parallax, 
Jq  =  the  sun's  mean  distance  from  the  earth, 

we  have,  whatever  unit  is  employed  in  expressing  J,  J^  and  a, 


a 
sm  jr  =  — 

J 


a 

Bin  r„  ==  — 

J. 
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have  only  to  substitnte  for  0  and  f '  (which  are  the  right  ascension 
and  declination  of  the  geocentric  zenith)  the  corresponding 
longitude  and  latitude  of  the  geocentric  zenith  (which  will  be 
found  by  Art.  23),  and  put  X  and  ^  in  the  place  of  a  and  d.  Thus, 
if  I  and  b  are  the  longitude  and  latitude  of  the  geocentric  zenith, 
the  equations  (143)  give  for  all  objects  except  the  moon. 

, pi:  COR  b  sin  (/  —  X) 

cos  ^ 

tan  b  I 

tanr  = r^  )    (147) 

cos  (/  —  X)  f     \        y 

B  —  ff  =  ^^  ^'"  ^  ^'"  ^^  "^  ^^ 

sin  y 

In  the  same  manner,  the  equations  (131)  may  be  made  to 
cxj>res8  the  general  relations  between  the  geocentric  and  the 
apparent  longitude  and  latitude,  and  for  the  moon  wo  can 
employ  (142),  observing  to  substitute  respectively 


for  a, 

1 

», 

f, 

©, 

<p 

tho  quantities  i, 

^', 

fi, 

ys', 

h 

b 

In  all  the  formulae,  when  we  choose  to  neglect  the  compression 
of  the  earth,  we  have  only  to  put  ^  =  ^'  and  p==l. 
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105.  General  latcs  of  refraction. — The  path  of  a  ray  of  light  is  a 
Btraight  line  so  long  as  the  ray  is  passing  through  a  medium  of 
uniform  density,  or  through  a  vacuum.  But  when  a  my  passes 
obliquely  from  one  medium  into  another  of  different  density,  it 
is  bent  or  refracted.  The  ray  before  it  enters  the  second  medium 
is  called  the  incident  ray ;  after  it  entcra  the  second  medium  it  is 
called  the  nfravtcd  my;  and  the  difference  bet\veen  the  directions 
of  the  incident  and  refmcted  rays  is  called  the  refraction. 

If  a  nonnal  is  drawn  to  the  surface  of  the  refracting  medium 
at  the  point  where  the  incident  my  meets  it,  the  angle  which  tho 
incident  mv  makes  with  this  normal  is  called  the  analcof  inci* 
denrc^  the  angle  which  the  refmcted  ray  makes  with  the  nonnal 
is  the  antjle  of  refraction^  and  the  refraction  is  the  difference  of 
these  two  angles. 
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direction  of  a  ray  of  light,  the  path  of  the  ray  will  be  at  first  a 
straight  line;  but  upon  entering  the  atmosphere  its  direction 
will  be  changed.  According  to  the  second  law  above  stated,  the 
new  medium  being  the  denser,  the  ray  will  be  bent  towards  the 
normal,  which  in  this  case  is  a  line  drawn  from  the  centre  of  the 
earth  to  the  surface  of  the  atmosphere  at  the  point  of  incidence. 

The  atmosphere,  however,  is  not  of  uniform  density,  but  is 
most  dense  near  the  surface  of  the  earth,  and  gradually  decreases 
in  density  to  its  upper  limit,  where  it  is  supposed  to  be  of  such 
extreme  tenuity  that  its  first  eftect  upon  a  ray  of  light  may  be 
considered  as  infinitesimal.  The  ray  is  therefore  continually  pass- 
ing fn)m  a  rarer  into  a  denser  medium,  and  hence  its  direction 
is  continually  changed,  so  that  its  path  becomes  a  cur\'e  which 
is  concave  towards  the  earth. 

The  last  direction  of  the  ray,  or  that  which  it  lias  when  it 
reaches  the  eye,  is  that  of  a  tangent  to  its  cur\'cd  path  at  this 
point;  and  the  difterence  of  the  direction  of  the  ray  before  en- 
tering the  atmosphere  and  this  last  direction  is  called  the  astro- 
nomical refraction^  or  simply  the  refraction. 

Thus,  Fig.  IG,  the  ray  tk  from  a  star,  entering  the  atmosphere 
at  f,  is  bent  into  the  curve  ccA 
which  reaches  the  observer  at  -4  in 
the  direction  of  the  tangent  S'A 
drawn  to  the  cur\'e  at  A.  If  CAZ 
is  the  vertical  line  of  the  observer, 
or  nonnal  at  Ay  by  the  first  law  of 
tlie  preceding  article,  the  vertical 
plane  <»f  the  obser\'er  which  con- 
tains the  tangent  AS'  must  also 
contain  the  whole  cur\'e  Ae  and 
the  incident  ray  He.  Hence  refrac- 
tion increases  the  apparent  altitude 
of  a  star,  but  does  not  afiect  its  azi- 
muth. 

The  angle  S'AZ  is  the  apparent  ze- 
jiith  dhtnnce  of  the  star.     The  true  zenith  distance*  is  strictlv  the 
angle  which  a  straight  line  drawn  from  the  star  to  the  point  ^1 


Fig.  16. 


*  Bj  true  tenith  disUnee  we  here  (and  so  long  as  we  are  considering  only  the 
effect  of  refraction)  mean  that  which  differs  from  the  apparent  xenith  distance  onlj 
bjr  the  refraction. 
Vol.  L— 9 
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Table  !!•  is  Bessel*s  Refraction  Table,*  which  is  generally 
regarded  as  the  most  reliable  of  all  the  tables  heretofore  con- 
stracted.  In  Column  A  of  this  table  the  refraction  is  regarded 
M  a  ftinetion  of  the  apparent  zenith  distance  Zj  and  the  adopted 
form  of  this  function  is 

j^  =  afi^y^  tan  z 

in  which  a  varies  slowly  with  the  zenith  distance,  and  its  loga* 
rithm  is  therefore  readily  taken  from  the  table  with  the  argu- 
ment ^.  The  exponents  A  and  X  differ  sensibly  from  unity  only 
for  great  zenitli  distances,  and  also  vary  slowly;  their  values  are 
therefore  readily  found  from  the  table. 

The  factor  fi  depends  upon  the  barometer.  The  actual  pres- 
sure indicated  by  the  barometer  depends  not  only  upon  the 
height  of  the  column,  but  also  upon  its  temperature.  It  is, 
therefore,  put  under  the  form 

and  log  B  and  log  T  are  given  in  the  supplementary  tables  with 
the  arguments  "height  of  the  barometer,"  and*  "height  of  the 
attached  thermometer,"  respectively  ;  so  that  we  have 

log  fi  =  \ogB  +  log  T 

Finally,  log  f  is  given  directly  in  the  supplementary  table  with 
the  argument  "  external  thermometer."  Thin  thermometer  must 
be  so  exposed  as  to  indicate  truly  the  temperature  of  the  atmo- 
sphere at  the  place  of  obserx-ation. 

In  Column  B  of  the  table  the  refraction  is  rcganled  as  a 
function  of  the  true  zenith  distance  ^  expressed  under  the  form 

r  =  tt',i^>^'tan  C 

and  log  a',  A\  and  X'  are  given  in  the  table  with  the  argument  f; 
^  and  J'  being  found  as  before. 

Column  A  will  be  used  when  z  is  given  to  find  ^;  and  Column 
B,  when  Z  is  given  to  find  z. 

Column  C  is  intended  for  the  computation  of  differential  re- 
fraction, or  the  difference  of  refraction  corresponding  to  small 


*  From  hii  AitrofumUttke  Vnttr$uckungtn^  VoL  L 
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log  i?  =  +  0.00258  log  ^  ==  +  0.04545 

log  T=  +  0.00127 

log  /9  =  -f  0.00380 
Uence  the  refraction  is  computed  as  follows : 

log  a  =      1.74981 
il  log  /9  =  log  ^^  =  +  0.00381 

klogr  =  log  r^  =  +  0.04694 
log  tan  2:=       0.69154 

r  =  310".53  =  6' 10".53    log  r  =       2.49210 

The  true  zenith  distance  is,  therefore,  78^  30'  0"  +  5'  10".53  = 
78<*  85'  10".53. 

Example  2. — Given  the  true  zenith  distance  (^  =  78°  35' 
10".53,  Barom.  29.770  inches.  Attached  Therm.  —  0^.4  F., 
External  Therm.  —  2°.0  F. 

We  find  from  Tahle  U.,  Col.  B,  for  78°  35'  10", 

log  a'  =  1 .74680  A'  =  0.9967  ;i'  =  1 .0261 

and  from  the  tables  for  barometer  and  thermometer,  as  before, 

log  ^  =  +  0.00258  log  r  =  +  0.04545 

log  T=  +  0.00127 

log  ^  =  +  0.00380 

The  refraction  is  then  computed  as  follows : 

log  a'  =       1.74680 

A'  log/9  =  log  /?^'  =  +  0.00379 

a'  log  r  =  log  r^'  :=  +  0.04663 

log  tan  :  = 0^9489 

r  =  310".53"  =  5'  10".53  log  r  =       249211 

and  the  apparent  zenith  distance  is  tlierefore  78°  30'. 

Example  3. — Given  z  ^  87°  30',  barometer  and  thermometer 
aA  in  the  preceding  examples. 

By  the  supplementary  table  above  given, 

log  R  =       2.98269 

A  ^  1.0298      log^  =  +  0.00380        log  tS^  =  +  0.00381 

X  =  1.2624      logr  =  +  0.04545        log  r^  =  +  0.05738 

r=      18'26".3       logr    ==      '3.04388 
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flractcd  in  the  directions  cd^  <lcj  &e.  to  the  point  -^l.  Tlic  last 
direction  of  the  my  is  a  Ay  which,  wlicn  the  number  of  strata  is 
6up{>osed  to  be  infinite,  becomes  u  tangent  to  tlie  curve  ccA  at  Ay 
and  consequently  AaS'  is  the  apparent  direction  of  tlie  star.  Let 
the  normals  C5?,  C</,  &c.  be  drawn  to  tlie  successive  strata.  The 
angle  S*/  is  the  first  angle  of  incidence,  the  angle  Cal  the  first 
angle  of  refraction.  At  any  intermediate  point  between  e  and  Ay 
as  Vy  we  have  Ccdy  the  supplement  of  tlie  angle  of  incidence,  and 
CM,  the  angle  of  refraction. 
If  now  for  any  i>oint,  as  c,  in  the  path  of  the  ray,  we  put 

t  =  the  angle  of  ineidcneo, 
/  =  the  angle  of  rofraction, 

fi  =  the  index  of  refraction  for  the  stratum  above  c, 
/I  =  "  "  **        below  c, 

then,  Art.  105, 

'^  =  ^-  (148) 

sin/      /*  • 

If  we  put 

q  =  the  normal  Cc  to  the  upper  of  the  two  strata, 
^  =  "        Cb     ''        lower         "  *' 

r  ==  the  angle  of  incidence  in  the  lower  stratum, 
=  180^  —  Cbc, 

the  rectilinear  triangle  C&c  gives 

sin  i' q 

sin  /        q' 

which,  with  the  above  proportion,  gives 

^  pi  sin  I  =  q'/i'  sin  C 

an  equation  which  shows  that  the  product  of  tlie  normal  to  any 
Htratum  hv  its  index  of  refraction  and  the  sine  of  the  ans'le  of 
inriih^KT  is  the  same  for  any  two  consecutive  strata ;  that  is,  it 
is  a  iunstant  product  for  all  the  strata.     If  then  we  put 

J  --:  the  apparent  zenith  distance, 

a        the  normal  at  the  ohnen'or,  or  radius  of  the  earth, 

/io       the  index  of  refraction  of  the  air  at  the  obser\'er, 

we  have,  since  z  is  the  angle  of  incidence  at  the  obsen'cr, 

qn  sin  I     -  rt/i„  sin  z  (1-^9) 
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(151) 


which  with  (149)  gives 

sin  «=(-)"  8»n  z  (152) 

or,  logarithmically, 


log  sin  I  ==  n  log  M  +  log(  — n  ) 


where  the  last  term  is  constant.    By  differentiation,  therefore, 


di  dfi 

=  n  — 


which  with  (150)  gives 


and,  integrating. 


tan  i  M 

dr  =  — 
n 


r  =  -i  +C 
n 


To  determine  the  constant  C,  the  integral  is  to  be  taken  from 
the  upjier  limit  of  the  atmoflpherc  to  the  surface  of  the  earth. 
At  the  upper  limit  r  =  0;  and  if  we  put  e?  =  the  value  of  i  at  that 
limit,  we  have 


^       ^       ^ 
n 


At   the   lower  limit  the  value  of  r  is  the  whole   atmospheric 
refraction,  and  i  =  z:  hence 


r  =  -  +C 
n 


Eliminating  the  constant,  we  have 

r:  . -~-  (15:J) 

To  find  f>,  we  have,  hy  pnttinir  /i      1  in  (l''>2),  since  the  density 
of  the  air  at  the  upper  limit  is  to  he  taken  as  7.ero, 

8in^     /'"^'  (154) 

Having  then  found  //^  at  the  surface  of  the  earth  and  suitably 
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The  relation  between  d  and  yti,  according  to  Optics,  is  expressed  by 

/i«— l  =  4Aa  (157) 

in  which  4  A'  is  a  constant  determined  by  experiment.    Accord- 
ing to  the  experiments  of  Bioi, 

U  =  0.000588768 

Since  k  is  so  small  that  its  square  will  be  inappreciable,  we  may 
take 

;i  =  (1  -u  4A^)*  =  \'\-2kd  (158) 

and,  consequently, 

,i.  =  l  +  2A<J, 
;i,-=l  +  2nA^, 

and  (156)  becomes,  still  neglecting  A*, 

tan  —  r  =  nkd^  tan  \z  —  7-  '^ )  0^^) 

If  we  denote  the  horizontal  refraction,  or  that  for  z  =  90®,  by  r^,, 
this  formula  gives 

tan  —  T^  =  ^kd^  cot  -  r^ 

td  ad 


or  lan  ~  r,  —  \/nkO^ 

and,  putting  the  small  arc    -  r„  for  its  tangent, 


J". 


=  ^f  (160) 


We  can  find  3^  from  the  observed  state  of  the  barometer  and 
thoniKmioter  at  the  surface  of  the  earth,  ho  that  in  ordtT  to  eoiii- 
|»ute  the  liorizontal  refniction  hy  this  fornuihi,  for  the  purpose 
uf  eoiiiparing  it  with  the  observed  horizontal  refraction,  we  have 

onlv  to  detennine  the  vahie  of /<. 

» 

Let 

X  -     the  hoi^lit  of  any  assumed  i)oint  in  the  atmosphere  ahovo 
the  Hurfa<*e  of  the  earth, 
**.  }K  ff       tlic  density  and  pressure  of  the  air,  and  the  force  of  grav- 
ity,  res|Kietively,  at  that  jioint, 
'*••  T**'  y«  '■ "  ^'*^'  same  quantities  at  the  earth's  surface. 
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which  with  (162)  gives 

J=(„  +  l)l.^  (164) 

At  the  surface  of  the  earth,  where  p  becomes  p^  and  d  becomes 
d^  this  equation  gives 

1  =  (n  +  1)  ^  .  A-^,  (165) 

whence  / 

A'^o 
and  tliis  reduces  the  expression  of  the  horizontal  refraction  (160)  to 

ro  =     r,     \.  (166) 

Taking  as  the  unit  of  density  the  value  of  d^  which  corre- 
sponds to  tlie  barometer  0.76  metres  and  thermometer  0®  C, 
we  have,  according  to  Uiot, 

4  A' Jo  =  0.000588768 

The  constant  I  for  this  state  of  tlie  air  is  the  height  of  a  homo- 

geiieouH  atmosphere  wliich  would  produce  tlie  pressure  0^.76  of 

the  barometer  when  the  temperature  is  0°  C. ;  and  this  height  is 

to  that  of  the  barometric  column  as  the  density  of  mercury  is  to 

that  of  the  air.     According  to  Ke(5Nault,  for  Barom.  0*".7G  and 

Thenn.  0°  C,  mercury  is  10517.3  times  as  heavj'  as  air:  hence 

we  have 

I  =  0-76  X  10517.3  =  7993-15 

Ff>r  a  we  shall  here  use  the  mean  radius  of  the  earth,  since  wo 
have  supposed  the  earth  to  be  spherical,  or 

a  =  6366738  metres 
which  gives 

-  =  0.00125545  (167) 

Substituting  these  values  in  (166),  we  find,  after  dividing  by 
sin  1"  to  reduce  to  seconds, 

r,  =  1824"  =  30'  24" 

But,  according  to  Aroelander's  observations,  wo  should  have 
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10  known  from  experiment;  so  that  the  true  relation  between 
the  pressures  and  densities  at  difierent  temperatures  is  expressed 
by  the  known  formula 


whence 


f=7[l  +  «(r-r,)] 


^  =  l  +  c(r-.r,)  (171) 


which  combined  with  (169)  gives 

x  =  2Zf  (t^  — t) 

and  hence  equal  increments  of  x  correspond  to  equal  decrements 
of  r.  Hence,  in  this  hypothesis^  the  heat  of  the  strata  of  the  atvio- 
sphere  decreases  as  their  density  in  arithmetical  progression.  The 
value  of  ij  according  to  Rudbero  and  Regnault,  is  very  nearly 

1  2/ 

— - .    Uence  we  must  ascend  to  a  height  r^  =  58.6  metres,  in 

onler  to  experience  a  decrease  of  temperature  of  1®  C.  But, 
according  to  the  observations  of  Gay  Lussac  in  his  celebrated 
balloon  ascension  at  Paris  (in  the  year  1804),  the  decrease  of 
temperature  was  40*^.25  C.  for  a  hoiglit  of  6980  metres,  or  1®  C. 
for  173  metres,  so  that  in  the  hypothesis  under  consideration 
the  height  is  altogether  too  small,  or  the  decrease  of  temperature 
is  too  rapid.  This  h}i)othe8is,  therefore,  is  not  sustained  either 
]>y  the  observed  refraction  or  by  the  observed  law  of  tlie  decrease 
of  temperature. 

112.  Second  hypothesis. — Before  proposing  a  new  hj-pothesis, 
let  us  determine  the  relation  between  the  height  and  the  density 
of  the  uir  at  that  height,  when  the  atmosphere  is  assumed  to  bo 
thn>uglH)Ut  of  the  same  temperature,  in  which  case  we  should 
have  the  condition  (170).     Itesuming  the  differential   equation  ^ 

(161), 

dp  =  g^addl~^\ 
\a  +  x! 

put 

^  1 

a  +  X 
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but,  as  wc  have  no  reason  for  assuming  exactly  the  arithmetical 
mean,  Be&sel  proposes  to  take 

h  being  a  new  constant  to  be  determined  so  as  to  satisfy  the  observed 
rrfraetioits.  This  equation,  which  we  shall  adopt  as  our  second 
hypothesis,  expresses  the  assumed  law  of  decreasing  tempe- 
ratures, since,  by  (171),  it  amounts  to  assuming 


<u 


and  it  follows  that  in  this  h}T)othesis  the  temperatures  will  not 
decrease  in  arithmetical  progression  with  increasing  heights, 
though  they  will  do  so  very  nearly  for  the  smaller  values  of  Sj 
that  is,  near  the  earth's  surface. 

Now,  combining  the  supposition  (173)  with  tlie  equation 

(//>  =  —  g^dds 
we  have 

P  P*  I 

Integrating  and  determining  the  constant  so  that  for  «  =  0,  j> 
bccomci*  Pif,  we  have 

P, 
which  with  (173)  gives* 


Inasmuch  as  the  law  of  the  densities  thus  expressed  is  still 
liyj»othetii*al,  we  may  simplify  the  exponent  of  e.  For  if  h  in 
much  greater  than  I  (as  is  aftenvards  shown),  we  may  in  this  ex- 


as 


]K)nent  put  ^  *  —  ^  "^  T  ^*^^  ^^'*^  shall  have  as  the  expression 
of  our  hypothesis 


*  DitsiL.    Fundamenta  AstronomioB,  p.  2S. 
Vol.  I.— 10 
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OLj  with  hardly  appreciable  error,  and  then  this  expression  would 

become  simply  a  — ,  but  for  greater  accuracy  we  can  retain  the 

denominator,  employing  its  mean  value,  as  it  varies  within  very 
narrow  limits.  For  its  greatest  value,  when  d  =  3^^  is  =  1, 
and  its  least  value,  when  i  =  0,  is  =  1  —  2a,  and  the  mean 
between  these  values  is  1  —  a.    Hence  we  shall  take 

dfJL  a       dd 

^^^M    ^^^      III  1 1  ■»  •  ^^^ 

M  1  —  a    ^j 

In  the  denominator  of  the  value  of  tan  2  we  have  also  to  sub- 
stitute 


J  _  m]^  ^  J  __  1  +  4Aa 


M%  1  +  4Aa, 

Therefore,  substituting  in  (150),  we  have 

a  sm  2:  (1  —  8)  — 
dr= ^' 


^=2a(l-i\ 


(1  —  a)  [cos«  2  —  2a/  1  —  -  j  +  (2«  —  ««)  Bin*  ^]  * 

or,  by  (177), 

, —  a,S  sin  2  (I  —  8)  e~'^d8 

(1  —  a)  [co8«  r  —  2a  (1  —  e  -^)  +  (2«  —  ««)  8in»  z]  i 

In  the  integration  of  this  equation  we  may  change  the  sign  of 
the  second  member,  since  our  object  is  only  to  obtain  the 
numerical  value  of  r.  It  is  apparent  that  if  we  put  1  for  1  —  5 
in  the  numerator  of  this  expression,  and  also  neglect  the  term 
fi^nin'^  in  the  denominator,  the  error  will  be  almost  or  quite 
inKonrtible;  but,  not  to  reject  terms  without  examination,  let  us 
develop  the  expression  into  series.     For  this  purpose,  put  the 

radical  in  the  denominator  under  the  form  |/ y*  —  5*  sin' z,  in 
which 

y  =  [c08«  J  —  2a  (1  —  e-^)  +  28  Bin»  z]^ 
Then 

1  — -  «_      _  \  —  8l     ^  A»8in*r\-l 
(^•  — «*8in»z;l  y     \  y*     J 

1  —  ^ /-    .    «'8in*5r 
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we  have 

in  which/  and  f  denote  any  functions  whatever,  and  D,  2)*,  &c. 
tlie  Buccessive  derivatives  of  the  functions  to  which  thev  are 
prefixed.     Hence,  by  putting 


sin*  2 


this  theorem  gives 


D.y  =  r-^xD,rD,y  />,y  =  1  +  x  D^YD,^ 

whence,  eliminating  z, 

Maltipljing  this  bj  />,»,  it  giTes 

/),  M  =  r/>,u  (a) 

The  dcriTatiTe  of  this  equation  relatively  to  i  is 

D,[D,u]  =  D,[rD,u] 

This  is  a  g:eneral  theorem,  whaterer  function  u  is  of  y,  and  consequently,  also,  what- 
eTer  function  iP^u  is  of  y.  Wo  may  then  substitute  in  it  the  function  Y^D^u  for  //,m, 
and  we  shall  hare 

i>,[  !•»•/),«]  =  Z>,[r»  +  >/),M]  (6) 

Now,  the  successiTe  derivatiTcs  of  (a)  relatively  to  z  are,  by  the  successire  appli- 
cation of  (6),  making  n  =r  1,  2,  8,  &c., 

But  when  z  =  0,  we  have  y  —  t,  Y  =  ^,  and  hence 

S  -A        D,u^  =  ^.D/t,     ...      D/«o=/>--i[(^)-/)/)r] 

where  the  subscript  letter  of  the  D  is  omitted  in  the  second  members  as  unnecessary, 
since  t  in  now  the  only  variable.  These  values  subntitutcd  in  Maclaurin*s  Theorem 
give  Lagrange's  Theorem : 

I'M  A.a«...«H 
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by  means  of  which,  making  7i  =  1 .  2 ,  3 .  .  .  successively,  we 
reduce  (183)  to  the  following  form : 

dr  = ?^  "'"  '  ^ 1 6-"''+  -!^(  2c-»'"'-c-'"') 

(1  —  o)  [COB*  5  +  2  «*  sin'  c]l  I  Bin'  J  ^  ' 

J.  _•''*'   -(3'c-""'- 2'. 26-2"''+ e-"*') 

.   — '^ (4»c-*'"'-3'.3e-»'»»'+2».3c-""'-«-'»»') 

^1.2.3Bin«i^  ^  ' 


+  &C.  I 


(184) 


We  have  now  to  integrate  the  terms  of  this  series,  after  having 
multiplied  each  by  the  factor  witliout  the  brackets.  The  inte- 
grals are  to  be  taken  from  the  surface  of  the  earth,  where  s  =  0, 
to  the  upper  limit  of  the  atmosphere;  that  is,  q  being  the  nor- 
mal to  any  stratum  (Art.  108),  they  are  to  be  taken  between  the 
limits  q  —  a  and  q  =  a  +  H,  II  being  the  height  of  the  atmo- 
sphere. Now,  this  height  is  not  knowni ;  but  since  at  the  upper 
limit  the  density  is  zero  and  beyond  this  limit  the  ray  suftcrs 
no  refraction  to  infinity,  we  can  without  error  take  the  integrals 
beti;\-een  the  limits  y  =  a  and  y  =  oo  ,  i.e.  between  s  =  0  and 
a  =  1.  But  we  may  make  the  upper  limit  of  s  also  equal  to  in- 
finity. For,  by  (176),  /9  will  not  difter  greatly  from  ^,  and  conse- 
quently  will  be  a  very  large  number,  nearly  equal  to  800,  as  we 
find  fnmi  (167);  hence  for  5  =  1  we  have  in  (172)  d  =  —  ^  -• 


(2.718.. )~ 

which  will  be  sensibly  equal  to  zero,  and  consequently  the  same 
as  we  should  find  by  taking  s  =  cc  .     Hence  the  integnds  may 
be  taken  between  the  limits  5  --  0  and  5  =  oo ;  consequently, 
also,  according  to  (180),  between  the  limits  5'  =  0  and  ^'  ==  00 . 
Now,  as  every  term  of  the  series  will  be  of  the  fonn 

(185) 


[co8«  ir  +  2  «'  sin'  r]4       [cot'  ;r  -f  2 ^i 

multiplied  by  constants,  we  have  only  to  integrate  this  general 
form.     Let  t  be  a  new  variable,  such  that 

cot«5  +  25'=^^-  (186) 
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can  also  be  written  as  follows  :* 

e    .iD**4(i) 

'  Bin*  J  ^^  "^ 

l-a\+   n^'-^i,'*,-^     -4(3)  '^    ^ 

,+  &c. 

113.  The  only  remaining  difficulty  is  to  determine  the  func- 
tion >^{;<),  (188).  In  the  case  of  the  horizontal  refraction,  where 
cot  z  '--  0  and  therefore  also  T  =  0,  this  function  becomes 
independent  of  (w),  and  reduces  to  the  well-known  integralf 


X 


dte'''=zl^  (192) 


♦  Laplack,  M/ranique  C/leMte,  Vol.  IV.  p.  180  (BowDiTcn*8  Translation);  where, 
however,-  stands  in  the  place  of  the  more  general  symbol  ,3  here  employed.     This 

form  of  the  refraction  is  duo  to  Kramp,  Analyse  des  rffractioru  attronomiquet  rt  ter- 
Tt9tr*^$,  Strasbourg,  17'.tt». 

f  Thi;*   uicful  definite   integral   may  be  readily  obtained   as  follows.     Put  k  -: 

I       dt  e  —  tt.     Then,  since  the  definite  integral  is  independent  of  the  Tariable,  wc 
also  baTe  ^1     doe     ^^  ^  and,  multiplying  these  expressions  together, 

•  0  •^o  '^0    •^o 

the  order  of  integration  being  arbitrary.     Let 

r  1=  /m  ;  whence  dv  .—  t  du 

^ for  in  integrating,  regarding  f  as  rariable,  t  is  regarded  as  constant) :  then  we  have 

^  )      du ^  --     -.:    J|  (tan-»  X— tan-*  0)  :_  1 

whence 


*^o 


•> 
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\    ^    8  ^  3.6    ^3.5.7^       / 
whence,  by  introdacing  the  limits, 

As  the  denominators  increase,  these  series  finally  become  con- 
vergent for  all  values  of  T;  but  they  are  convenient  only  for 
small  values. 

For  the  greater  values  of  T^  a  development  according  to  the 
descending  powers  may  be  obtained,  also  by  the  method  of 
integration  by  parts,  as  follows:*  We  have 


J  9f  ^J     i\ 


=-J-.-"+^.-«+v-^r^..« 


Hence 


•f  y  2  T  \       2  r*     (2  T*)*     (2  r«y  ^ 

^1.3.5...(2n~l)l       1.3.5...(2n  +  l)r"    dt     ^.,, 

"~  (2  ry  1"^  2*+*  •^r   <■"+« 

The  sum  of  a  number  of  consecutive  terms  of  this  series  is 
alternately  greater  and  less  than  the  value  of  the  integral.  But 
since  the  factors  of  the  numerators  increase,  the  series  will  at 
last  become  divergent  for  any  value  of  T.  Neverthelesft,  if  we 
stop  at  any  term,  ilxe  sum  of  all  (he  remaining  terms  will  be  less  than 
this  term;  for  if  we  take  the  sum  of  all  the  terms  in  the  brackets, 
the  sum  of  the  remaining  terms  is 

_^l_^.6...(2n  +  l)r*^/       _,, 


♦  Bj  the  formulayx  </y  =  xy  — /y  dz,  making  always  dy  =:  t  dt  e     '' ,  and  z 
foocetsiTeW  =.  -*  -.  -.  &c. 
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Ueuce  we  derive 

Un  2n 


or,  putting 

*  =  ^  (201) 


«. 


"  ©■ 


Wii-1  1  /k\iUn^l 


©t  Un_ 
U 

By  (200)  we  have 


(202) 


tio  = 


n 

1 


ZT-"^ 


«. 


or 

1 


2r«.= — irrn  (203) 

Bat  from  (202),  by  making  n  successively  1,  2,  3,  &c.,  we  have 


«i 


#  ..      'HI}* 


which  successively  substituted  in  (203)  give 

1 
22V.  =  — 


&c., 


1  + 


•21: 
1  +  - 


1  +  '-^ 


1+'* 


1  +  &e.  (204) 

Thi.-*  can  be  employed  for  all  values  of  Ty  but  when  k  exceeds  J 
it  will  be  more  convenient  to  employ  (195)  or  (19G). 
The  successive  approximating  fnictions  of  (204)  are 

1  1  1+2A:         .^.+/^^1    ,        1  -f    9k  +    8A« 

i'      1  4-  a'      i  +  3a'      1  +  ijk  +  3A«'      1  +  i6a"+1^a~«*  ^' 

and,  in  general,  denoting  the  n**  approximating  fraction  by  -, 
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Taking  Bessel's  value  of  A  =  116865.8  toisos*  =  227775.7 
mctre*^,  and  the  value  of  i  =  7993.15  metres  (p.  141),  we  find  by 
(176)  ?  =  768.57.  Substituting  this  and  a  =  0.000294211  (p.  146), 
the  value  of  the  above  expression,  reduced  to  seconds  of  arc  by 
dividing  by  sin  1",  is  found  to  be  only  0".72,  which  in  the  hori- 
zontal refraction  is  insignificant.  This  temi,  therefore,  can  be 
neglected  (and  consequently  also  all  the  subsequent  terms),  and 
the  formula  (191)  may  be  regarded  as  the  rigorous  expression  of 
the  refraction. 

115.  In  order  to  compute  the  refraction  by  (191),  it  only  re- 
mains to  determine  the  constants  a  and  /9.  The  constant  a 
might  be  found  from  (178)  by  employing  the  value  of  k  deter- 
mined by  BiOT  by  direct  experiment  upon  the  refractive  power 
of  atmospheric  air,  but  in  order  that  the  formula  may  rei)re8ent 
as  nearly  as  possible  the  observed  refractions,  Bessel  preferred 
to  detennine  both  a  and  /?  from  observations.f 

Now,  a  depends  upon  the  density  of  the  air  at  the  place  of 
observation,  and  is,  therefore,  a  function  of  the  pressure  and 
temperature;  and  /?,  which  involves  /,  also  depends  upoii  the  ther- 
mometer, since  by  the  definition  of  I  it  must  vary  with  the  tem- 
perature. The  constants  must,  then,  be  determined  for  some 
assumed  nonnal  state  of  the  air,  and  we  must  have  the  means 
of  deducing  their  values  for  any  other  given  state.     Let 

p^  =^  the  assumed  normal  pressure, 

7^ '  -        **  *'  temperature, 

p  -  -  the  observed  pressure, 

T  ~z    **  *<         tcinperaturo, 

i\  -■-  the  normal  density  corresponding  to  p^  and  r,,. 

o   =  the  density  correspond  in  i^  to  p  and  r; 

♦  Funtiam^nta  AMtronomiify  p.  40. 

f  It  NhoiiM  \t*  oboenred  that  the  a^Rume^l  expression  of  the  den^itv  (177)  may 
reprc*»CDt  Tnri«>u«i  hypotheses,  according  to  the  form  giTen  to  /?.     Thus,  if  we  put 

a 
3  ~-  -,  we  huTe  the  form  (172)  which  expresses  the  hypothesis  of  a  uniform  tem- 
perature. We  may  therefore  readily  examine  how  far  that  hypothesis  is  in  error  in 
the  horiKintal  refraction:  for  by  taking  the  reciprocal  of  (l<i7^  we  have  in  this  ease 
3  71»»l.'i:i.  an.l  hence  with  a  —  0.(K)ni»oni  we  find,  by  taking  fiOeen  terms  of  the 
series  (r»:i».  r^  _-  3*/  54"..'),  which  corre*<|»ond!»  to  Barom.  0«.  70,  and  Therm.  0**  C. 
This  is  'J*  liS"./)  greater  than  the  value  giren  by  Aroelaxder*s  Obsenration!«  fp.  141). 
Our  first  hypothesis  gave  a  result  too  small  by  more  than  7',  and  hence  a  true  hypo- 
thefts  must  be  intermediate  between  these,  as  we  have  already  shown  from  a  con* 


SECOND   HYPOTHESIS.  161 

or,  dividing  by  sin  1", 

•o  =  57".688 

and 

A  =  116865.8  toises  =  227775.7  metres. 

For  the  constant  ^  at  the  normal  temperature  50°  F.,  Bessel 

employed 

l^  =  4226.05  toises  =  8236.73  metres.* 

Since  the  strata  of  the  atmosphere  are  supposed  to  be  parallel  to 
the  earth's  surface,  Bessel  employed  for  a  the  radius  of  cur\^a- 
ture  of  the  meridian  for  the  latitude  of  Greenwich  (the  observa- 
tions of  IJradley  being  taken  in  the  meridian),  and,  in  accordance 
with  the  compression  of  the  earth  assumed  at  the  time  when 
this  investigation  was  made,  he  took 

a  =  6372970  metres. 
Ilence  we  have 

A  =  ^-=^'  •  -  =  745.747 
A       I. 

These  values  of  a^  and  [i^  being  substituted  for  a  and  ^  in 
(193),  the  horizontal  refraction  is  found  to  be  only  about  1'  too 
great,  which  is  hardly  greater  than  the  probable  error  of  the 
obser\'ed  horizontal  refraction.  At  zenith  distances  less  than 
8o®,  liowever,  Bessel  afterwards  found  that  the  refraction  com- 
puted with  these  values  of  the  constants  required  to  be  multi- 
plie<l  by  the  factor  1.003282  in  order  to  represent  the  Konigsberg 
obser\'ations. 

116.  By  the  preceding  formula*,  then,  the  values  of  the  con- 
stants a  and  ^  can  be  found  for  any  state  of  the  air,  as  given  by 
the  barometer  and  thermometer  at  tlic  place  of  ob»cr\'ation,  and 
then  the  true  refraction  might  be  directly  cominited  by  (191). 
But,  art  this  computation  would  be  too  troublesome  in  practice, 
the  mam  refraction  is  comi)Uted  for  the  asftumed  normal  values 
of  a  and  ^,  and  given  in  the  refraction  tables.     From  this  mean 


*  According  to  the  later  determination  of  Rnn!! avlt  which  we  hare  uned  on  p.  143, 
ihould  have  /,  —  S2S6.1  metres.     The  difTcrence  does  not  afTect  the  value  of 
Bbmil's  tables,  which  are  constructed  to  represent  actual  obsenrations. 
Vol.  L— II 
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to  determine  which  we  are  now  to  find  the  derivatives  of  (191) 
relatively  to  p  and  r.    Put 

«  =  -^  (210) 

8in*  z  ^ 

and  ?i  =  4^  (1)»  ?j  =  2*>/^2),  g,  =  3*\J/(3),  &c.,  or  in  general 

ff.  =  n""«"^4(«)  (211) 

then,  if  we  also  put 

«=X€-,,+  j^.-^'j, +  _^l_e---,.+  4c.    (212) 

the  formula  (191)  becomes 

(l-«)r  =  flin«^^.C  (218) 

in  which,  since  the  variations  of  ^  _^     in  (191)  are  sensibly  the 

same  as  those  of  a,  we  may  regard  1  — a  as  constant.  Differen- 
tiating this,  observing  that  Q  varies  with  both  p  and  r,  while  fi 
varies  only  with  r,  we  have 


—  a)  —  =8m«z  V^:.-^ 
^  dp  Mfi    dp 


14) 

(l-a)J  =  sin..J?.l«^(l«.)j:.^ 
dv  Mfi    dr        ^  ^2fi     dr 

In  differentiating  Q,  it  will  be  convenient  to  regard  it  as  a  func- 
tion of  the  two  variables  x  and  ^,  the  quantities  y,,  q^  kc.  varj-- 
ing  only  with  /9.     We  have,  since  ^  does  not  vary  with  p^ 

^9  =  1?.  ^f  (215) 

dp      dx      dp 

and  since  both  x  and  3  van'  with  r, 
From  (212)  we  find 
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and  hence 

TVe  have,  further,  from  (210)  and  the  values  of  a,  I,  and  ^  in  the 
preceding  article. 


dx        X     da         X     a        X 
dp        a     dp        a     p       p 

d?       d?     dl            a 

Tt  ~  dl  '  dT~~P'*^~ 

da 

dr-       - 

dx ^x    da      X    d?  ^  Ih  —  l 

rfT"~"tt     e/r   '^'dT""""'        h  —  l 

Substituting  these  values  in  (215)  and  (216),  and  then  substituting 
in  (214),  we  find* 

(>-'s=-"»"Vr«'{rE7<'-«)+,-iTf»..«} 

f  ,1  N         .    a/5  cot  ^  1       \h 

+  .  I  (1  -  .)  r  +  --_-  I  ---  (221) 

These  fomiulFe  are  to  be  computed  with  the  normal  values  of  a, 
^,  r,  /,  and  /),  and  for  the  different  zenith  distances,  after  which 
A  an<l  k  are  computed  by  (209).  The  values  of  A  and  X  thus 
found  arc  given  in  Table  II. 

117.  Finally,  in  tabulating  the  formuhi  (207),  Bessel  puts 

r^  =  a  tan  z  (222) 


(where  a  and  ^9  no  longer  have  the  same  signification  as  in  the 
preceding  arti<'les). 

*  BsttiL,  Pundamenta  Attronomue,  p.  84. 
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its  temperature  ia  raised  from  that  point  to  the  boiling  point  of 

water.  Hence,  putting  q  =  — :,  the  above  heights  will  be  reduced 

to  the  normal  temperature  by  multiplying  them  respectively  by 
the  factors 

«  80  +  8y  180  +  18g  100  +  lOy  ,^^5. 

80  +  r'q         180  +  (/'  —  32)^'         100  +  c'q  ^"^^  ^ 

Tlie  normal  height  of  the  barometer  adopted  by  Bessel  was  29.6 
inches  of  Bradley's  instrument,  or  333.28  Paris  lines ;  but  it  after- 
wards appeared  that  this  instrument  gave  the  heights  too  small 
by  i  a  Paris  line,  so  that  the  normal  height  in  the  tables  is  333.78 
Paris  lines,  at  the  adopted  normal  temperature  of  8*^  K.  Reducing 
this  to  the  standard  temperature  of  the  Paris  line  =  13°  K.,  we 
have 

b.  =  333.78  ^±^  (226) 

•  80  +  13a  ^      ^ 

In  comparing  this  with  the  observed  heights,  the  6^'^  and  6^*"^  must 
be  reduced  to  lines  by  observing  that  one  English  inch  —  11.2595 
Paris  lines,  and  one  metro  —  443.296  Paris  lines.     Making  this 

reduction,  the  value  of  ^  =  -  is  found  by  dividing  the  product 

of  (224)  and  (225)  by  (226).  The  result  may  then  be  separated 
into  two  factors,  one  of  which  depends  upon  the  observcMl  height 
of  tho  baroniotric  column,  and  the  other  upon  the  attached  ther- 
mometer ;  so  that  if  we  put 


B 


//')       80_-f  Hq 
'  333.78*80  +  8/ 

^.,)     11.2505    80  +  135    IftO+l^Y 
*   333.78  *  ~8(ni~HT  '  180  -|  "30a 


and 


443.296   80  +  13a    JlOO  +  I0q 
333.78  *  80  +  8a  *     ~"lOO 


(227) 


.QO  -i.  r'8  _  180  +  (f  —  32)  a  _  100  -f-  c's 
so  -:-  r'q  ""  180  -t-  (/'  —  32;  q   ~  100   p  c'q 

we  shall  have  (i  —  BTy  or 

log  ^  =  log  B  -f  log  T  (228) 
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refractive  power  of  aqueous  vapor  is  greater  tlian  that  of  at- 
niosplieric  air  of  the  same  density,  but  under  the  same  pressure 
its  density  is  less  than  that  of  air;  and  Laplace  has  shown  that 
**  the  increase  of  the  greater  refractive  power  of  vapor  is  in  a 
great  degree  compensated  by  its  decrease  of  density.*** 

119.  Refraction  table  with  the  argument  true  zenith  distance. — 'WTien 
the  true  zenith  distance  f  is  given,  we  may  still  find  the  refrac- 
tion from  the  usual  tables,  or  Col.  A  of  Table  II.,  where  the 
apparent  zenith  distance  z  is  the  argument,  by  successive  ap- 
proximations. For,  entering  the  table  with  f  instead  of  Zy  we 
8hall  obtain  an  approximate  value  of  r,  which,  subtracted  from  ^, 
will  give  an  approximate  value  of  z\  with  this  a  more  exact 
value  of  r  can  be  found,  and  a  second  value  of-?,  and  so  on,  until 
the  computed  values  of  r  and  z  exactly  satisfy  the  equation  z  = 
^  —  r.  But  it  is  more  convenient  to  obtain  the  refraction  directly 
with  the  argument  J^.  For  this  purj^se  Col.  B  of  Table  11.  gives 
the  quantities  a^  A\  /',  which  are  entirely  analogous  to  the  a,  -4, 
and  Xy  so  that  the  refraction  is  computed  under  the  form 

r  =  a'^^'r^'  tan  C  (230) 

where  ^  and  y  have  the  same  values  as  before. 

Tlie  values  of  a',  A\  and  I'  are  deduced  from  those  of  a,  ^, 
and  X  after  the  latter  have  been  tabulated.  They  are  to  be  so 
dctcnnined  as  to  satisfy  the  equations 

a?^r^  tan  r  .  -.  a',9^>^'  tan  Z  (231) 

z  -    :  —  a',?-«V^'  tan  :  (232) 

and  this  for  any  values  of  ^  and  y.  Let  {z)  denote  the  value  of  ^ 
whi«h  corresponds  to  ^  when  fi  1,  ;*  1  ;  that  is,  wIkmi  the 
rcfnu'tion  is  at  its  mean  tabular  value.  The  value  of  (r)  may  be 
fouml  by  successive  approximations  from  (^)l.  A.,  as  above  ex- 
plained. Let  (a),  (.4),  (/),  and  (r)  denote  the  corresponding 
values  of  a,  J,  ^  r.     We  have 


(r)  i:-  (a)  tan  (o       a'  tan  C 

{z)  .  -  C  —  o'  tan  C 


wheiue,  by  (232), 


♦  Mfc.  C/L  Book  X. 
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Since  this  is  to  be  satisfied  for  iiuletemiinate  values  of  ji  and  7*, 
the  eoeflicieiits  of  l^  aiid  l^  in  the  two  members  must  be  equal; 
and  therefore 

A'-     ^^> 
■^  dlz) 


and  also 


I    .  ^(r)  >    (283) 


^  ^tan(:) 


All  the  quantities  in  the  second  members  of  these  formulie  may 
be  found  from  Column  A  of  Table  11.,  and  thus  Column  B  may 
be  fonned.* 
If  we  put 

we  shall  now  find  the  refraction  under  the  form 

r  =1  A' tan  Z 

120.  To  find  the  refraction  of  a  star  in  rigid  ascension  and  decli- 
nation. 

The  dodination  3  and  hour  angle  t  of  the  star  being  given, 
together  with  tlie  hititude  <p  of  the  phiee  of  observation,  we  first 
compute  the  true  zenith  distance  ^  and  the  panillaetic  angle  q 
by  (20).     The  refraction  will  be  expressed  under  the  fonii 

r  =  k'  tan  Z 
in  whii'h 

k'  =rz  a'iS^'r^' 

The  latitude  and  azimuth  being  here  constant  (since  refrac- 
tion atts  only  in  the  vertical  circle),  we  have  from  (50),  by  put- 


♦  See  also  Uekwkl,  Antrouumuehe  Cntfrmchuntjen^  Vol.  I.  p.  I'lO. 
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122.   To  find  the  dip  of  the  horizon^  neglecting  the  atmospheric  refrac- 
tion.   Let 

X  =  tho  height  of  the  eye  =  AB, 
a  =  tho  radius  of  the  earth, 
D  z=  the  dip  of  tho  horizon. 

We  have  in  the  triangle  CA T,ACT=  HAH'  =  D,  and  hence 


tanZ)  = 


AT 
CT 


By  geometry,  we  have 


whence 


AT=VAB  X  AD  =  \/x(2a+x) 


a  ^   a    ^  \  a  I 


As  z  13  always  very  small  compared  with  a,  the  square  of  tho 


X    - 


fraction  —  is  altogether  inappreciable:  so  that  we  may  take 
simply 


tan 


^=>/^ 


(235) 


123.   To  find  the  dip  of  the  horizon^  having  regard  to  the  atmospheric 
refraction. 

The  c'un-ed  path  of  a  ray  of  light  from  the  point  Ty  Fig.  18, 
to  the  eye  at  A^  is  the  same  as  that 
of  a  rav  from  A  to  T\  and  this  is  ^*«-  ^^' 

a  portion  of  the  whole  path  of  a 
my  (as  from  a  star  S)  which  passes 
thn>u^h  the  i>oint  A^  and  is  tanp^nt 
to  the  earth's  surface   at   T.     Tho   ^- 


diroction  in  which  the  obser\'er  at  h' 

A  sees  the  point   T  is  that  of  the 

tangent  to  the  cur\'ed  path  at  -4,  or 

AH';  the  true  dip  is  therefore  the 

angle  JIAH\  and  is  less  than  that  found  in  the  preceding  article. 

It  is  also  evident  that  the  most  distant  visible  i>oint  of  the  earth's 
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={>-M.-i} 


i  i-j 


which,  hy  neglecting  the  square  of  the  second  tenn,  gives 


^='  +  -('-i) 


X 


Ilcnce,  still  neglecting  the  higher  powers  of  a  and  —,  as  well  as 
their  product,  wo  have 

sinD'  =  i/l— co8«i>'  =  ^|^— 2a/l— ^jl    (237) 

which  agrees  with  the  formula  given  by  Laplace,  3/(fc.  CA. 
Book  X. 

For  an  altitude  of  a  few  feet,  the  difference  of  pressure  will 
not  sensibly  affect  the  value  of  />',  and  may  be  disregarded, 
especially  since  a  very  precise  determination  of  the  dip  is  not 
possible  unless  we  know  the  density  of  the  air  at  the  visible  horir 
zoHy  which  cannot  usually  be  obserN'cd.  Wo  may,  however, 
assume  the  temperature  of  the  water  to  be  that  of  the  lowest 
stratum  of  tlic  air,  and,  denoting  this  by  r,,,  while  r  denotes  the 
temperature  of  the  air  at  the  height  of  the  eye,  we  have  [mak- 
ing j>  =  1\  in  (171)],  approximately, 

ir  =  r+T(r^r^)  =  ^-^(^-^^> 

in  which  for  Fahrenheit's  thermometer  f  =  0.002024.     Ilenco 


=  8inx><  1 "-  > 

I  bin"  D      ) 


where  D  U  the  dip,  computed  by  (23;>),  wlien  the  refraction  is 
ni\srlocte<l,  the  nine  of  ho  small  an  angle  l>cing  put  for  itn  tan- 
gtMit.  If  we  substitute  the  values  a  —  0.OOU27805,  sin  D  = 
JJ  sin  1",  and  c  =  0.002024,  this  formula  becomes 


DIP   OP  THE   HORIZON.  177 

n  X 


COS  D'  =  1  — 


n  +  1   a 


sin  2)'  =  \i — r^  .  ^^  =  tan  D  -%/ — ^^ 

\n  4-1     a  Afn  +  1 


+  1     a        \  n  + 

or 


^■="V.-ii 


+ 

To  determine  w,  we  have  by  (160),  reducing  Tq  to  seconds, 

**  ""  (ro  sin  1")' 

where,  for  Barom.  0*.76,  Therm.  10°C.,  which  nearly  represent 
the  mean  state  of  the  atmosphere  at  the  surface  of  the  earth,  we 
have  4k' d^  =  0.00056795,  and  r^  =  34'  30"  (which  is  about  the 
mean  of  the  determinations  of  the  liorizontal  refraction  by  dif- 
ferent astronomers) ;  and  hence  we  find 


n  =  5.639,       J  _'*  _  =  0.9216  =  1  —  0.0784 

\n  -f  1 

D'  =  2>  — .07842)  (239) 

The  cooffi(  lent  .0784  aj^ees  very  nearly  with  Delambre's  value 
.07h7«»,  which  was  derive<l  from  a  hirj^e  number  of  observations 
upon  the  terrestrial  refraction  at  different  seasons  of  the  year. 
To  com]»ute  ly  directly,  we  have 


sm  1"   ^  a 


If  X  is  in  feet,  we  must  take  a  in  feet.    Taking  the  mean  value 

fi  .-  -  20H88625  feet,  and  reducing  the  constant  coefficient  of  |  a 
we  have 

i)'  =:.  5«".S2  i/TiirrJotT  (240) 

Table  XI.,  Vol.  II.,  is  computed  by  this  formula. 

Vol.  l— 12 
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BCribcd  by  the  ray  from  A  which  touches  the  earth's  surface  at 

71     The  distance  of  A'  from  Twill  be  =  1.317  Vx\  and  hence 

the  whole  distance  from  A  to  A'  will  be  =  1.317  {l^x  +  Vx'). 

The  above  is  a  rather  rough  approximation,  but  yet  quite  as 
accurate  as  the  nature  of  the  problem  requires ;  for  the  anoma- 
lous variations  of  the  horizontal  refraction  produce  greater 
errors  than  those  resulting  from  the  formula.  By  means  of  this 
formula  the  navigator  approaching  the  land  may  take  advantage 
of  the  first  appearance  of  a  mountain  of  known  height,  to  deter- 
mine the  position  of  the  ship.  For  this  purpose  the  formula 
(241)  is  tabulated  with  the  argument  "height  of  the  object  or 
eye  ;**  and  the  sum  of  the  two  distances  given  in  the  table,  cor- 
responding to  the  height  of  the  object  and  of  the  eye  respect- 
ively, is  the  required  distance  of  the  object  from  the  observer. 

126.  To  find  the  dip  of  the  sea  at  a  given  distance  from  the  observer. 
— By  the  dip  of  the  sea  is  here  understood  the  apparent  depres- 
sion of  any  point  of  the  surface  of  the  water  nearer  than  the 
visible  horizon.  Let  T^  Fig.  20,  be  such  a 
point,  and  A  the  position  of  the  observer. 
Let  TA'  be  a  ray  of  light  from  T^  tangent 
to  the  earth's  surface  at  Ty  meeting  the  ver- 
tical line  of  the  observer  in  A\     Put 

2>"=  the  dip  of  T  as  seen  from  A, 

d    =  the  dlHtunce  of  T'in  ntatuto  miles, 

X    =  the  height  of  the  observer's  oye  in  feet  =  AB, 

x'  =  A'B. 


We  have,  by  (241), 


\  1.317/ 


and  the  dip  of  7',  as  seen  from  A\  is,  therefore,  by  (240), 

=  58".82  v/i'  =  44".66  d. 

Now,  supposing  the  chords  TA,  TA'  to  be  drawn,  the  dip  of  T 
at  -^l  exceeds  that  at  A'  by  the  angle  A7A',  very  nearly;  and 
we  have  nearly 

w 

ani'le  A  TA  = X  = 

TA'       8in  1"        4280  d  sin  1" 


SEMIDIAMETERS. 


ISl 


Fig.  21. 


(liscnssed  in  connection  with    the    theory  of  occultations  in 
Chapter  X. 

The  angular  semidiameter  of  a  spherical  body  is  the  angle 
subtended  at  the  place  of  observation  by  the  radius  of  the  disc. 
I  shall  here  call  it  simply  the  semidiameter,  and  distinguish  the 
linear  semidiameter  as  the  radius. 

Let  O,  Fig.  21,  be  the  centre  of 
the  earth,  A  the  position  of  an  ob- 
server on  its  surface,  M  the  centre 
of  the  observed  body;  OBy  AB\ 
tangents  to  its  surface,  drawn  from 
0  and  A.  The  triangle  OBM  re- 
volved about  OM  as  an  axis  will  de- 
scribe a  cone  touching  the  spherical 
body  in  the  small  circle  described 
by  the  point  5,  and  this  circle  is  the 
disc  whose  angular  semidiameter  at 
0  is  MOB.    Put 


S  =  the  geocentric  semidiameter,  MOB, 
S'  =  the  apparent  semidiameter,  MAB\     , 
J,  J'  =  the  distances  of  the  centre  of  the  body  from  the  centre  of 
the  earth  and  the  place  of  observation  respectively, 
a  =  the  equatorial  radius  of  the  earth, 
a'  =  the  radius  of  the  body, 


then  the  right  triangles  03/B,  A3IB'  give 


sin  o  =  — 

J 


sin  S'  = 


a' 


(244) 


But  if 

r  =  the  equatorial  horizontal  parallax  of  the  body, 

we  have,  Art.  89, 


and  hence 


a 
sm  TT  =  — 

J 


sm  i5  =  —  sm  jr 
a 


sin  S*  =  —  sin  S 


(245) 


or,  with  sufficient  precision  in  most  cases, 


5  =  ^. 
a 


S'=  —  S 
J' 


(24C) 


Putting 


we  have 


8EMIDIAMETERS.  188 


m  =  />  sin  r  cos  [§(:'  +  :)  —  y}  (249) 


=  1  -f  m  +  m»  +  4o. 


if       1  — m 
and  hence,  since  the  third  power  of  m  is  evidently  insensible, 

S''-S=Sm+Sm*  (250) 

which  is  practically  as  exact  as  (248).    The  value  of  Z'  required 
in  (249)  will  be  found  with  sufficient  accuracy  by  (114),  or 

C  — C  =  />ir8in(:'  — r) 

The  quantity  5'  —  S  is  usually  called  the  augmentation  of  the 
semidiameter.    It  is  appreciable  only  in  the  case  of  the  moon. 

ISO.  If  we  neglect  the  compression  of  the  earth,  which  will 
not  involve  an  error  of  more  than  0".05  even  for  the  moon,*  we 
may  develop  (250)  as  follows.  Putting  p  =  l  and  ;'  =  0  in  (249), 
we  may  take 

m  =  sin  r  cos  }  (C  +  C) 

=  sin  r  cos  [:'  —  J  (:'  — :)] 

=  sin  r  cort  C'  +  1  «in  r  8in  (T'  —  C)  sin  C 
=  sin  n  cos  C'  +  1  sin*  r  sin*  C' 

which  substituted  in  (250)  gives,  by  neglecting  powers  of  sin  r 
above  the  Hccond, 

S'  —  S     r  S  Bin  r  cos  C  +  iS  sin*  r  sin* :'  +  S  8in»  rr  cos*  Z' 
-  *S'  sin  i:  cos  C  +  J  *S*  sin'  tt  -j-  J  5  sin'ir  cos*  C' 


But  we  have 

a          a 

sin  r 

sin  1" 

*  The  greftiMt  declination  of  the  moon  being  less  than  30^,  it  can  reach  grt%i 
altitu<lrs  onljr  in  low  latitudes,  where  the  compreHsion  is  less  sensible.  A  rigorous 
investigation  of  the  error  produced  by  neglecting  the  compression  shows  that  tht 
maximum  error  b  less  than  (T.OG. 
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linibs  is  therefore  diminished,  and  the  whole  disc,  instead  of 
iKMn^  circular,  presents  an  oval  figure,  the  vertical  diameter  of 
Avhicli  is  tlie  least,  and  the  horizontal  diameter  the  greatest. 
The  refraction  increasing  more  and  more  rapidly  as  the  zenith 
distance  increases,  the  lower  half  of  the  disc  is  somewhat  more 
contnu'tod  than  the  upper  half. 

The  contraction  of  the  vertical  semidiameter  mav  be  found 
directly  from  the  refraction  table,  by  taking  the  ditterence  of 
the  refractions  for  the  centre  and  the  limb. 

Example.-*— The  true  semidiameter  of  the  moon  being  16'  0", 
and  the  apparent  zenith  distance  of  the  centre  84°,  find  the  con- 
truction  of  the  upper  and  lower  semidiameters  in  a  mean  state 
of  the  atmosphere  (Barom.  30  inches,  Therm.  50**  F.).  AVe  find 
from  Table  I. 

For  apparent  zen.  dist.  of  contrc,      84°    0'  Rcfr.  =  8'  28".0 

"    approx.  "         upper  limb,  83    44  "=.^8     9  .4 

"         **  «         lower     "      84    16  «      ^  8  48  .1 

Hence, 

Approx.  contraction  upper  scmid.  =  8'  28".0  —  8'    9".4  ^  18".6 

lower      "       ^  8  48  .1  —  8  28  .0  =  20  .1 


H  if 


These  results  are  but  approximate,  since  we  have  supposed  the 
apparvMit  zenith  distance  of  the  limb  to  difter  from  that  of  the 
ccntn'  by  the  true  semidiameter,  whereas  they  difter  only  by  the 
ap]tarent  or  contracted  semidiameter.  Hence  we  must  repeat  as 
follows: 

App.  zen.  dist.  upper  limb  =  83°  44'  1S".6  Refr.  r^  S'    ir.7 

l<iwer     "     ^.  84    15  39  .9  "      =^  S  47  .7 

Contraction  of  ui)per  scmid.  -  -  S'  2^".0  -  S'    9".7  =  ls".3 

lower       "      :. -  S  47  .7  -  S  2S  .0.^19  .7 

Observations  at  great  zenith  distances,  where  this  contracticm 
is  m<»r*t  sensible,  do  not  usually  admit  of  great  preeision,  on 
aeroniit  of  the  imperfect  definition  of  the  limbs  and  the  uncer- 
taiiitv  of  the  retVa<*tion  itself.  It  is,  therefore,  sufticientlv  exact 
ti»  a»U!ii«*  th<»  contraction  of  either  the  upper  or  h)Wer  semi- 
diameter \i)  be  e(pud  to  the  mean  of  the  tw«>.  In  the  above 
example,  which  ofiers  an  extreme  case,   if  we  take  the  mean 
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The  small  triangle  PFP'  may  be  regarded  as  rectilinear  and 
right-angled  at  F;  whence 

FP'  =  PP'  X  C08  q 
or 

If  we  put  iSj  for  S^  in  the  second  member,  the  resulting  value  of 
JS^  will  never  be  in  error  0".2  for  zenith  distances  less  than  85°, 
and  it  suffices  to  take 

J5,  =  JS,  COS*  q  (253) 

Tliis  formula  is  sufficiently  exact  for  all  purposes  to  which  we 
shall  liave  occasion  to  apply  it 

134.  To  find  the  contraction  of  the  horizontal  semidiameter. — The 
formula  (253)  for  q  =  90®  makes  the  contraction  of  the  hori- 
zontal semidiameter  =  0.  This  results  from  our  having  assumed 
that  the  {tortious  of  vertical  circles  drawn  through  the  several 
{K>int.H  of  the  limb  are  parallel,  and  this  assumption  de- 
jMirts  most  from  the  truth  in  the  case  of  the  two  ver- 
tical circles  drawn  through  the  extremities  of  the 
horiz«»ntal  diameter.  To  investigate  the  error  in  this 
caj*o,  let  ZM,  Fig.  23,  be  the  vertical  circle  drawn 
thnMiirh  the  centre  of  the  body,  Z3P  that  dniwn 
throui^h  the  extremity  of  the  horizontal  semidiameter 
MM'.  In  consequence  of  the  refraction,  the  points  31 
and  J/'  appear  at  A"  and  iV'.  If  we  denote  the  zenith 
distances  of  J/ and  iV'by  ^  and  ^,  those  of  3P  and  iV 
by  ^'  and  z\  the  refniction  MN  may  be  expressed  as  a  func- 
tion either  of  z  or  of  ^,  Art.  107,  and  we  shall  have 

r  =  A'  tan  z  =  k'  tan  C 

where  /;  and  k'  are  given  by  the  refraction  table  with  the  argu- 
mciit-4  r  and  ^.  The  zenith  distance  of  the  point  J/'  ditters  sol 
little  from  that  of  M  that  the  values  of  k  and  k'  will  be  scnsiblv 
the  >anic  for  both  ]>oints,  and  wo  shall  have  for  the  refaction 

r'  —  k  tan  c'  —  A' tan  :' 
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R EDUCTION    OF    OBSERVED    ZENITH    DISTANCES    TO    THE    CENTRE    OF 

THE   EARTH. 

ISo.  It  18  important  to  obsen-e  a  proper  order  in  the  applica- 
tion of  the  several  corrections  which  have  been  treated  of  in  this 
cliapter. 

The  zenith  distance  of  any  point  of  the  heavens  obser%'ed  with 
any  inHtrument  is  generally  affected  with  the  index  error  and 
other  inrttnimental  errors.  These  errors  will  be  treated  of  in 
the  se<*ond  volume ;  here  we  assume  that  they  have  been  duly 
allowed  for,  and  we  shall  call  "ob8er\'ed*'  zenith  distance  that 
whii'h  wouhl  be  obtained  with  a  perfect  instrument,  and  shall 
denote  it  bv  z. 

In  all  canes  the  first  step  in  the  reduction  is  to  find  the  refrac- 
tion r  (-  -a^?^/'^tan  z)  with  the  arprument  Zy  and  then  z  +  r  is  the 
zenith  <listance  freed  from  refraction. 

1st.  In  the  case  of  a  Jixcd  star^ 

:  =  2  -\-  r 

is  at  onoe  the  required  geocentric  zen.  dist. 

'2<1.  In  the  case  of  the  moon,  the  zenith  distance  observed  is 
that  <»f  the  upper  or  lower  limb.  If  *S'  is  the  geocentric  and  *S'' 
the  augmented  semidiameter  found  by  Art.  128,  129,  or  130, 


r' 

« 


r  ±  6" 


ii*  the  apparent  zenith  distance  of  the  moon's  centre  freed  from 
n*fr.i«tion,  and  affected  only  by  parallax,  and,  conrte(|uently,  it  is 
that  whivli  has  been  denoted  bv  the  same  svmboi  in  the  discus- 
Pinn  of  the  parallax.  AVith  this,  therefore,  we  compute  tlie 
parallax  in  zenith  distance,  J'  —  ^,  by  Art.  95,  and  then 

r  r '  /  •» '  r\ 

*  —  *  V*    —  */ 

is  the  required  geocentric^  zenith  distance  of  the  moon's  centre. 

To  runiputo  »S"  by  (24H),  (2.'')()),  or  (2')1),  wc  must  first  know  ^'; 
but  it  will  suffice  to  employ  in  these  formuhe  the  approximate 
valui'  ;'     -r    r    r  ±  K 

W*'  ran,  however,  avoid  the  comi>utation  of  S",  when  extreme 
pre<-i>ioii  is  not  required,  by  computing  the  ]>arallax  for  the 
Zenith   distance   uf  the   limb.     Thus,   jnitting  ^'  —   z  +  r,  and 
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d:  /  8in  S'  =  —  Bin  (C   — -  C)  + ^^^ ^-^  Bin  (f '  —  ^) 

COB/' 

J/ 
in  which /=  -.    By  (245)  wo  have  also 

/  Bin  S'  =  sin  S 
and  hence  the  rigorous  formula 

Bin  (:'—:)=  /I  Bin  r  Bin  (C  —  r)  22!iLZi!?  q:  sin  iSf 

COB  / 

for  wliich,  however,  we  may  employ  with  equal  accuracy  in 

practice 

Bin  (:'  —  C)  =  />  Binir  sin  (:'  —  r)  =P  sin  5  (254) 

in  which,  A  behig  the  moon's  azimuth,  we  have 

/  =^  (^  —  f ')  COB  A 

If  we  put  (Art.  128) 

A-  =  ^  =  0.272956 
a 

we  have  Bin  S=k  sin  r,  and  (254)  may  be  written  as  follows: 

Bin  C  -:)  =  !>  Bin  (:'  -r)^  ^l  sin  X  (255) 

For  convenionco  in  computation,  however,  it  will  be  better  to 
make  the  following  transfonnution.     Put 

sin  J)  :=  p  Bin  it  sin  (C'  —  r)  (256) 

then  (254)  becomes 

sin  (C'  —  C)  =-=  sin  /)  :;:  sin  S 

=:=  Hill  ( p  17^  *S')  -f-  sin  ;)  (1  —  cos  S)  T  sin  *9  (1  —  cosp) 
=  sin  {p  ^  S)  -r  :i  Bin  p  hIh*  J  6'  ^  2  sin  <S'  Bin* )  p 

when?  the  last  two  terms  never  amount  to  0''.2,  and  therefore  the 
fonuula  niav  be  conBidcrcd  exact  under  the  form 

Bin  (Z'  —  r)  =  sin  (p  ^  S)  zp  J  (/>  qp  S)  Bin  1"  sin  p  sin  S 
Since  C'  ""  C  ^"*^  P  ^  *^'  differ  by  so  small  a  quantity,  there  will 
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CHAPTER    V. 

nXDING   THE  TIME   BT   ASTRONOMICAL  OBSERVATIONS. 

137.  We  have  seen,  Art  55,  that  the  local  time  at  any  place 
id  readily  found  when  the  hour  angle  of  any  known  heavenly 
body  irt  given.  This  hour  angle  is  obtained  by  obsen'ation,  but, 
a  direct  measure  of  it  being  in  general  impracticable,  we  must 
have  recour«e  to  observations  from  which  it  can  be  deduced. 

The  obser\'er  is  supposed  to  be  provided  with  a  clock,  chro- 
nometer, or  watch,  which  is  required  to  show  the  time,  mean  or 
sideri'al,  either  at  his  own  or  at  some  assumed  meridian,  such  as 
that  of  Greenwich. 

The  clock  correction*  is  the  quantity  which  must  be  added  alge- 
braically to  the  time  shown  by  the  clock  to  obtain  the  correct 
time  at  the  meridian  for  which  the  clock  is  regulated.   If  we  put 

T  -z  the  clock  time, 
T'  -     the  true  time, 
A  T  :^  the  clock  correction, 
we  have 

or  CkT  '^T  —  T  (25ft) 

and  the  clock  correction  will  be  jmsitivc  or  negatire^  according  as 
the  c'lo<-k  is  sine  or  fast.  It  is  generally  the  immediate  object  of 
an  obst»r\'ation  for  time  to  <letennine  this  corrc*ction.  At  the 
instant  of  the  obser>'ation,  the  time  T  is  noted  bv  the  cloi»k, 
and  if  this  time  agrees  with  the  time  T'  comi)Utcd  from  the 
obsen'ation,  the  clo<*k  is  correct;  otherwise  the  clock  is  in  error, 
and  its  rorn»ction  is  found  by  the  equation  ^T       T'  —  T, 

The  clock  rate  is  the  daily  or  hourly  increase  of  the  clock  cor- 
rection.     Thus,  if 


*  For  br«Titj,  I  tball  use  clock  to  denote  anjr  time-keeper. 
Vol.  L—U 
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for  the  interval  to  T=  May  25,  11*  18-  12-.6,  T—T^  =  W  IV 
lar  12r.6  =  1&'.467.    Hence  we  have 

A  T;  =  —  16-  18'.50 
dT{T-^  T^)  =  +     I     5 .03 

a7'==—  15     8.47 
T  =11M8-12«.60 

T  =  10  58     4 .13 

But  in  this  example  the  rate  is  obtained  for  one  true  mean 
tlav,  while  the  unit  of  the  interval  13^.467  is  a  mean  day  as 
shown  by  the  clock.  The  proper  interval  with  which  to  com- 
pute the  rate  in  this  case  is  13^  10*  58"'  4M3  =  13^.457  with 
which  we  find 

A  7;  =  —   16-18'.50 
ST  X  13.457  =  4_  1     4.98 

^T  =  —    15     8.52 
T  =  IP  IS-*  12V60 

r  =  10  58     4 .08 

This  repetition  will  be  rendered  unnecessary  by  always  giAnng 
the  rate  in  a  unit  of  the  clock.  Thus,  suppose  that  on  June  3, 
at  4*  11*  12*.35  by  the  clock,  we  have  found  the  correction 
-I-  2-  10*.14 ;  and  on  June  4,  at  14*  17*  49'.82,  we  have  found 
the  correction  +  2*  19'.89 ;  the  rate  in  one  hour  of  the  clock  will  be 

-L  0*  7*^ 

ar=^tJ?^-  =  +  0'.2858 

34.1104 

For  practical  details  respecting  the  care  of  clocks  and  other 
time-keepers,  the  metliods  of  comparing  their  indications,  &c., 
Hce  Vol.  II. ;  see  also  Chapter  VII.,  *' Longitude  by  Chronometer." 
I  nhuU  here  confine  myself  to  the  methods  of  determining  their 
correction  by  astronomical  obser\'ation. 

Those  methods,  however,  which  involve  details  depending 
Uj^on  the  peculiar  nature  of  the  instrument  with  which  the  ob- 
8er\'ation  is  made,  will  be  treated  very  briefly  in  this  chapter, 
and  their  full  discussion  will  be  reserved  for  Vol.  XL 
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tions.  If  we  use  the  same  instrument,  and  take  care  not  to 
change  any  of  its  adjustments  between  the  two  observations,  we 
may  generally  assume  that  the  same  readings  of  its  graduated 
arc  represent  the  same  altitude.  Small  inequalities,  however, 
niav  still  exist,  which  will  be  considered  hereafter.* 

The  clock  correction  will  be  found  directly  by  subtracting 
the  mean  of  the  two  clock  times  of  observation  from  the  com- 
puted time  of  the  starts  transit 

Example  1. — March  19,  1856;  an  altitude  of  Ardxmis  east 
of  the  meridian  was  noted  at  11*  4'*  51'.5  by  a  sidereal  clock, 
and  tlie  same  altitude  west  of  the  meridian  at  17*  21"'  SO^.O;  find 
the  clock  correction. 

East  IP   4-51V5 

AVest  17   21   30.0 

Merid.  transit  by  clock  =  T  =  14   13    10 .75 
March  19,  Ardurus  R.  A.  =  •  =  14     9      7  .11 

Clock  correction  =^7"  =  --     4     3. 64 

This  is  the  clock  correction  at  the  sidereal  time  14*  9*  7M1  or 
at  the  clock  time  14*  13*  10*.75. 

Example  2. — March  15,  1856,  at  the  Cape  of  Good  Hope, 
Latitude  33°  56'  S.,  Longitude  1*  3-  56*  E. ;  equal  altitudes  of 
Spica  are  observed  with  the  sextant  as  below,  the  times  being 
noted  by  a  chronometer  regulated  to  mean  Greenwich  time. 
The  artificial  horizon  being  employed,  the  altitudes  recorded  are 
double  altitudes. 

East.  2  Alt.  Spica.  West. 

10*20-    0'.5  104<>    0'  2*  40"  38'. 

"    20    28.  "      10  "  40    10.5 

"    20    55.  "      20  "  89    42. 


Means  10   20    27  .83  2  40    10  .17 

10  20    27.8,S 

Mcrid.  Transit,  by  Chronom.  =  T  ~=V1  30    19  .00 

Tlie  chronometer  being  regulated  to  (ireenwieh  time,  we 
mu»*t  compute  the  Greenwich  mean  time  of  the  star's  transit  at 
the  Ca|»e  (Art.  52).     AVe  have 


*  For  the  method  of  obsenring  equal   altitudes  with  the   sextant,  see  Vol.  II., 
••Sexiant." 
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If  we  snbstitnte 

sin  (^  db  A<J)  =  sin  d  cos  ^d  dr  cos  d  sin  a^ 
cos  (^  ±:  A«J)  =  cos  d  cos  a^  q=  sin  ^  sin  A^ 
cos  (^  ±:  A  r„)  =  cos  t  cos  a  7^^  ^  ^^"^  ^  ®'"  ^  ^o 

and  then  subtract  the  first  equation  from  the  second,  we  shall 

find 

0  =  2  sin  ^  cos  d  sin  Ad  —  2  cos  ^  sin  d  sin  Ad  cos  f  cos  A  T^ 

-(-  2  cos  f  c*os  d  sin  t  cos  Ad  sin  a  T^ 
whence,  by  transposing  and  dividing  by  the  coefficient  of  sin  a  7^ 

-,  tan  Ad .  tan  0    ,   tnn  Ad .  tan  d  ^ 

sin  A  71  = : ^  H cos  a  7!, 

Bin  ^  tan  t 

This  is  a  rigorous  expression  of  tlie  required  correction  ^T^  but 
the  cliange  of  declination  is  so  small  that  we  may  put  aJ  for  its 
tangent,  a  7'^  for  its  sine,  and  unity  for  cos  aT^,  without  any 
appreciable  error ;  and,  since  a5  is  expressed  in  seconds  of  arc, 
we  shall  obtain  a  7^  in  seconds  of  time  by  dividing  the  second 
member  by  15.     We  thus  find  the  formula* 

^  Ad .  tan  »   ,   Ad .  tan  d  ,«/,«. 

a7;  =  —  .  ^  + (262) 

•  15  sin  f    ^  15tanf  ^      ^ 

The  Ephemeris  gives  the  hourly  change  of  8.  If  we  take  it  for 
the  Greenwich  instant  corresponding  to  the  local  noon,  and  call 
it  A  'dj  and  if  t  is  reduced  to  hours,  we  have 

Ad  =  A'd.f 

and  our  formula  becomes 

A  T  =  —  —  •-'  *^"  ?^  +  --  •-~^— -        [Equationl       ,263^ 
*  15  sin  t  15  tan  t  Lfor  noon.J 

To  facilitate  the  computation  in  practice,  we  put 

A= ?-  5  =  -' 


15  sinf  15  tan  t 

rt=J.A'd.tanf  6=^.A'd.tand  }   (2C4j 

then  we  have 


A7;  =  a  ^b 


*  Ai  flnt  given  by  Gacss,  MonatUche  Corrrtpondenx^  Vol.  23. 
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noon.  With  these  quantities  and  y  =  88®  59',  we  proceed  as 
follows: 

Arg.  7*  37-  Table  IV.  log  A       n9.4804      log  B        9.2151 

logA'J        1.7642      logA'^       1.7642 
log  tan  f   9.9081      log  tan  d  « 9.0048 

log  a        nl.l527      log  6        n99841 
a  =  — 14'.21  6  =  —  0v96 

Middle  Chro.  time  T^  =  4»  57-  4'.15 

A  T;  =  a  +  6  =        —  15.17 

Chro.  Time  of  app.  noon  IT  =  4  56    48.98 

This  quantity  is  to  be  compared  with  the  Greenwich  time  of  the 
local  apparent  noon,  since  the  chronometer  is  regulated  to 
Greenwich  time.     We  have 

Mean  local  time  of  app.  noon  =  0*  11*  35'.11 

Longitude  =6     5    57 .50 

Mean  Greenwich  time         «  =  T'  =  5   17    82.61 

Ar=  T'  —  r  =  +  20-  43^63 

If  the  correction  of  the  chronometer  to  mean  local  time  is 
required,  we  have  only  to  omit  the  application  of  the  longitude. 
Thus,  we  should  have 

Chro.  time  of  app.  noon     z=z  4*  56"  48*. 98 
Equation  of  timo  ::i-  —  11    35  .11 

Chro.  time  of  mean  noon  ~-  4    45    13  .87 

and  since  at  mean  noon  a  chronometer  regulated  to  the  local 
time  should  give  0*  0*  0*,  it  is  here  f(isty  and  its  correction  to 
local  time  is  —  4*  45-  13'.87. 


141.  (C.)  Rfual  aJtUufl(\9  of  the  Sim  iu  the  afternoon  of  one  day  and 
the  mornlnij  of  the  next  following  dm/ ;  i.e.  before  and  after  midnight. — 
It  is  evident  that  when  equal  /.enith  distances  are  observed  in 
the  latitude  -'*■  if,  their  supplement  to  180°  may  he  eonsidered  as 
equal  zenith  distances  ol)ser\'ed  at  the  antii)ode  in  hititude  —  y 
on  the  same  meridian.  Ilenee  the  fonnula  (263)  will  give  the 
equation  for  noon  at  the  antipode  by  substituting  —  if  for  +  ^, 
that  is,  by  changing  the  sign  of  the  first  term ;  but  this  noon  at 
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XlV.A  and  XTV.B,  the  corrections  for  the  barometer  and  ther- 
mometer are  as  follown,  taking  for  greater  accuracy  one-eighth 
of  the  corrections  for  6' : 

East  Obs.  West  Obs. 

Barom.  80.30  +  0".5  Barom.  29.55  —  0".6 

Therm.  85**.    +  1  .4  Therm.  52°.    —0.1 

+  1  .9  —  0  .7 

The  difference  of  these  nnmbcrs  gives  ^h=--  +  2".6  as  the  excess 

i»f  the   true  altitude   at  the  west  observation.     Hence,  by  the 

formula  (266), 

aA  =  +    2".6  log  £ih        0.415 

h  =       52°    5'  log  cos  h    9.789 

^  =  —  38    56  log  sec  ^    0.081 

a  =  —  10   25  log  sec  d     0.006 

t  =  \  elapsed  time  =  2*  9-    51*.         log  cosec  t  0.270 

log  ,'o         ^523 

^'T;  =  +  0..12  log  aT.     9.084' 

When,  however,  several  altitudes  have  been  observed,  as  in 

this  example,  we  may  obtain  this  correction  from  the  ob8er\'a- 

tions  themselves ;  for  we  see  that  the  double  altitude  of  Spica 

changed   20' =  1200"   in   about  55',   and  hence  we  have  the 

proportion 

1200"  :  2".6  =  55- :  a'  T; 

which  gives  a'TJ,  —  -f  0'.12  as  before.  By  taking  the  change  in 
the  double  altitude,  the  fourth  term  is  the  value  of  J  a/,  or  ^'7^. 

If  this  correction  be  applied,  we  find  the  corrected  time  of 
transit-  - 12*  30"  19'.12,  and  consequently  the  chronometer  cor- 
rection A  r  =  —  1-  45'.54. 

The  altitudes  may  difter  from  other  causes  besides  a  change  in 
the  refraction ;  for  instance,  the  second  obser\'ation  may  be  in- 
terrupted by  passing  clouds,  so  that  the  precisely  corresponding 
altitude  cannot  be  taken ;  but,  rather  than  lose  the  whole  ob- 
8er%*atiun,  if  we  can  obsen^e  an  altitude  dittering  but  little  from 
the  first,  we  may  use  it  as  an  equal  altitude,  and  compute  the 
correction  for  the  difference  by  the  formula  (266). 

143.  Efft'ct  of  errors  in  the  latitude',  declhmtion^  and  altitude  upon 
the  time  found  by  equal  altitudes. — The  time  found  by  equal  altitudes 
of  a  fixed  star  is  wholly  independent  of  errors  in  the  latitude 
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the  formnla  may  also  bo  written 


A'r.= 


30  cos  f  sin  A 


which  will  be  least  when  the  denominator  is  greatest,  i.e.  when 
A  =  90®  or  270®,  or  when  the  object  is  near  the  prime  vertical. 
From  thiri  we  dednce  the  practical  precept  to  take  the  observations 
when  the  offjeci  is  nearly  east  or  west.  This  rule,  however,  must  not 
be  carried  so  far  as  to  include  observations  at  verj'  low  altitudes, 
where  anomalies  in  the  refraction  may  produce  unknown  dif- 
ferences in  the  altitudes.  If  the  star's  declination  is  very  nearly 
equal  to  the  latitude,  it  will  be  in  the  prime  vertical  only  when 
quite  near  to  the  meridian,  and  then  both  observations  may  be 
obtained  within  a  brief  inter\-al  of  time ;  and  this  circumstance 
18  favonible  to  accuracy,  inasmuch  as  the  instrument  will  be  less 
liable  to  changes  in  this  short  time. 

144.  Probable  error  of  observation. — Tlie  error  of  obsen'ation  is 
composed  of  two  errors,  one  arising  from  imperfect  setting  of 
the  index  of  the  sextant,  the  other  from  imperfect  noting  of  the 
time;  but  these  are  inseparable,  and  can  only  be  discussed  as  a 
ftingle  cm»r  in  the  obserN'cd  time.  The  individual  obser\'ation8 
are  also  atlected  by  any  irregularity  of  graduation  of  the  sextant, 
but  tliis  error  does  not  aftect  the  mean  of  a  pair  of  obser\'ation8 
on  opposite  sides  of  the  meridian;  and  therefore  the  error  of 
observation  proper  will  be  shown  by  comparing  the  mean  of 
the  several  pairs  with  the  mean  of  these  means.  If,  then,  the 
mean  of  a  ]>air  of  observed  times  be  calle<l  a,  the  mean  of  all 
these  means  a^  the  probable  error  of  a  single  pair,  supposing  all 
to  be  of  the  same  weight,  is* 

r  =  q    I *»- 

\     n  —  1 

in  whiih  n  ---  the  number  of  jmirs,  and  7  0.6745  is  the  factor 
to  reduce  mean  to  jirobable  errors.  The  probable  error  of  the 
linal  mean  o^  is 

r 

1  '* 


♦  See  Appendix,  Leatt  S^juartf. 
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in  taking  the  mean  of  Beveral  observations  in  this  way,  it  must 
not  be  forgotten  tliat  we  assume  that  the  altitude  varies  in  pro- 
|»ortion  to  the  time,  which  is  theoretically  true  only  in  tlie 
exceptional  case  where  the  observer  is  on  the  equator  and  the 
8tar*8  declination  is  zero.  It  is,  however,  practically  true  for  an 
inter\'al  of  a  few  mhiutes  when  the  star  is  not  too  near  tlie 
meridian.  The  obser\'ation8  themselves  will  generally  show  the 
limit  beyond  wliich  it  will  not  be  safe  to  apply  this  rule.  "Wlien 
the  obser\'ations  have  been  extended  beyond  this  limit,  a  cor- 
rection for  the  unequal  change  in  altitude  {Le.  for  second  differ- 
cncei*)  can  be  applied,  wliich  will  be  treated  of  below. 

With  the  altitude  and  azimuth  instrument  we  generally  ob- 
tain zenith  distances  directly.  In  all  cases,  however,  we  may 
Mip]M)Ae  the  ob8er\'ation  to  give  the  zenith  distance.  Having 
then  corrected  the  obsen-ation  for  instrumental  errors,  for  re- 
fraction, &c..  Arts.  135,  130,  let  ^  be  the  rcrtulting  true  or  geo- 
centric zenith  distance.  Let  ip  be  the  latitude  of  the  place  of 
obncn'ation,  3  the  star  s  declination,  /  the  starts  hour  angle. 
Tlie  three  sides  of  the  spherical  triangle  formed  by  the  zenith, 
the  iK>le,  and  the  star  may  be  denoted  by  a  =  90*^  —  ^^h  ~-  C»  <•  ~ 
IM)<^  —  o,  and  the  angle  at  the  pole  by  B  —  /,  and  hence.  Art.  22, 
we  deduce 

\'  \  COS  tp  cos  ^  I 

whi4-h  gives  t  by  a  xory  simple  logarithmic  computation.  From 
/  we  diMluce,  by  Art.  55,  the  local  time,  which  coniparc<l  with 
the  obsen'ed  clock  time  gives  the  clock  correction  required. 

It  is  to  be  obscr^•ed  that  the  double  sisrn  belonirinir  to  the 
radical  in  (267)  gives  two  values  of  sin  1  /,  the  jjositive  corre- 
h|M>iiding  to  a  west  and  the  negative  to  an  east  hour  angle;  since 
anv  ifiven  zenith  distance  mav  be  observed  on  either  si<le  of  the 
meridian.  To  distinguish  the  true  solution,  the  observer  must 
<»f  rourse  note  on  which  sitle  of  the  meridian  he  has  observed. 

If  the  object  obser^'e<l  is  the  sun,  the  moon,  or  a  planet,  its 
dec  linati<»n  is  to  be  taken  from  the  Ephemeris,  for  the  time  of 
the  obser\ation  (referred  to  the  meridian  of  the  Ephemeris);  but, 
as  this  time  is  itself  to  be  found  from  the  observation,  we  must 
at  first  assume  an  approximate  value  of  it,  with  which  an  approxi- 
mate declination  is  found.     With  this  declination  a  first  coinpu- 
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Observed  2  O  =  33°  IV    0" 
Index  corr.       =  —     1  10 

33      8  50 

App.  altitude    =16  34  25 

z  =  7S  2^35 

(Table  II.)  r  =  +  3  15 

V  8in2  =  p  =  —  8 

S=—  16  17 

C  =  73    12  25 

The  computation  by  (267)  is  then  as  follows: 

^=       38**  58' 53"  log  sec  ^         0.109383 

^  =  —  22   50  27  log  sec  d         0.035464 

^  —  d  =       61    49  20  log  sin  }  sum  9.965661 

^  _       73    12  25  log  8»n  i  diff.  8.996455 

}  sum  =       67    30  52  .5  19.106963 

}diff.  =         5   41  32.5  logsinK         9.553482 

n  =  20°  57'  25".6 
Apparent  time  =  f  =  2*  47"  39'.4 
Eq.  of  time  =  —  7    25.8 

Local  mean  time      =  2  40    13  .6 
Longitude  =5     5    57 .5 

Time  Gr.  Time  =  T'  =  7  46    11 .1 

T  =  7  36    35.1 

aT^  -f-   9    36.0 

apreeinp  so  nearly  with  the  assumed  correction  that  a  repetition 
of  the  computation  is  unnecessary. 

146.  If  it  is  preferred  to  use  the  altitude  instead  of  the  zenith 
distance,  put  the  true  altitude  h  =  90°  —  ^,  and  the  polar  distance 
of  the  star  P  =  90°  —  J,  then  we  have,  in  (267), 

sin  i  [:-  (f  —  'J)]  =:8in  }  (90°  —  A  —  ^  +  90°  — P)=r  cos  }  (A  -  f  +  P) 
»in  I  [:  +  f'  -  ^  ]  =  sin  1  (90°  —  A  +  ^  —  90°  +  P)  =  sin  J  (^  +  P—  h) 

If  then  we  put 

the  formula  becomes 


8m 

Vol.  L— 14 


.    ,  ,         //cos  8  sin  (s  —  h)\ 

init  =  Jl  .     „-   )  (268) 

\  \       cos  ^  sm  P      /  ^       ' 
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for  the  logaritlims  of  sin  f  sin  S  and  cos  <p  cos  3  will  be  constant, 
and  for  each  obsen^ation  we  shall  only  have  to  take  from  the 
trigonometric  table  the  log.  of  cos  ^ ;  the  logarithm  of  the  nume- 
rator will  then  be  found  bv  the  aid  of  Zech*s  Addition  or  Sub- 
traction  Table,  which  is  included  in  IIulsse's  edition  of  Vega's 
Tables.  The  addition  or  the  subtraction  table  will  be  used  ac- 
cording as  sin  f  sin  d  is  positive  or  negative. 

149.  Effect  of  errors  in  the  data  upon  the  time  computed  from  an 
altitude. — We  liave  from  the  diflerential  equation  (51),  Art.  35, 
multiplying  dt  by  15  to  reduce  it  to  seconds  of  arc, 

sin  q  cos  J  (15  dt)  =.  dZ  —  cos  A  dtp  -f  cos  q  dd 

where  r/^,  dtp^  rfJ,  may  denote  small  errors  of  ^,  ^,  J,  and  dt  the 
corresiH>nding  error  of  /;  A  is  the  star  s  azimuth,  q  the  parallactic 
angle,  or  angle  at  the  star. 

If  the  zenith  distance  alone  is  erroneous,  we  have,  by  putting 
df  =•  0,  and  dd  =  0, 

lo  dt  = 


sin  q  cos  d       cos  f  »in  A 

from  which  it  follows  that  a  given  error  in  the  zenith  distance 
will  have  the  least  effect  upon  the  computed  time  when  the 
azimuth  is  90*^  or  270® ;  that  is,  when  the  star  is  cm  the  prime 
vertiral ;  for  we  then  have  sin^l  =  zh  1,  and  the  denominator 
of  this  expression  obtains  its  maximum  numerical  value.  Also, 
since  cos  ^  is  a  maximum  for  ^  =  0,  it  follows  that  obscrAa- 
tions  of  zenith  distances  for  determining  the  time  give  the 
most  accurate  results  when  the  place  is  on  the  e(piator.  On  the 
other  hauil,  the  least  favorable  position  of  the  star  is  when  it  is 
^»n  the  meridian,  and  the  least  favorable  position  of  the  obser\*cr 
is  at  the  ]N»le. 
By  putting  d^  =  0,  do  =  0,  sin  q  cos  d  =  cos  ip  sin  A  we  have 


COS  0  Ian  A 

by  whi<'h  we  see  that  an  error  in  the  latitude  also  produces  the 
least  effect  when  the  star  is  on  the  prime  vertical,  or  when  the 
ubscr\*cr  is  on  the  equator.     Indeed,  when  the  star  is  exactly  in 
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over  the  meridian.  Ileucc,  it  follows  again,  as  in  Art  143,  that 
small  errors  in  the  latitude  and  declination  have  no  sensible 
eflect  upon  the  time  computed  from  equal  altitudes. 

150.   To  find  the  change  of  zenith  distance  of  a  star  wi  a  given  in- 
Ureal  of  tinie^  having  regard  to  second  differences. 
The  formula 

dZ  =  cos  f  sin  A  dt 

IB  strictly  true  only  when  d^  and  di  are  infinitesimals.  But  the 
complete  expression  of  the  finite  difterence  a^  in  terms  of  the 
finite  difierence  lit  involves  the  square  and  higher  powers  of  a^ 
Let  ^  be  expressed  as  a  function  of  t  of  the  form 

then,  to  find  any  zenith  distance  C  +  ^C  corresponding  to  the 
hour  angle  i  +  a/,  we  liave,  by  Taylor's  Theorem, 

dft  d^ft   A/' 

^  dt  dt'     2 

or,  taking  only  second  diflerenccs, 

^     d:    ^  ,  //»:  Af» 

AT  =  ~     -Af  H 

dt  do    2 

We  have  already  found 

d:  .     , 

-  -  =  cos  0  sm  A 

dt 
which  gives,  since  A  varies  with  /,  but  ^  U  constant, 

^n:  ^    dA 

—  =  eoH  tp  C08  -i  •      - 

dt'  dt 

But  fmni  the  second  of  equations  (r>l)  we  have,  since  dd  and  dip 
are  here  zero, 

dA  cos  q  cos  tt       C09  g  B\n  A 

dt  Hill  Z  ti'iii  t 

whence 

d^Z COS  f  8in  .1  voH  A  cos  q 


t 


it'  8in  t 
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we  have,  by  (272), 

C|  —  C  =  15  a  Tj  -f  akm^ 
C,  —  C  =  15  a  T,  4-  akm^ 
C,  —  C  =  15  a  T,  -[-  akm^ 
ko.  &c. 

ID  which  WL  =  — : — — - ',  rw,  =  — ; — — -^,  &e.,  are  found  by  Tab.  V. 
^  sin  1"    '     *         sin  l"   '       '  -^ 

with  the  arguments  Tj,  r^  &c.  The  mean  of  these  equations, 
observing  that 

^i  +  ^M  +  ^*  +  Ac-  =  ^ 
gives 

C  =  :  —  nJl:  /^'  +m, +  ^3  +  40 

ill  whieli  71  =  the  number  of  obser\^ation8.  Or,  denoting  the  mean 
of  the  values  of  m  from  the  table  by  m^,  that  is,  putting 

^1  +  ^«  +  »w,  +  &e. 
•  n 

we  have 

C  =  :.  —  akm^  (273) 

2r/.  Rt'dueiion  of  the  mean  of  the  times  to  the  mean  of  the  zenith 
distances. — Let  T^  be  the  clock  time  corresponding  to  the  mean 
of  the  zenith  distances,  then  Co  ~  C  ^**  ^'^^  change  of  zenith  dis- 
tance in  the  inter\'al  T^—  Tj  and,  since  this  interval  is  very  small, 
we  shall  liave  sensibly 

15a  (7;  -  T)  =  :^  -  :=akm^ 
whence 

T.=  T+  ,\  km,  (274) 

We  have,  then, only  to  compute  the  true  time  T/  from  the  mean 
of  the  zenith  distances  in  the  usual  manner,  and  the  clock  cor- 
rection will  then  be  found,  as  in  other  caries,  by  the  fonnula 

0  0 

To  compute  A*,  we  must  either  first  find  q  and  -1,  or,  which  in 
preferable,  express  it  by  the  known  quantities.     AVe  have 

cos  q  cos  A  =rr  cos  t  —  sin  7  sin  A  cos  C 

.        sin*  t  .         „ 

=  cos  t -  cos  f  cos  d  cos  C 

sin*  C 
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The  correction  for  second  differences  is  particularly  useful  in 
reducing  series  of  altitudes  observed  ^vith  the  repeating  circle  ;* 
for  T^ith  this  instrument  we  do  not  obtain  the  several  altitudes, 
but  only  their  mean.  (See  Vol.  II.)  When  the  several  altitudes 
are  know-n,  we  can  avoid  the  correction  by  computing  each 
obsen-ation,  or  by  dividing  the  whole  series  into  groups  of  such 
extent  that  within  the  limits  of  each  the  second  differences  vriM 
he  insensiblei  and  computing  the  time  from  the  mean  of  each 
group. 

FOURTH   METHOD. — BY   THE   DISAPPEARANCE   OF   A   STAR   BEHIND   A 

TERRESTRIAL   OBJECT. 

152.  Tlie  rate  of  the  clock  may  be  found  by  this  method  with 
considerable  accuracy  without  the  aid  of  astronomical  instru- 
ments. The  terrestrial  object  should  have  a  sharply  defined 
vertical  edge,  behind  which  the  disappearance  is  to  be  obser\'ed, 
and  the  position  of  the  eye  of  the  observer  should  be  precisely 
the  same  at  all  the  obscn^ations.  If  the  star's  right  ascension 
and  declination  are  constant,  the  difference  between  the  sidereal 
dock  times  T^  and  T^  of  two  disappearances  is  the  rate  ^7"  in  the 
interval,  or 

ar=  r,  —  7; 

bat  if  the  right  ascension  a  has  increased  in  the  interval  by  Aa, 
then  the  rate  is 

dT=  T,—  T^  +  Aa 

To  find  the  correction  for  a  small  change  of  declination  =  a^. 


•ereral  •Ititudes  or  lenith  diftanees,  but  for  sdiaII  lenith  distances  the  difference 
wilt  be  innenMble.  At  great  senith  distances  we  should  compute  the  several  refrao- 
tioDs.  but  under  8()®  we  may  take  the  refraction  r  for  the  mean  apparent  senith 
diMance  r^.  and  correct  it  as  follows :    Take  the  difference  between  i^  and  each  i,  and 


the  Bean  m,  of  the  values  of 

2  sin*  }  (i  -  I,) 
sin  V 

from  Table  V.  (conTcrting  the  ar|rument  2  —  Zq  into  time);  then  the  mean  of  the 
reflections  will  be  found  hy  the  formula 

Tp  =  r  -f-  *2m^  sin  r  sec*  i^ 

The  difference  /    -  '«  should  not  much  exceed  P. 

•  This  meihLd  wan  frequently  practiseil  in  the  geodetic  surrey  of  France.     See 
yomrelle  Dfcnphon  Giom^trique  de  la  France  (Pcissast),  Vol.  I.  p.  IW. 
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reiiith  distance  is  then  ^  =  90°  +  18°,  or  A  =  —  18°,  with  which 
we  can  find  the  honr  angle  by  (267)  or  (268). 

Note. — Methods  of  finding  at  once  both  the  time  and  the  latitude  from  observed 
altitudes  will  be  treated  of  under  Latitude,  in  the  next  chapter. 

FINDING   THE  TIME   AT   SEA. 

First  Method. — -By  a  Sivgle  Altitude. 

156.  This  is  the  most  common  method  among  navigators,  as 
altitudes  from  the  sea  horizon  are  observed  with  the  greatest 
facility  with  the  sextant.  Denoting  the  observ^ed  altitude  cor- 
rected for  the  index  error  of  the  sextant  by  -ff,  the  dip  of  the 
horizon  by  JD,  we  have  the  apparent  altitude  A'  =  -ff  —  /);  then, 
taking  the  refraction  r  for  the  argument  A',  the  true  altitude  of  a 
star  is  A  =  A'  —  r.  A  planet  is  observed  by  bringing  the  esti- 
mated centre  of  its  reflected  image  upon  the  horizon,  so  that  no 
correction  for  the  semidiameter  is  employed;  the  parallax  is  com- 
puted by  the  simple  formula  (r  being  the  horizontal  parallax) 

|)  =  TT  cos  A' 

and  hence  for  a  planet 

A  =  A'  —  T  -\-  -!:  cos  A' 

Tlie  moon  and  sun  are  obser\'ed  by  bringing  the  reflected 
image  of  cither  the  upper  or  the  lower  limb  to  touch  the  horizon. 
As  very  groat  precision  is  neither  possible  nor  necessary  in  these 
observations,  the  compression  of  the  earth  is  neglected,  and  the 
parallax  is  computed  by  the  formula 

p  =z  i:  cos  (A'  —  r) 
and  then,  S  being  the  semidiameter, 

A  =  A'  —  r  -j-  r  cos  (A'  —  r)  ±  S 

III  nautical  works,  the  whole  correction  of  the  moon's  altitude 
for  paralhix  and  refraction  -  -  cos  (A'  —  r)  —  r  is  given  in  a  table 
with  the  arguments  apparent  altitude  (A')  and  horizontal  panillax 
(r).  In  the  construction  of  this  table  the  mean  refniction  is  used, 
but  the  corrections  for  the  barometer  and  thermometer  are  given 
in  a  very  simple  table,  although  they  are  not  usmdly  of  suftieient 
importance  to  be  regarded  in  correcting  altitudes  of  the  moon 
which  are  taken  to  determine  the  local  time. 
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ship  liad  not  changed  her  latitude  or  liad  run  upon  a  parallel, 
llfuce  J  a/  is  to  be  subtracted  from  the  mean  of  the  chrono- 
meter times  to  obtain  the  chronometer  time  of  the  starts  transit 
over  the  middle  meridian. 

In  this  formula  we  must  observe  the  sign  of  tan  A.  It  will 
])e  more  convenient  in  practice  to  disregard  the  signs,  and  to 
apply  the  numerical  value  of  the  correction  to  the  middle  time 
according  to  the  following  simple  rule: — add  the  correction  when 
the  ship  has  receded  from  the  sun;  subtract  it  when  the  ship  has 
approfwhed  the  sun. 

The  azimuth  may  be  found  by  the  formula 

sin  t  cos  d 

Bin  A  = 

cos  A 

in  wliich  for  i  we  take  one-half  the  elapsed  time. 

The  sun  being  the  only  object  which  is  employed  in  this  way, 
we  should  also  apply  the  equation  of  ecpial  altitudes,  Art.  140; 
but,  as  the  greatest  change  of  the  sun's  declination  in  one  hour 
is  about  1',  and  the  change  of  the  ship's  latitude  is  geneniUy 
murh  greater,  the  equation  is  commonly  neglected  as  relatively 
unim|M»rtaiit  in  a  method  which  at  sea  is  necessarily  but  aj)- 
pn»ximate.  But,  if  required,  the  equation  may  be  computed 
and  applied  precisely  as  if  the  ship  had  been  at  rest. 

Example. — At  sea,  March  20,  185G,  the  latitude  at  noon  being 
31*^  X.,  the  same  altitude  was  observed  A.M.  and  P.M.  as  fol- 
lows, by  a  chron<mieter  regulated  to  mean  Greenwich  time: 

Ol>sd.^  30^    O'        A.M.  Chro.  time   =  11*  39- 33 

Index  corr.  —    2         P.M.       *'        "      =    6   20    17 

Dip  —    4         Elapsed  time  r^2f=    6  40    44 

lU'fraction  —    2  Middle  time  -=    2   iVJ    55 

Scmidiam.  +  1^  Chron.  correction  =     —  2    12 

A  —  30     8         GrctMi.   time   of  r  «   r-    40 


noon 


1=.    2   5 


The  sliij»  changed  her  latitude  between  the  two  obsen'ations 
]>v  AC  -  20'  —  —  1200".  For  the  (ireenwich  date  March 
2<i.  2*  ."jK"",  thi-  Eplieinerirt  fjives  J  =  +  0°  4',  und  we  have  t  =^ 
2f  2<r  22*  =  50°  5'  30",  f  =  39°  0'.     Ilenco 


MEBIDIAN  ALTITUDES.  223 


CHAPTER  VI. 

nXDING  THE  LATITUDE  BY  ASTRONOMICAL  OBSERVATIONS. 

160.  By  the  defiiiitiou,  Art.  7,  the  latitude  of  a  place  on  the 
eurface  of  the  earth  i8  the  declination  of  the  zenith.  It  was  also 
ehown  in  Art.  8  to  be  equal  to  the  altitude  of  the  north  pole  above 
tlie  horizon  of  the  place.  In  adopting  the  latter  definition,  it  is 
to  be  remembered  that  a  depression  below  the  horizon  is  a 
negative  altitude,  and  that  south  latitude  is  negative.  The 
south  latitude  of  a  place,  considered  numerically,  or  without 
regard  to  its  algebraic  sign,  is  equal  to  the  elevation  of  the 
south  pole. 

It  is  to  be  remembered,  also,  that  the  latitude  thus  defined  is 
not  an  angle  at  the  centre  of  the  earth  measured  by  an  are  of 
the  meridian,  as  it  would  be  if  the  earth  were  a  sphere ;  but  it 
is  the  angle  which  the  vertical  line  at  the  place  makes  with  the 
j»Iane  of  the  equator.  Art.  81. 

We  have  seen,  Art.  86,  that  there  are  abnormal  deviations  of 
the  plumb  line,  which  make  it  necessary  to  distinguish  between 
the  geodetic  and  the  astronomical  latitude.  We  shall  here  treat  ex- 
clunivcly  of  the  methods  of  determining  the  astronomical  lati- 
tude; for  this  depends  only  upon  the  actual  position  of  the 
jilumb  line,  and  is  merely  the  declination  of  that  point  of  the 
heavens  towards  which  the  plumb  line  is  directed. 

FIRST   METHOD. — BY   MERIDIAN   ALTITUDES   OR   ZENITH    DISTANCES. 

161.  Let  the  altitude  or  zenith  distance  of  a  star  of  known 
declination  be  observed  at  the  instant  when  it  is  on  the  meridian. 
Deduce  the  true  geocentric  zenith  distance  ^,  and  let  o  be  the 
geoi'entric  declination,  (p  the  astronomical  latitude. 

Let  the  celestial  sphere  be  projected  on  the  plane  of  the 
meridian,  and  let  ZSZ\  Fig.  24,  be  the  celestial  meridian:  C 
the  centre  of  the  sphere  coinci<lent  with  that  of  the  earth:  POP' 
the  axis  of  the  sphere;  P  the  north  pole;  and  ECQ  the  projection 
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directly  the  zenith  distance,  or  its  supplement,  the  nadir  distance. 
With  a  meridian  circle  'perftcibj  adjusted  in  the  meridian^  the 
intftant  of  transit  would  be  known  without  reference  to  the 
clock,  and  the  observation  would  be  made  at  the  instant  the 
star  passed  the  middle  thread  of  the  reticule ;  but  when  the  in- 
Btninient  is  not  exactly  in  the  meridian,  or  when  the  observation 
is  not  nuide  on  the  mi(UlIe  thread,  the  observed  zenith  distance 
must  be  reduced  to  the  meridian,  for  which  see  Vol.  IL,  Meridian 
Circle. 

With  the  sextant  or  other  portable  instruments  the  meridian 
altitu<lc  of  a  fixed  star  may  be  distinguished  as  the  greatest 
altitude,  and  no  reference  to  the  time  is  necessary.  But,  as  the 
sun,  moon,  and  planets  constantly  change  their  declination, 
their  greatest  altitudes  may  be  reached  either  before  or  after  the 
meridian  passage  ;♦  and  in  order  to  observe  a  strictly  meridian 
altitude  the  clock  time  of  transit  must  bo  previously  comimted 
and  the  altitude  observed  at  that  time. 

Example  1. — On  March  1, 185G,  in  Long.  10*  5"  32*  E.,  suppose 
the  apparent  meridian  altitude  of  the  sun's  upper  limb,  north  of 
the  zenith,  is  63°  49'  50'',  Barom.  30.  in.,  Ext.  Thenn.  50°;  what 
is  the  latitude  ? 

App.  zen.  dist.  Q  =       26°  10'  10". 

r   =        +       28  .7 
p  =.,         _  3  .8 

,V  =         -4-16  10  .3 

C  =z  —  26    26  45.2 
i  z=.—    733     5  .« 

f  =r  —  33^59  51  .0 

Example  2. — .July  20,  1856,  suppose  that  at  a  certain  place 
the  true  zenith  di.»<tances  of  a  Aqnda:  south  of  the  zenith,  and 
a  Crplul  north  of  the  zenith,  have  been  obtained  as  follows: 

a  AquUm  aCephei 

:  -:  +  26°  34'  27".5  C  =  —  26°  54'  28".3 

n  :z.  -f.  J<_29  22  .7  d  -^  +  61    58  21  .1 

y-  rz  -i-  85      3  50  .2  9=  +  35      3  52  .8 

Tlie  mean  latitude  obtained  by  the  two  stars  is,  therefore, 
if  ---  -i-  35°  3'  51".5.     In  this  exami»le,  the  stars  being  at  nearly 

*  S«e  Art.  172  for  the  nietho4l  of  finding  the  time  of  the  sun's  greatc!>t  altitude, 
which  maj  a1>o  be  uieU  for  the  moon  or  a  planet. 
Vol.  I.— li 
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pole  18  lefts  than  the  latitude  may  be  observed  at  both  its  upper 
and  lower  culminations.     If  we  put 


h  =  the  true  altitude  at  the  upper  culmination, 
h^=       «<  *'  '*       lower  " 

p  =  the  star's  polar  distance  at  the  upper  culmination, 
/)j  ==       *<  "  **  "        lower  '' 

we  have,  evidently, 

^  —  h  —p 

the  mean  of  which  is 

9=\(^  +  K)  +  \{P,-p)  (280) 

whence  it  appears  that  by  this  method  the  absolute  values  of  p 
and  />!  are  not  required,  but  only  their  difterence  p^  —  p.  The 
change  of  a  starts  declination  by  precession  and  nutation  is  so 
email  in  12*  as  usually  to  be  neglected,  but  for  extreme  precision 
ought  to  be  allowed  for.  This  method,  then,  is  free  from  any 
error  in  the  declination  of  the  star,  and  is,  therefore,  employed 
in  all  fixed  observatories. 

Example. — With  the  meridian  circle  of  the  Naval  Academy 
the  upper  and  lower  transits  of  Polaris  were  observed  in  1853 
Sept.  15  and  16,  and  the  altitudes  deduced  were  as  below: 

Upper  Transit.  Lower  Transit. 

Sept.  16,  App.  alt.  40O28'25".42      Sept.  16,  87«8r80".76 


Barom.      30.005   ^  Barom.        80.146  \ 

Att.  Therm.  6o*».2  VRef.  1     6.27      Att.  Therm.  76*'     [ 

Ext.    ««         63  .8  )  Ext,    ♦•  74  .6  J 


^ 

rrz. 

37 

80 

27 

.:>4 

Px 

—  - 

1 

28 

2.-, 

.86 

^ 

38 

r>8 

:u\ 

.40 

<4 

(( 

r>3 

.11 

A  =  40  27  1«.»  .15 
j>  :=    1   28  20  .04 

^  =  38  58  53  .11 

Mean  ^  =^  38  58  58  .26 

In  onler  to  compare  the  results,  each  observation  is  carried 
out  separately.     By  (280)  we  should  have 

}  (h   4-  h,)  =r.  38*^  58'  r)3".35 

ip  =  38    58  '53  .20 
This  method  is  still  subject  to  the  whole  error  in  the  refraction, 
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solar  tables  (or  from  tlie  Ephemeris  which  is  based  on  these 
tables),  notwithstanding  small  errors  in  the  absolute  value  of  the 
obliquity.  The  small  change  in  the  obliquity  between  two 
solstices  is  also  very  accurately  known.  If  then  as  is  the  un- 
known correction  of  the  tabular  obliquity,  and  the  tabular  values 
at  tlie  tui'o  solstices  are  c  and  c',  the  true  values  are  c  +  ac  and 
f '  +  Ae ;  and  if  the  tabular  declinations  at  two  observations  near 
tlie  solstices  are  c  —  a:  and  —  (c '  —  a:'),  the  true  declinations  will 
be  ^  —  e  +  Ae  —  X  and  ^'  =  —  («'  +  Ae  —  x'),  and  by  the  formula 
f  —'  ^  +  d  we  sliall  have  for  the  two  observations 

f  zz^  Z    +«    -f-Ar  —  X 
f  =-  C  —  c'  —  Ar  +  X-' 

the  mean  of  wliich  is 

f  -  i (:  -r  :')  +  i(»  -  O  -  K^  -  .r') 

a  result  which  depends  upon  tlie  small  changes  e  —  e'  and  x  —  x\ 
both  of  which  are  accurately  known. 

It  is  plain  that,  instead  of  computing  these  changes  directly,  it 
suffices  to  deduce  the  latitude  from  a  number  of  ob8er\'ations 
near  each  solstice  by  employing  the  apparent  declinations  of  the 
solar  tables  or  the  Ephemeris ;  then,  if  <p'  is  the  mean  value  of 
the  latitude  found  from  all  the  observations  at  the  northern 
solstice,  and  f "  the  mean  from  all  at  the  southern  solstice,  the 
true  latitude  will  be 

Ever\-  observation  should  be  the  mean  of  the  observed  zenith 
distances  of  both  the  upper  and  the  lower  limb  of  the  sun,  in 
order  to  be  independent  of  the  tabular  Hemidiameter  and  to 
eliminate  errors  of  obserN'ation  as  far  as  i)08sible. 

SECOND    METHOD. — BV    A    SINGLE    ALTITIDE    AT    A    GIVEN    TIME. 

IW.  At  the  instant  when  the  altitude  is  observed,  the  time  is 
iioteil  by  the  clock.  The  clock  correction  being  known,  we  find 
the  true  local  time,  and  hence  the  star  s  hour  angle,  by  the 
formula 

f  =  e  — tt 

in  which  0  is  the  sidereal  time  and  a  the  star*s  riglit  ascension. 
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limb  obsen'ed  with  the  sextant  and  artificial  horizon  was  114° 
40'  30"  at  4*  27*  15*  by  a  Greenwich  Chronometer,  which  was 
fofit  2r  30*.  Index  Correction  of  Sextant  =  —  1'  12",  Barom. 
29.72  inches,  Att.  Therm.  61°  F.,  Ext.  Therm.  61°  F.  Kequired 
the  true  latitude. 


Sextant  reading  =  114°  40^  30" 
Index  eorr.                 —      1  12 

Chronometer            4*  21"  1 5* 
Correction               —     2  30 

> 

114    39  18 

Gr.  date,  March  27,  4  18  45 

App.  alt.  Q          =    57    19  39 

Scmidiamctcr      —    -|-    I^     ^ 
Rcf.  and  par.       —    —          31 

Longitude         =    2  52  56 

Local  mean  t.    =    1  25  49 
Eq.  of  time        —  —     5   19 

A  —    57    35  11 

a  —  +2    51  30 

App.  time,  t       —     1  20  30 

=  20°  r  30" 

log  sec  t       0.027360 
log  tan  d      8.698351 

log  tan  D    8.725711 
i)  —  +  3*>  2'  38" 

log  eosec  d  1.302190 
log  sin  D     8.725098 
log  sin  k      9.926445 

Y  =      25  58  49 
D      r  —  9—       22  56  11 

log  cos  r      9.953733 

Example  2. — 1856  Aug.  22;  suppose  the  true  altitude  of 
Fomalhaut  is  found  to  be  29°  10'  0"  when  the  local  sidereal  time 
id  21*  49-  44';  what  is  the  latitude? 

We  have  a  ^  22»  49"  44',  whence  ^  r^  —  1*  0-  0* ;  ^  =  —  30°  22'  47".5 ; 
I)  ^  -  '^\o  15'  13",  r  ^-  ±  60°  0'  6",  ip--^  +  28°  44'  53".  The  nega- 
live  value  of  y  here  gives  f  =  —  91°  15'  19";  which  is  inadmissible. 

16r>.  The  observation  of  equal  altitudes  east  and  west  of  the 
meri<Iian  may  be  used  not  only  for  determining  the  time  (Art. 
139),  but  also  the  latitude.  For  the  half  elapsed  sidereal  time 
between  two  such  altitudes  of  a  fixed  star  is  at  once  the  hour 
aii*rle  re<iuired  in  the  method  of  the  i)receding  article.  When 
the  sun  is  used  in  this  wav,  the  half  difference  between  the 
appaiviit  times  of  the  ()bser\'ations  is  the  hour  angle,  and  the 
declination  must  be  taken  for  noon,  or  more  strictly  for  the 
mean  of  the  times  of  observation.  By  thus  employing  the 
mean  of  the  A.M.  and  P.M.  hour  angles  and  the  mean  of  the 
curres[>onding  declinations,  we  obtain  sensibly  the  same  result 
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at  the  same  time  with  that  of  errors  of  altitude  and  time,  we 
should  select  a  star  as  near  the  pole  as  possible,  and  observe  it 
at  or  near  its  greatest  elongation,  on  either  side  of  the  meridian. 
The  proximity  of  the  star  to  the  pole  enables  us  to  facilitate  the 
reduction  of  a  series  of  observations,  and  we  shall  therefore 
treat  specially  of  this  case  as  our  Fourth  Method  below. 

107.  Wlien  several  altitudes  not  very  far  from  the  meridian  are 
obser%'ed  in  succession,  if  we  wish  to  use  their  mean  as  a  single 
altitude,  the  correction  for  second  difterences  (Art.  151)  must  bo 
applied.  It  is,  however,  preferable  to  incur  the  labor  of  a  sepa- 
rate reduction  of  each  altitude,  as  we  shall  then  be  able  to  com- 
pare the  several  results,  and  to  discuss  the  probable  errors  of  the 
c>bser\'ations  and  of  the  iinal  mean.  AVlien  the  obsen-ations  are 
verj-  near  to  the  meridian,  this  separate  reduction  is  readily 
effected,  with  but  little  additional  labor,  by  the  following  method: 

THIRD   METHOD. — BY   REDUCTION   TO   THE   MERIDIAN    WHEN   THE  ^ 

TIME    IS    GIVEN.  _^' 


168.  To  reduce  an  altitude^  observed  at  a  given  time^  to  the  meridian. — 
This  is  done  in  various  wavs. 

(A.)  If  in  the  formula,  employed  in  Art.  164,  v "  ' 

sin  y?  sin  <J  +  cos  ^  cos  d  cos  f  =  sin  A 

we  substitute 

cos  t  =  1  —  2  sin* }  t 
it  becomes 

sin  ip»\n  d  -{-  cos  f  cos  d  —  2  cos  ^  cos  d  sin'  J  f  =  sin  A 

But 

sin  f  sin  J  +  ^^s  ^  cos  d  =  cos  (^  - —  d)  or  cos  (o  —  <f) 

Hence,  if  we  put 

C,  -  -  f  —  3,         or  Cj  ^-z  d  —  f 

the  above  equation  may  be  written 

cos  r,  "-  sin  A  +  cos  ^  cos  <J  (2  sin*  J  t)  (282) 

If  the  star  does  not  change  its  declination,  ^,  is  the  zenith 
distance  of  the  star  at  its  meridian  passage;  and,  being  found  by 


Cr^ 


■\ 


1 

if 
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the  formula  (282)  gives 

sin  Aj  —  sin  A  =  2  cos  f  cos  d  sin*  }  t 
But  we  liave 

sin  Aj  —  sin  A  =  2  cos  }  (A^  +  A)  sin  J  (A^  —  A) 

and  hence 

•     1  ,.         .N       <^os  cr  cos  ti  sin*  }  t  .«o«v 

sm  )  (A,  —  A)  = —  (283) 

^  *  cos  i  (A,  +  A)  ^      ^ 

which  gives  the  difference  A,  —  A,  or  the  correction  of  A  to  reduce 
it  to  A, ;  but  it  requires  in  the  second  member  an  approximate 
value  botli  of  ^  and  of  Ap  the  latter  being  obtained  from  the 
assumed  value  of  y  by  the  equation  hi  =  90°  —  (y  —  3);  or,  if 
the  zenith  is  south  of  the  star,  by  the  equation  h^  =  90^  —  (5  —  f). 

Example. — Same  as  the  above. 

log  sin*  i  t  8.484696 

log  cos  ^  9.9G4026 

log  cos  d  9.999459 

log  see  }  (A,  +  A)  0.312573 

log  sin  i  (Aj  —  A)  8.760754 

d  ^.         2*»  51'  30" 
C,=  —  25  48  16 

SP  =  —  22   56  46 

This  method  does  not  approximate  so  rapidly  as  the  preceding, 
but  the  objection  is  of  little  weight  when  the  observation.**  are 
very  near  the  meridian.  On  the  other  hand,  it  has  the  great 
advantage  of  not  requiring  the  use  of  the  table  of  natural  sines. 

170.  ((\)  Circummeridlan  aftitudcs. — AVhen  a  number  of  altitudes 
are  observed  very  near  the  meridian,*  they  are  called  vimnn- 
Vicriihan  altitudes.  Each  altitude  reduced  to  the  meridian  gives 
nearly  as  accurate  a  result  as  if  the  observation  were  taken  on  the 
meridian. 

An  ap])roximate  method  of  reducing  such  observations  with 
the  greatest  ease  is  found  by  regarding  the  small  arc  J  (Aj  —  A) 
us  sensibly  equal  to  its  sine ;  that  is,  by  jmtting 

sin  i(A,  -  A)  :     \{h,  -  A)Hin  1" 


d   — 

2<»  51'  ac 

pprox.    f 

-23  00  00 

25  51  30 

A, 

64  8  30 

"  J(A.  +  A)- 

60  51  50 

/.,  —  A  = 

6  36  33 

h   = 

57  35  11 

A.  = 

64  11  44 

*  Iluw  near  to  the  meridian  will  be  deteroiineU  in  Art.  ITo. 
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wa*  fa«t  1"  45*.7.  The  index  correction  of  the  sextant  was 
—  14'  58",  Barometer,  30.21  inches,  Att.  Therm.  75°  F.,  Ext. 
Therm.  74°  F. 

The  right  ascension  of  the  star  was   14*  51'*  14*.0 
Chronometer  fast  +  ^    45  .7 

Clironometer  time  of  star's  transit     14   52    59 .7 

The  honr  angles  in  the  column  t  are  found  hy  taking  the  diifer- 
cm-e  between  each  obsen'ed  chronometer  tune  and  this  chro- 
nometer time  of  transit. 

m 

102.0 

70.2 

82.8 

4.4 

5.1 

22.3 

43.7 

66.0 

104.5 

160.1 


2  .\lt.  ^ 

C 

hron 

om. 

t 

108<»  81K  40" 

14*  45-  47'. 

7- 12'.  7 

89  50 

47 

1. 

5    58.7 

40  40 

48 

54.5 

4     5.2 

41     0 

51 

29.5 

1    80.2 

41     0 

54 

86.5 

1    86.8 

40  30 

56 

22. 

8    22.8 

40  20 

57 

43. 

4    48.3 

40    0 

58 

47.5 

5    47.8 

40    0 

15 

0 

17.5 

7    17.8 

89  20 

2 

10. 

9    10.8 

Mean  KiH   40  14 

iDtl.  conr.     —  14  'S 

lt)8   25  10 

Assumed  ^  = 

38«» 

59*0" 

54    12  38 

rJ  ■^-. 

74 

46  36  .9 

Refr.               —  42  .0 

App 

irox.  Ci=- 

35 ' 

47  36  .9 

Am^                  -i.  21  .6 

A,             54    12  17  .5 

:^        __  :{.-,    47  42  .5 

I?               74    46  36  .9 

o    -           38    58  54  .4 

mo=    61.61 


log  cos  ^       9.8906 
log  cos  6      9.4192 

logcosecC,   0.2329 

log  A  9.5427 

log  Wq  1.7897 

log  Am^        1.3324 

Remark  1. — The  reduction  A,  —  h  increases  as  the  denominator 
of  A  dcrreascrt,  that  is,  as  the  meridian  zenith  distance  decreases. 
The  j>receding  method,  tlierefore,  as  it  supposes  the  reduction  to 
he  small,  should  not  be  employed  when  the  star  passes  very  near 
the  zenith,  unless  at  the  same  time  the  observations  are  restricted 
to  very  small  hour  angles.  It  can  be  shown,  however,  from  the 
more  comjilete  f<»nnula?  to  be  given  presently,  that  so  long  as 
the  zenith  distance  is  not  less  than  10°,  the  reduction  computed 
bv  this  metho<l  mav  amount  to  4'  80"  without  being  in  ern)r 
more  than  1":  and  this  degree  of  accuracy  suiHces  for  even  the 
be>t  observations  made  with  the  sextant. 
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^  __  ^       cog  y  COB  a  2  Bin*  jj      /  cob  y  cos  d  V  2  cot  C,  sin*  j  t  ,^^^ 
•'""'  iiiill         ^iiTr     "^l      BinCj      /*         Binl"  ^"^     ^ 

By  this  formula,  first  given  by  DelambRe,  the  reduction  to 
the  meridian  consints  of  two  terms,  the  first  of  which  is  the  same 
as  that  employed  in  the  preceding  method,  and  the  second  is  the 
pnuill  correction  which  that  method  requires.  Tliese  two  terms 
will  be  designated  as  the  ^'  1st  Reduction"  and  **  2d  Reduction." 
Putting 

2  8in«i<                               2BinM< 
jn  = n  = 

sin  1"  sin  1" 

.       eofl  ^  cos  a  „        jf     ^  ^ 

A  = jB  =  A'  cot  Ci 

sin  Ci 
we  have 

:^  =  Z'-Am  +  Bn  (289) 

If  a  number  of  observations  are  taken,  we  have  a  number  of 
equations  of  this  form,  the  mean  of  which  will  be 

C,  =  Cp  —  Am^  +  Bn^ 

in  which  J^g  is  the  arithmetical  mean  of  the  observed  zenith  dis- 
tancert,  m^  and  w^  the  arithmetical  means  of  the  valuen  of  m  and 
n  corres|K>nding  to  the  values  of  L  The  values  of  n  are  also 
given  in  Table  V. 

Uaving  found  ^p  we  have  the  latitude,  as  before,  by  the  formula 

in  which  we  mupt  give  ^j  the  negative  sign  when  the  zenith  is 
Houth  of  tlie  star,  and  it  mu8t  be  remembere<l  that  for  the  8un 
(or  any  object  whose  proper  motion  is  sensible)  d  must  be  the 
mean  of  the  declinations  belonging  to  the  several  obstTvations, 


Bat  when  y  —  U  we  hare,  by  (a),  ;  ~  C|»  »o  that  (b)  becomes 

y  y'  cot  Ci  V* 

c  = ;,  +  ^-:- -  -.  -}  4-  i(i  -f  8cot«c,)  --^-  - &c.         (0 

■in  ;       2  sin*  Ci  Bin"  ^ 

Restoring  the  ralue  of  y,  this  giTes  the  deTelopment  used  in  the  text,  ohnerving  thai 
as  ;  an«l  ;,  are  supposed  to  be  in  seconds  of  arc,  the  terms  of  the  series  are  dirided 
bj  sin  1"  to  reduce  them  to  the  lame  unit. 
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the  observations,  the  hour  angles  t  are  found  by  merely  taking 
the  diflTerence  between  each  noted  time  and  the  chronometer 
time  of  the  star's  transit,  as  in  the  example  of  Article  170.  But 
if  we  wish  to  take  account  of  the  rate  of  the  chronometer,  it  can 
be  done  without  separately  correcting  each  hour  angle,  as  fol- 
lows: Let  ^7"  bo  the  rate  of  the  chronometer  in  24*  (dT  being 
positive  for  losing  rate,  Art.  137) ;  then,  if  t  is  the  hour  angle 
griven  directly  by  the  chronometer,  and  t'  the  true  hour  angle, 
we  have 

f:t  =  24*:  24*—  dr=  86400-:86400*  —  ar 
whence 


f  = 


1^1 

L         86400j 


*  = 


Instead  of  sin  J/  we  must  use  sin  J^';  for  which  we  shall  have, 
with  all  requisite  precision, 

f  /  f\t 

sin  if  =  Bin  it-  — ,  or  sin'  J  <'  =  sin*  J  f .  j  -  i 

Hence,  if  we  put 

L         8(>400j 

we  shall  have 

cos  f  cos  d  2  sin'  }  t 

Am  ^  k  • • 

sin  Cj  sin  1" 

so  that  if  we  compute  A  by  the  formula 

cos  ^  cos  9 


A  =  k' 


sin  Cj 


we  can  take  m  =  — .     -—  for  the  actual  chronometer  intervals, 

sm  1 ' 

and  no  further  attention  to  the  rate  is  required. 

The  fiu'tor  k  can  be  given  in  a  small  table  with  the  argument 
"rate,"  in  connection  with  the  ta])lo  for  ?/i,  as  in  our  Table  V. 

If  a  j*tar  is  observed  with  a  mean  time  chronometer,  the  inter- 
vals are  not  only  to  be  corrected  for  rate,  but  also  to  be  reduced 

Vol.  L— !• 
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with  the  argument  dT  —  8E  =  daily  rate  of  the  chronometer 
diminished  by  the  daily  increase  of  the  equation  of  time. 

Example. — 1856  March  15,  at  a  place  assumed  to  be  in  lati- 
tude 87^  49'  N.  and  longitude  122°  24'  W.,  suppose  the  fol- 
lowing  zenith  distances  of  the  sun's  lower  limb  to  have  been 
obsen-ed  with  an  Ertel  universal  instrument,*  Barom.  29.85 
inches,  Att.  Therm.  65*^  F.,  Ext.  Therm.  63°  F.  The  chrono- 
meter,  regulated  to  the  local  mean  time,  was,  at  noon,  slow 
11*  20'.8,  with  a  daily  losing  rate  of  6'.6. 


Oba'd  ten.  dist. 

Chronometer. 

( 

m 

fl 

40'»  8'40".7 

23' 

'37" 

'35*. 

—  19- 

'  58'.8 

783".8 

1".49 

40   2  16  .5 

42 

3. 

—15 

80.8 

472  .4 

0  .54 

89  57  28  .3 

46 

29.5 

—11 

4.3 

240  .6 

0  .14 

39  54  17  .2 

50 

46:5 

6 

47.3 

90  .5 

0  .02 

89  52  33  . 

55 

16. 

—  2 

17.8 

10  .4 

0  .00 

39  52  34  .5 

0 

0 

37.5 

+  3 

8.7 

18  .4 

0  .00 

39  54  28  .6 

5 

13. 

7 

39.2 

115  .0 

0  .03 

39  58  9  .8 

9 

49.5 

12 

15.7 

295  .1 

0  .21 

40   3  0  .3 

14 

8. 

16 

84.2 

538  .9 

0  .70 

40   9  36  . 

18 

81. 

20 

57.2 

861  .4 

1  .HO 

Hcans  39    59  18  .5  fo=  +   0    29.1  ?no  =  342  .60no=0  .49 

The  equation  of  time  at  the  local  noon  being  +  8*  54'.6,  we 

have 

Moan  time  of  app.  noon  =  0*  8"  54*.6 
Chronometer  slow  =       11    20.8 

Chr.  time  of  app.  noon  =23  57    33.8 

The  difference  between  this  and  the  observed  chronometer 
times  gives  the  hour  angles  t  as  above. 

The  mean  of  the  hour  angles  being  +  29*.!,  the  declination  is 
to  be  taken  for  the  local  apparent  time  0*  0"*  21K1,  or  for  the 
Greenwich  mean  time  March  15,  8*  18"*  51V.7;  whence 

o*  =  —    1°  48'  8".8 
(Approximate)  y-  .  :  -|-  37    49  0  . 
**  :,=--       39   37  8  .8 

The  increase  of  the  equation  of  time  in  24*  is  SE  =  —  17'.4, 


*  S«e  Vol.  II.,  Altitufle  and  Azimuth  Imtrumenty  for  the  method  of  obserring  the 
tenith  distances. 


CIRCUMMERIDIAN   ALTITUDES.  24.J 

i  id  the  declination  corresponding  to  the  hour  angle  U     If  then 

A<J  -=  the  hourly  increase  of  the  declination,  positive  when 
the  8un  in  moving  northward, 
d^  =z  the  declination  at  noon, 

and  if  t  is  expressed  in  seconds  of  time,  we  have 

^  =  a,  +  *-^  =  ^r  +  x 
'  ^  8600         '  ^ 

where,  since  a^  never  exceeds  60",  x  will  not  exceed  30"  so  long 
as  ^  <  30*.    Hence  we  may  substitute,  with  great  accuracy, 

sin  i  =  sin  d,  +  ^^s  ^i  ^^^  ^ 
cos  d  =  cos  S^  —  sin  d^  sin  x 

and  the  above  formula  becomes 

cos  C  =  sin  f  sin  ^,  +  cos  ^  cos  d^  cos  t  -f-  sin  (^  —  d^)  sin  x 

-f-  2  cos  f  sin  <Jj  sin* }  t  sin  x 

Tlie  last  term  is  extremely  small,  rarely  affecting  the  value  of  ^ 
by  as  much  as  0".l;  and  since  x  is  proportional  to  the  hour 
angle,  and  therefore  has  opposite  signs  for  observations  on  differ- 
ent Hides  of  the  meridian,  the  effect  of  this  term  will  nearly  or 
quite  disappear  from  the  mean  of  a  scricft  of  obsen'ations  pro- 
perly dintributed  before  and  after  the  meridian  passage.  Now, 
we  have 


Let 


then,  taking 


sin  j:  = =  15  <  sm  1" .  -     — 

3600  54000 


54UO0    cos  <p  cos  ^j 


15  t  sin  1"  =  sin  ^  +  J  sin*  t 


we  have 


^  ..,,.,...     .    cos  f  cos  «J 
H\nx     :(sm  f -f  J  sin*  f)  sm  v>  .         ^ —    "- 

sin(^— r)j) 


and  the  formula  for  cos  ^  becomes,  l)y  omitting  the  last  tenn, 
cos  C  =  sin  f  sii 


!*in  r)j  -|-  cos  5P  cos  ^,(cos  t  +  sin  t  sin  *) 
4"  I  cos  f  cos  ti^  sin'f  sin  »> 
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from  tiie  instant  the  sun  reaches  its  maximum  altitude,  we  have 

C^=:  —  Ani  +  Bn  (293) 

Since  ^j  differs  from  the  latitude  by  the  constant  quantity  o',  its 
value  found  from  each  observation  should  be  the  same.  Taking 
its  mean  value,  we  have 

f  =  Ci  +  ^' 

The  angle  e>,  being  very  small,  may  be  found  with  the  utmost 
precision  by  the  formula 

*  = ^ —  =  [9.40594]  —  (294) 

810000  sin  1"    A  A  ^ 

whicli  gives  i?  in  seconds  of  the  chronometer  when  A  has  been 
computed  by  the  formula  (292). 

The  most  simple  method  of  finding  the  corrected  hour  angles 
/'  will  be  to  add  (?  to  the  chronometer  time  of  apparent  noon, 
and  then  take  the  difterence  between  this  corrected  time  and 
each  observed  time. 

If  we  put  3'  =  ^j  +  y,  we  have 

y  =  A.'^$^  (295) 

SID  1" 

which  requires  only  one  new  logarithm  to  be  taken,  namely,  the 
value  of  log  m  from  Table  VI.  with  the  argument  i?.  We  then 
have,  finally, 

f  = :.  +  ^1  +  y  (206) 

Example. — The  same  as  that  of  the  preceding  article.  We 
liave  there  eni{)loyed  the  assumed  latitude  37°  49';  but,  since  even 
a  rouirh  computation  of  two  or  three  observations  will  give  a 
nearer  value,  let  us  suppose  we  have  found  as  a  first  approxima- 
tion if  ii7°  48'  45".  With  this  and  the  meridian  declination 
J,  -r  -  1°  48'  y.2,  and  log  k'  =  0.00024  as  before,  we  now  find, 
by  (292), 

log  A  =  0.09310  log  B  =  0.2683 

We  have  also  there  found  the  chronometer  time  of  apparent 
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Obs'd  C 

r  — 

P 

Am 

Bn 

* 

1 

40*>    S'WJ 

+  42".l 

— 16'  30".5 

+  2".9 

39' 

'  52'  55".2 

40      2  16  .5 

41 

.9 

10    0  .7 

1  .1 

58  .8 

39    57  28  .3 

41 

.8 

5    9  .2 

0  .3 

61  .2 

39    54  17  .2 

41 

.7 

1  58  .9 

0  .0 

60  .0 

39    52  33  . 

41 

.6 

0  15  .2 

0  .0 

59  .4 

39    52  34  .5 

41 

.6 

0  19  .9 

0  .0 

66  .2 

39    54  28  .6 

41 

.7 

2  15  .0 

0  .1 

55  .4 

39    58     9  .8 

41 

.8 

5  53  .7 

0  .4 

58  .3 

40      3    0  .3 

41 

.9 

10  51  .4 

1  .2 

62  .0 

40     9  36  . 

42 

.1 

17  26  .8 

3  .2 

54  .5 

(Lower  limb)  Moan  C,  — 

39 

52 

57  .10 

,      2  8in« )  ^ 

^   BID  r 

8.9090 

Scmidiumotor  — 



16 

6  .49 

'.- 

1 

48 

9  .20 

log  A 

0.0931 

y  - 

+ 

0  .10 

logy 

9.0021 

9  — 

37 

48 

41  .51 

Thirt  result  agrees  precisely  with  that  found  before.  If  we  suppose 
all  the  obaen'ations  to  be  of  the  same  weight,  we  can  now  deter- 
mine the  probable  error  of  observation.  Denoting  the  ditferenee 
between  each  value  of  l^^  and  the  mean  of  all  by  r,  and  the  sum 
of  the  s<[uare8  of  v  by  [ri:],  according  to  the  notation  used  in  the 
method  of  least  squares,  we  have 


vv 


—  r'.9 

3.61 

+  1  .7 

3.24 

+  4  .1 

16.81 

+  2  .9 

8.41 

-f  2  .3 

5.29 

—  0  .9 

.81 

1  .7 

2.89 

+  1.2 

1.44 

5  .1 

26.01 

—  2  .6 

6.76 

Mean  error  of  a  single  observa- 
tion =  J  J^'"^-  =^  2".H9 
A'/i  — 1 

Mean  error  of  the  final  value  of 


*>  SO 
^=.---  =  0".91 

|/10 


;i  =  10,  [it]  =  75.27 

Proliable  error  of  a  single  obs.  =  2".S9  X  0.6745  =  r'.O;) 
"      of  v»  =0  .91  X  0.6745  =  0  .62 

It  must  not  be  forgotten  that  the  probable  error  1". Of)  here 
represents  the  j>robable  error  of  nhserrafion  only :  a  constant  error 
of  the  instrument,  affecting  all  the  obser\'ations,  will  fonn  no 
]Kirt  of  this  error;  and  the  same  is  true  of  an  error  in  the 
refraction. 
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175.  To  determine  the  limits  within  which  the  preceding  methods  of 
reducing  circummeridian  altitudes  are  applicable. — First.  lu  the 
method  of  Art.  170  we  employ  only  the  "  first  reduction"  (=  Am)^ 
which  is  the  first  temi  of  the  more  complete  reduction  expressed 
by  (288).  The  error  of  neglecting  the  "  second  reduction"  (=  Bn) 
increases  with  the  hour  angle,  and  if  this  method  is  to  be  used  it 
becomes  necessary  to  determine  the  value  of  the  hour  angle  at 
which  this  reduction  would  be  sensible.    We  have 

^  .^     .  ^  2  Bin* it 

Bn  =  A*  cot  C, 

'    sin  r 

whence  if  we  put  b  for  Bn  and 

i^  =  |/ 1  sin  1"  tan  Cj 


we  derive 


sin«  J  e  =  —  i/6  (298) 

A 


Since  ^^  =  (p  —  8^  F  and  A  are  but  functions  of  y  and  3 ;  and 
therefore  by  this  formula  we  can  compute  the  values  of  t  for 
any  ansigned  value  of  6,  and  for  a  series  of  values  of  (p  and  8. 
Table  VILA  gives  the  values  of  t  in  minutes  computed  by  (298) 
when  b  =  1".  That  is,  calling  t^  the  tabular  hour  angle  and  t 
the  hour  angle  for  any  assigned  limit  of  error  6,  we  have 

F 

sin'  i  ^1  =  —  sin'  i  ^  =  sin*  J  t^  \/b 

A 

As  the  limits  are  not  required  with  great  precision,  we  may  sub- 
stitute for  the  last  equation  the  following : 

t  =  t/^b 

If  wo  take  b  =  O'M,  we  have  i  b  —  0.56,  or  nearly  | :  hence  the 
limiting  hour  angle  at  which  the  second  reduction  amounts  to  0".l  is 
about  i  the  angle  givai  in  Table  VILA. 

Example. — How  far  from  the  meridian  may  the  observations 
in  the  example  j>.  237  be  extended  before  the  error  of  the 
methcxl  of  reduction  there  employed  amounts  to  1"?  With 
y  =.  -I-  39°,  J  =  +  75°,   Table  Vli.A  gives   t,  =  30*.     Hence 
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rapidly  ^Wth  the  zenith  distance ;  and  hence  in  general  very  small 
zenith  distances  are  to  be  avoided.  But  the  observations  may  be 
extended  somewhat  beyond  the  limits  of  our  tables,  since  the 
errors  which  affect  only  the  extreme  observations  are  reduced  in 
taking  the  mean  of  a  series. 

FOURTH   METHOD. — BY  THE   POLE   STAR, 

176.  The  latitude  may  be  deduced  with  accuracy  from  an  alti- 
tude of  the  pole  star  observed  at  any  time  whatever,  when  this 
time  is  known.  The  computation  may  be  performed  by  (281); 
but  when  a  number  of  successive  ob8er\'ations  are  to  be  reduced, 
the  following  methods  are  to  be  preferred.     If  we  put 

p  ==  the  star's  polar  distance, 
we  have,  by  (14), 

sin  A  =  sin  f  cos  p  -f  cos  f  sin  p  cos  t 

in  which  the  hour  angle  t  and  the  altitude  h  are  derived  from 
ob:<er%'ation  and  <p  is  the  required  latitude.  Xow,  p  being  small 
(at  present  less  than  1°  30'),  we  may  develop  ^  in  a  series  x)f 
ascending  iM)wer8  of  ;>,  and  then  employ  as  many  terms  a.s  we 
need  to  attain  any  given  degree  of  precision.  The  altitude 
cannot  differ  from  the  latitude  by  more  than  p:  if,  then,  we  put 

f  =  A  —  X 

X  will  be  a  small  correction  of  the  same  order  of  magnitude  as  j>. 
AVe  have* 

sin  f  —  sin  (A  —  x)  =  sin  A  —  x  cos  A  —  ^  jc'  sin  A  +  J  j:*  cos  A  +  4c. 
cos  v'  —  cos  (A  —  X)  =  cos  k  -{-  XBinh  —  J  x'  cos  A  —  J  x**  sin  A  -f  &c. 
Bin  p  =  p  —  If^  +  &c. 
cos  p  =  1  —  i  Z'*  +  &c. 

which  substituted  in  the  above  formula  for  sin  A  give 

sin  A  =  sin  A  —  x  cos  A  +  />cos  t  cos  A  —  ^  (.t*—  2  xpcos  t  +p^)  sin  A  +  &c. 

and  from  this  we  obtain  the  following  general  expression  of  the 
correction : 

♦  PL  Trig.  (403)  and  (40C). 
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The  term  \p^  sin*  1"  sin*  /tan'  A  is  a  maximum  for  sin  t  =  1, 
in  which  case,  (ov  p^=  5400",  it  is  0".0121  tan*  h.  This  amounts 
to  0".l  when  A  =  64^,  and  to  1".  when  h  =  77°. 

For  the  maximum  of  the  term  J  jj^  sin'  1"  cos  i  sin*  t  we  have, 
by  putting  the  differential  coefficient  of  cos  t  sin*  i  equal  to  zero, 

sin  «  (2  —  3  sin*  t)  =  Q 

which  gives  sin*  ^  =^  |,  and  consequently  cos  t  =  \/\ ;  and  hence 

the   maximum  value   of  this   term   is  |;;*sin*  1"  v  J  =  0".475. 

Since  tlie  maximum  values  of  this  and  the  following  terms  do 

not  occur  for  the  same  value  of  /,  their  aggregate  will  evidently 

never  amount  to  V  in  any  practical  case. 

Hence,  to  find  the  latitude  by  the  pole  star  within  1",  we  have  the 

formula 

^  r=  A  —  ;)  COS  f  +  ^;)» sin  1"  sin*  t  tan  A  (300) 

The  hour  angle  t  is  to  be  deduced  from  the  sidereal  time  0 

of  the   obser\'^ation  and  the   star's  right  ascension  a,  by  the 

formula 

t=  e  —a 

To  facilitate  the  computation  of  the  formula  (300),  tables  are 
given  in  every  volume  of  the  British  Nautical  Almanac  and  the 
Berlin  Jahrbuch;  but  the  formula  is  so  simple  that  a  direct 
comi)Utation  consumes  very  little  more  time  than  the  use  of 
these  tables,  and  it  is  certainly  more  accurate. 

Example.— ^From  the  Nautical  Almanac  for  1861). — On  >rarch 
6,  1081,  in  Longitude  87°  W.,  at  7*  43-  35*  mean  time,  suppose 
the  altitude  of  Polaris^  when  corrected  for  the  error  of  the  in- 
ntnimont,  refraction,  and  dip  of  the  horizon,  to  be  40°  17'  28" : 
required  the  latitude. 


Moan  time 

7M3- 

3;V. 

Sid.  time  mean  noon,  March  6, 

22  5(] 

17.9 

Keduction  for  7*  43-  35* 

1 

10.2 

Koci action  for  Long.  2*  28- 

24.3 

Sidereal  time 

e 

6  42 

3.4 

March  6,  ;>  =  1^  25'  32".7 

a 

1     7 

30.0 

t 

5  34 

24  .4 

83^36' 

6" 
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Putting  then 

we  have  '    ^      ^ 

or,  when  the  zenith  distance  (^  is  observed, 

X  =  Aa  -\-  X 

y  =  A'?cotZ  +  ,i  y  (803) 

The  first  table  gives  a  with  the  argument  t;  the  second,  fi  with 
the  argument  t;  the  tliird,  X  with  the  arguments  p  and  t;  and 
the  fourth,  /i  with  the  arguments  y  and  ^,  ^  being  used  for  A  in 
80  small  a  term. 

To  reduce  a  series  of  altitudes  or  zenith  distances  by  these 
tables,  we  take  for  A  or  f  the  mean  of  the  true  altitudes  or 
zenith  distances ;  for  a  and  /3  the  means  of  the  tabular  numbers 
corre8iK)nding  to  the  several  hour  angles,  with  which  we  find 
Aa  and  A^^  cot  (^.  The  mean  values  of  the  verj'  small  quanti- 
ties X  and  /i  are  sensibly  the  same  as  the  values  corresponding  to 
the  mean  of  the  hour  angles ;  so  that  X  is  taken  out  but  once  for 
the  arguments  polar  distance  and  mean  hour  angle,  and  ft  is 
taken  with  the  arguments  <p  and  the  approximate  vahie  of  y  = 
A*^  cot  !^.  Illustrative  examples  are  given  in  connection  with 
the  tables. 

FIFTH  METHOD. — BY  TWO  ALTITUDES  OF  THE  SAME  STAR,  OR  DIP. 
FERENT  STARS,  AND  THE  ELAPSED  TIME  BETWEEN  THE  OBSERVA- 
TIONS. 

178.  Let  S  and  5',  Fig.  25,  be  any  two  points  of  Fi«.  25- 

the  celestial  sphere,  Z  the  zenith  of  the  observer, 
P  the  pole.  Suppose  that  the  altitudes  of  stars  seen 
at  S  and  S\  either  at  the  same  time  or  different 
times,  are  observed,  and  that  the  observer  has  the 
meauR  of  determining  the  angle  SPS' ;  also  that 
the  right  ascensions  and  declinations  of  the  stars 
are  known.  From  these  data  we  can  find  both  the  latitude  and  the 
local  time.  A  graphic  solution  (upon  an  artificial  globe)  is  indeed 
quite  simple,  and  it  will  throw  light  upon  the  analytic  sohition. 
With  the  known  polar  distances  of  the  stars  and  the  angle  SPS'j 
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from  the  data  A,  A',  ^,  5',  and  i.  I  shall  give  two  general  solu- 
tions, the  first  of  which  is  the  one  commonly  known. 

jRrs/  Solution. — ^Let  the  observed  points  S  and  S'  be  joined 
by  an  arc  of  a  great  circle  SS'.  In  the  triangle  PSS'  there  are 
given  the  sides  PS=  90°  —  d,  PS'  =  90°  —  8\  and  the  angle  SPS' 
=^  Xj  from  which  we  find  the  third  side  SS'  =  JB,  and  the  angle 
PS'S=  P,  by  the  formulro  [a  of  Art.  10] 

cos  B  =  sin  d'  sin  d  -|-  cos  d'  cos  d  cos  I 
sin  B  cos  P  =  cos  d'  sin  ^  —  sin  d'  cos  d  cos  X 
sin  ^  sin  P  =  cos  d  sin  >l 

or,  adapted  for  logarithmic  computation, 

tn  sin  M=  sin  ^ 

m  cos  M=  cos  ^  cos  >l 

cos  -5  =  m  cos  (3f  —  a')  ^    (305) 

sin  5  cos  P  =  m  sin  (Jf  —  ^') 
sin  J9  sin  P  =  cos  ^  sin  X 

In  the  triangle  Z5S'  there  are  now  known  the  three  sides 
JZLS  :=  90°  —  A,  ZS'  =  90°  —  A',  SS'  =  P,  and  hence  the  angle 
ZS'S=  Qy  by  the  formula  employed  in  Art.  22: 

Bin  I  g  =  J(  ^""  *(^'+  ^  +  ^)_^inj(y- A  +  20  I 
^  \  cos  A'  sin  B  I 

Now,  putting 

^  =  P-C 

there  are  knowTi  in  the  triangle  PZS'  the  sides  PS'  =  90°  —  J', 
i^S"  =  90°  — A',  and  the  angle  PS'Z  =  q,  from  which  the  side 
PZ  -=  90°  —  f ,  and  the  angle  S'PZ=  V,  are  found  by  tlie  fonnulw 

sin  f>  =  sin  d'  sin  A'  -f  ^^^  ^'  cos  A'  cos  q 
cos  f  cos  a  -=  cos  ^'  sin  A'  —  sin  ^'  cos  A'  cos  q 
cos  f  sin  ^  =  cos  A'  sin  ^ 

or,  adapted  for  logarithmic  computation, 

n  sin  X  =  sin  A' 

n  cos  A''  =  cos  A'  cos  jf 
sin  sp  =n  cos  (.V~  <J')  )    (307) 

cos  f  COS  f'  =  w  sin  (A" —  d') 
cos  ^  sin  ^  =  cos  A'  sin  q 
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or,  adapted  for  logarithmic  computation,  by  introducing  an 
aoziliaiy  angle  E, 

sin  (7  sin  ^  =  sin  \  {d  —  d')  cos  \X  1     (^C\9^\ 

Bin  CcoB  JS?  =  COS  i  (<J  +  a')  sin  1  ;i  j     ^      ^ 

In  the  triangle  SPT  we  have  the  angle  PTS=Pj  and  there- 
fore  in  the  triangle  S'PTwq  have  the  angle  PTS'  =  180^  —  P, 
the  cosine  of  which  will  be  =  —  cos  P:  hence,  from  these 
triangles  we  have  the  equations 


whence 


sin  D  cos  C  -\-  cos  D  sin  C  cos  P  =  sin  ^ 
sin  D  cos  C  —  cos  D  sin  C  cos  P  =  sin  ^' 


2  sin  D  cos  C  =  sin  d  -|-  sin  d' 
2  cos  2)  sin  (7  cos  P  =  sin  d  —  sin  ^' 


P^  J  ^  sin  i(a  +  ^^)cos  \  (d  —  d') 

cos  O 


«       cos  )  (S  +  a')  sin  i  (a  —  a') 

cos  P  = ^    ^    ^.—h^ 

cos  2/  sm  (7 


(309) 


which  determine  D  and  P  after  C  has  been  found  from  (308). 

In  precisely  the  same  manner  we  derive  from  the  triangles 
ZTS  and  ZTS'  the  equations 


„      sin  J  (h  +  A')  cos  }  (h  —  A') 

sm  H  = ^^ — ■ — :; — ^= ' 

cos  G 


^  __  cos  i  (A  +  h')  sinj  (h--JO 

cos  iir  sin  (7 


(310) 


Then  in  the  triangle  PTZ  we  have  the  angle  PTZy  by  the 
fonuula 

q  =  P-Q 

and  hence  the  equations 

gin  ^  =  sin  D  sin  //  -f  cos  D  cos  IT  cos  q 
cos  f>  cos  r  =  cos  D  sin  if  —  sin  D  cos  H  cos  q 
cos  f  sin  r  =  cos  iiT  sin  q 
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(already  corrected  for  refraction)  to  liave  been  obtained;  the 
time  being  noted  by  a  mean  solar  chronometer  whose  daily  rate 
was  10*.32  losing.  The  star  Arcturus  was  not  far  from  the  prime 
vertical  east  of  the  meridian ;  Spica  was  near  the  meridian. 

Arcturus,  h  =       18®    6'  30"  Chronometer  T  =    9*  40-  24'.8 

Spica,       h!  =       40     4  43  «  T  =  14  38    16.7 

T—T=    4   57   51.9 
d  =  +  19*>  55'  44".6  Corr.  for  rate       =        +2 .1 

a'  =  —  10    24  39  .5  Red.  to  sid.  time  =        +48.9 

Sid.  interval         =    4  58  42.9 
a   =       14*    9-  6v79  o  —  a'  =    0  51   29 .1 


a'  =       13    17  37 .72  X  =    b  50   12 .0 

=  87**  33'    0". 

According  to  our^r^^  solution,  we  obtain, 

by  (305),  B  =  91°  15'  52".5         P  =  69<>  57'  54".7 

and,  by  (306),  Q  =  04    51  24  .8 

whence  q  =    b      6  29  .9 

Tlien,  by  (307),  we  find 

^==39®  17' 20"       ^  =  5®3'0"=   0*20- 12*. 

a'  =  13  17   37.72 

Sidereal  time  of  the  observation  of  Spica  =  13  37   49  .72 
Sidereal  time  at  mean  Greenwich  noon    =  22  53   39  .83 


14  44     9.89 

Acceleration  for  14*  44-  9*.89  =  —     2   24  .85 

"  longitude       =  -- 50  .23 

Mean  time  of  the  observation  of  Spica      =  14  40   54  .81 

Chronometer  correction  at  that  time,  aT'  :=  -\-     2-  38*.l  1 

According  to  the  second  solution,  we  prepare  the  quantities 

}izzr4:)°4G'30"     i(d+d')=  4°45'32".6     i(h  +  h')=     29°    5'36".5 

i(d  —  r)  =  lb  10  12.1     }(A_A')  =  _10    59    6.5 

with  which  we  find,  by  (308),  (309),  and  (310), 


lo;;  tan  E  = 

=  9.437854 

J)  — 

6° 

34'  32".0 

lo^  sill  r  - 

:-.  9.854225 

P  - 

68 

27  22  .2 

r:  9.K44639 

Q" 

108 

35  12  .1 

log  sin  If  - 

.  9.8;U176 

q  ^ 

—  40 

7  49  .9 

log  cos  //—  9.8G3785 
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which,  by  (810),  become* 


.    ^      cos  K^  +  ^')  Bin  K^  —  A') 
sin  p  = ^^ — ■ ' ^^ 

sin  G 


sin  }  (h  +  A')  cos  }  (h  —  A') 

cos  /'= ^^ ■ ^^ ' 

COS  /9  cos  C 


(817) 


Then  f  and  r  are  found  by  (312),  or  rather  by  the  following : 

sin  f  =  cos  p  sin  (D  -{-  ;') 

tan;?  sin/9  )    (318) 

tan  T  = or  sm  r  = ^ 

cos  (2)  +  r)  cos  f 

The  hour  angles  at  the  two  observations  are 

Here  7*,  being  determined  by  its  cosine,  may  be  either  a  posi- 
tive or  a  negative  angle,  and  we  obtain  two  values  of  the  latitude 
by  taking  either  D-^-y  ov  D  —  ym  (318).  The  first  value  will 
be  taken  when  the  great  circle  joining  the  t\vo  positions  of  the 
star  passes  north  of  the  zenith ;  the  second,  when  it  passes  south 
of  the  zenith. 

The  solution  may  be  slightly  varied  by  finding  D  by  the 
formula 

tan  D  =.-.  -^"^  ^-  (320) 

cos  U  ^      ^ 

obtained  directly  from  the  triangle  PTS  (Fig.  25),  which  is  right- 
an/jled  at  Twhcn  the  declinations  are  equal.  We  can  then  dis- 
pense with  C  by  writing  the  fomiuhe  (317)  as  follows : 

.      ^       cos  }  (h  +  h')  H\n  i(h  —  A') 
sm  fi  = ^      — -^ ' 

cos  <)  sin  1  A 

;     (321) 
sin  i  (h  4-  A')  cos  J  (A  —  A')  sin  D 

cos  y  = . 

COS  1^  sin  d 

♦  The    formulat  (SIT)),  (316),  and  (317)  arc  ewentiaUy  the  Bamc  as   those  first 
giren  for  this  case  hy  M.  Caillet  in  his  Manuel  du  Xaviffateur,  Nantes,  181H. 
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clination.    But  by  the  second  equation  of  (309)  P  will  no  longer 
be  exactly  90® :  if  then  we  put 

P  =  90^  +  aP 

we  have,  by  that  equation, 

cos  d  sin  A^  sin  A^ 


sin  aP  = 


cos  D  sin  C      cos  D  dm\X. 
or  simply 

COS  i>  sm  i  ^ 

Then,  since  j  =  P  —  §,  we  have 

}  =  90^  —  Q  +  aP 

The  rigorous  formula  for  the  latitude  is 

sin  f  =  sin  2)  sin  H  -\-  cos  D  cos  H  cos  q 

in  which  when  we  use  the  mean  declination  we  take  q  =  90°  — 
Q:  therefore,  to  find  the  correction  of  ip  corresponding  to  a  cor- 
rection of  y  =  aP,  we  have  by  differentiating  this  equation,  D 
and  H  being  invariable, 

cosf  .Af  =  —  cos  D  cos  -ffsin  j.aP 

A^  cos  H  cos  Q 

sin  i  X 

TV"e  have  found  in  the  preceding  article  sin  ^  =  cos  2f  cos  Q; 
and  hence 

^^  = .^i_«!"j^  (323) 

cos  tp  sin  h  X 

In  the  case  of  the  sun,  therefore,  we  compute  the  approximate 
latitude  f  by  the  formuhe  (316),  (317),  and  (318),  employing  for  5 
the  mean  declination.  AVe  then  find  a^  by  (323)  (which  in- 
volves very  little  additional  labor,  since  the  logarithms  of  sin  ^9 
an<l  sin  i>l  have  already  occurred  in  the  previous  computation), 
and  then  we  have  the  true  latitude 

If  we  wirth  also  to  correct  the  hour  anirle  r  found  bv  this 


«?' 


method,  we  have,  from  the  second  equation  of  (47)  applied  to 
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ExAMPLB.— 1856  March  10,  in  Lat  24°  N.,  Long.  30°  W., 
sapposo  we  obtain  two  altitudes  of  the  sun  as  follows,  all  correc- 
tions being  applied :  find  the  latitude. 

At  app.  time     0*  80-  h    =  61^  11'  38".3   (a )  =  —  3«  51'  52".8 

«  4  30  A'  =  18    46  35  .8   (3')=  — 3    47  57  .4 

iX=    2*   0-  i(h  +  h')  =  Sd    59     7  .1      d=— 3    49  55  .1 
=  30*^   0'    J(A  — A')  =  21    12  31  .3  AtJ  =      +     1' 57".7 

The  following  is  the  form  of  computation  by  the  formulre 
(816),  (317),  and  (318),  employed  by  Bowditch  in  his  Practical 
Narlffator^  the  reciprocals  of  the  equations  (316)  and  of  the 
second  of  (317)  being  used  to  avoid  taking  arithmetical  comple- 
ments. This  form  is  convenient  when  the  tables  give  the  secants 
and  cosecants,  as  is  usual  in  nautical  works. 

eos«e  \  X  0.801080 

•ec<f  0.000972 ooseo  nl.  175024 

eotee  C  0.302002     cos     9.987854 cos       9.937854 

coi  J  (A  -f  A')  9.884347      coseo  0.192065     i>  =  —  4®  25'  21''.8      coseo  ^11^78 
•in  i  (A  —  A')  9.558428     seo     0.030459 

■iii;9  9.744777     cos     9^1^29 cos  9.919829 

SM     0.080207       7=       83    45  38  .0 

/>  +  y  =       29    20  16  .7  sin  9.690161 

^  =      240    2'  28''.2  sin  9.G09990 

If  the  approximate  latitude  had  not  been  given,  we  might  also 
have  taken  jD  —  7-  =  —  33®  45'  38".0,  and  then  we  should  have 
had 

cos/9    9.919829 
sin  (2)  —  y)  n9.791113 

^  =  —  30*>  55'  44".3         sin  ^  «0.710942 

To  correct  the  first  value  of  the  latitude  for  the  change  of 
declination,  we  have,  by  (323), 

log  A^  2.0708 
sin  ?  9.7448 
cosec  }  I  0.3010 
see  f>         0.0394 

Af  =  —  143".2    log  Af>    112.1560 
and  hence  the  true  latitude  is 

/  =  24<'  2'  28".2  —  2'  23".2  =  24<>  V  0" 
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the  mean  of  which  gives 

that  is,  —  3/  is  the  correction  of  the  mean  of  the  times  of  obser- 
vation to  obtain  the  time  of  apparent  noon  =  0*.  This  correction 
was  denoted  in  Art  140  by  ^T^;  and  since  cos  r  =  0,  the  formula 
(324)  gives,  when  divided  by  15  to  reduce  it  to  seconds  of  time, 

_  ^d  tan  f         ^d  tan  9 

A-'o  =  —  t:— : — TT"  + 


15  sin  iX        15  tan  i  X 

which  is  identical  with  (262).   Thus  it  appears  that  (262)  is  but  a 
particular  case  of  the  formula  (324),  which  I  suppose  to  be  new. 
The  latitude  found  by  (326)  will  require  no  correction,  since 
sin  ^  =  0,  and  therefore  a^  =  0. 

Note. — The  preceding  solutions  of  the  problem  of  finding  the  latitude  and 
time  by  two  altitudes  leaTe  nothing  to  be  desired  on  the  score  of  completeness  and 
aoeuracy ;  but  some  brief  approximatire  methods,  used  only  by  narigators,  will  be 
treated  of  among  the  methods  of  finding  the  latitude  at  sea,  and  in  Chapter  VIII. 

183.  I  proceed  to  discuss  the  effect  of  errors  in  the  data  upon 
the  latitude  and  time  determined  by  two  altitudes,  and  hence 
also  the  conditions  most  favorable  .to  accuracy. 

Errors  of  altitude. — Since  the  hour  angles  i  and  V  are  connected 
by  the  relation  t'  =^i-\-  X^  the  errors  of  altitude  produce  the  same 
errors  in  both;  for,  ^  being  correct,  we  have  dt'  =  dt;  and  for 
cither  of  these  we  may  also  put  dr,  since  we  have,  in  the  second 
genenil  Bolution  of  Art.  178,  r  — x  =  J(^  +  ^'),  and  x  is  not 
aftected  by  errors  of  altitude.   Now,  we  have  the  general  relations 


Bin  h 
sin  A' 


I  =  sin  f  Bin  d  -f  cos  f  cos  d  cos  t  1  rfio7^ 

!  =  sin  ip  sin  ^'  -[-  cos  ^  cos  ^'cos  V  j  v  -  / 

which,   by  differentiation  relatively  to  A,  f>,  and  /,  give  [see 
equations  (51)] 

dh  =  —  cos  Ad<p  —  cos  ^  sin  A  dr 
dh'  =  —  cos  A' dip  —  cos  ^  sin  A'dr 

in  which  A  and  A'  denote  the  azimuths  of  the  two  stars,  or  of 
the  same  star  at  the  two  ob8er\'ations. 
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amounts  to  saying  either  that  the  time  T — rf  7*  corresponds  to 
the  altitude  A,  or  that  T  corresponds  to  the  altitude  A  +  dh^  dh 
being  the  increase  of  altitude  in  the  interval  dT.  We  may, 
therefore,  consider  the  time  Tas  correctly  observed  while  A  is  in 
error  by  the  quantity  —  dh.  Conversely,  we  may  assume  that 
the  altitudes  are  correct  while  the  times  are  erroneous.  The 
discussion  of  the  errors  under  the  latter  form,  while  it  can  lead 
to  no  new  results,  is,  nevertheless,  sufficiently  interesting.  We 
have,  from  the  formula  (304), 

dk  =  dT-^dT 

The  general  equations  (327),  upon  the  supposition  that  A  andA^ 
are  correct,  give 

0  =  —  COB  A  dip  —  cos  f  9\n  Adt 

0  =  —  cos  A'df  —  cos  f  sin  A'  (dt  -f  dX) 

where  we  put  dt  +  dX  tor  dVj  since  <'  =  /  -f  jl.    Eliminating  rf/,  we 

find 

cos^sm^i:^in^^ 

^  Bin(^'— ^)  ^      ^ 


Eliminating  dipj 


and  similarly 


-^  sm  A'  cos  A   ,, 

cu  =  —  - al 

%m{A*  —  A) 


,^            sin  A  cos  A'    ., 
qX  •=•  —  -        -      dk 


Bin  (^'  —  A) 

But  we  have  from  the  formula  r  —  x  =  J  (<  +  0 

dx=\  (dt  +  dV) 


and  hence 


tf,  =  _  «J"  f-'*'_+.^)  .  ii  (330) 

sin  {A'  —A)Z  ^      ^ 


If  we  denote  the  clock  correction  at  the  time  T  by  i?,  we  shall 

have 

^  =  f  +  a—  r 

and 

dl^  =  dt  —  dT 

Vol.  I.— 18 
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(828),  df  =  +  dhy  and  the  total  correction  of  the  latitude 
^^dh  —  dd^  precisely  the  same  as  if  the  meridian  observation 
were  the  only  one.  Hence  there  is  no  advantage  in  combining 
an  observation  on  the  meridian  ynX\\  another  remote  from  it,  in 
the  determination  of  latitude:  a  simple  meridian  observation, 
or,  Btill  better,  a  series  of  circummeridian  observations,  is  always 
preferable  if  the  time  is  approximately  known. 

When  the  sun  is  observed  and  the  mean  declination  is  em- 
ployed, putting  A^  =  J  (d'  —  5),  we  have  dd  =  a^,  dd'  =  —  a^, 
and,  by  (332), 

sin  A'  cos  <7  +  sin  ii  cos  at' 
sin  (A!  —  A) 
which,  by  substituting 

.     .,       sin  7  cos  ^         .     ,       sin</co8^ 

sin  A'  =  — sm  A  =  — ^ 

cos  ^  cos  ^ 

becomes 

sin  (A'  —  A)  cos  ^ 

This  is  but  another  expression  of  the  correction  (323). 

K,  when  the  sun  is  observed,  instead  of  employing  the  mean 
declination  we  employ  the  declination  belonging  to  the  greider 
altitude,  which  we  may  suppose  to  be  A,  we  shall  have  dd  =  0, 
dd'  =  — -  2  aJ  ;  and,  denoting  the  correction  of  the  latitude  in 
this  case  by  a'^*  we  have,  by  (332), 

,               2  Bin  vl  cos  q'        ^            2  sin  (7  cos  (f  cos  H 
A'f  = '-  .  A(J  = ^ A^ 

sin  (A'  —  A)  sin  (A' — -4)co8^ 

Under  what  conditions  will  a'^  be  numerically  less  than  a^? 

First  If  both  ob8er\'ation8  are  on  the  same  side  of  the 
meridian,  the  condition  a'^  <  Ay>  gives 


or 
whence 


2  sin  q  cos  qf  <  sin  (</  +  q) 

2  sin  q  cos  q'  <  sin  q*  cos  q  +  cos  qf  sin  q 

tan  q  <  tan  ^ 


which  condition  is  always  satisfied  when  h  is  the  greater  altitude. 
Secondly.  If  the   observations  are   on   difierent  sides  of  the 
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will  prefer  to  employ  the  mean  declination  and  to  obtain  the 
exact  result  by  applying  tliis  correction  in  all  cases. 

SIXTH    SfETHOD. — BY  TWO   ALTITUDES    OF    THE    SAME    OR   DIFFERENT 
STARS,  WITH   THE   DIFFERENCE   OF  THEIR  AZIMUTHS. 

184.  Instead  of  noting  the  times  corresponding  to  the  observed 
altitudes,  we  may  obsen-e  the  azimuths,  both  altitude  and  azi- 
muth being  obtained  at  once  by  the  Altitude  and  Azimuth 
Iiititrument  or  the  Universal  Instrument.  The  instniment  gives 
the  differoice  of  azimuths  =  X.  The  computation  of  the  latitude 
and  the  absolute  azimuth  A  of  one  of  the  stars  may  then  be 
performed  by  the  fomiulro  of  the  preceding  method,  only  inter- 
changing altitudes  and  declinations  and  putting  180°  —  A  for  (. 
When  A  has  been  found,  we  may  also  find  t  by  the  usual  methods. 

SEVENTH    METHOD. — BY  TWO    DIFFERENT    STARS    OBSERVED   AT    THE 
SAME   ALTITUDE  WHEN   THE  TIME  IS   GIVEN. 

185.  Bv  this  method  the  latitude  is  found  from  the  declinations 
of  the  two  stars  and  their  hour  angles  deduced  from  the  times 
of  o]>scr\'ation,  without  employwg  the  altitude  itself,  so  that  the  result 
ift  free  from  constant  errors  (of  graduation,  4c.)  of  the  instrument 
with  which  the  altitude  is  obser\'ed.     Let 

6,  6'  =  the  sidereal  times  of  the  observations, 
a,  a    =  the  right  aseonsious  of  the  stars, 
d,  d'   =  the  declinations  **  " 

t,  f    =  the  hour  angles  "  " 

h    =  the  altitude  of  either  star, 

^     =  the  latitude ; 

then,  the  hour  angles  being  found  by  the  equations 

f  =  0  —  a  f'=0'  —  a 

we  have 

8in  h  =  sin  f  sin  ^  -f-  ^^^  f  ^o«  d  cos  t 
sin  h  =  sin  f  sin  d'  -f  cos  f  cos  J'  cos  f 

From  the  difference  of  these  we  deduce 

tan  f  (sin  d'  —  sin  d)  =  cos  <J  cos  t  —  cos  <J'  cog  f 

=  J  (cos  d  —  cos  d')  (cos  t  -f  COS  f) 

+  I  (cos  d  +  cos  J')  (cos  t  —  CObf) 
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The  denominator  cos  A  —  cos  A^  is  a  maximura  when  one  of 
the  azimuths  is  zero  and  the  other  180°,  that  is,  when  one  of  the 
stars  is  south  and  the  other  north  of  the  observer.  To  satisty 
this  condition  as  nearly  as  possible,  two  stars  are  to  be  selected 
the  mean  of  whose  declinations  is  nearly  equal  to  the  latitude, 
and  the  common  altitude  at  which  they  are  to  be  observed  will 
be  equal  to  or  but  little  less  than  the  meridian  altitude  of  the 
star  which  culminates  farthest  from  the  zenith.  It  is  desirable, 
also,  that  the  difference  of  right  ascensions  should  not  be  great. 

The  coefficient  of  HaTiq  equal  to  —  cot  J (-4'  +  -4),  which  is 
zero  when  ^{A'  +  A)  is  90°  or  270°  :  hence,  when  the  observa- 
tions are  equally  distant  from  the  prime  vertical,  one  north  and 
the  other  south,  small  errors  m  the  clock  correction  have  no 
sensible  effect. 

\Vlien  the  latitude  has  been  found  by  this  method,  we  may 
detennine  the  whole  error  of  the  instrument  with  wliich  the 
altitude  is  observed;  for  either  of  the  fundamental  equations 
will  give  the  true  altitude,  which  increased  by  the  refraction  will 
be  that  which  a  perfect  instrument  would  give. 

186.  AVith  the  zenith  telescope  (see  Yol.  IT.)  the  two  stars 
may  be  obser\'ed  at  nearly  the  same  zenith  distance,  the  small 
difference  of  zenith  distance  being  determined  by  the  level  and 
the  micrometer.  The  preceding  method  may  still  be  used  by 
correi'ting  the  time  of  one  of  the  observations.  If  at  the  ob- 
8er\-e<l  times  Ty  T'  the  zenith  distances  are  ^  and  f ',  the  times 
when  the  same  altitudes  would  be  observed  are  cither 


T     and     T  + 


cos  tp  sin  A' 


or, 


T'\ ^- —      and     T 

cob  ^  sin  A 

where  ;'  —  ^  is  given  directly  by  the  instrument.  With  the 
hour  aiigloH  deduced  from  these  times  we  may  then  proceed  by 
(834)  and  (335). 

But  it  will  be  still  better  to  compute  an  approximate  latitude 
by  the  formula?  (334)  and  (335),  employing  the  actually  obser\'ed 
times,  and  then  to  correct  this  latitude  for  the  difference  of 
zenith  distance. 
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e   =  T    +  aT 

S'  =  T'  +  ^T+dT(T'-^T) 

O"  =  T"  +  A  r  +  ^T  (T"— T) 

and  the  hour  angles  are 

f  =  e  —  a,    f=e^a',    r  =  6"  —  *", 

we  have 

X'  =  T"—  T  +  ^r  (  r'—  T)  —  (a"  —  a) 

The  angles  X  and  X'  are  thus  found  from  the  observed  clock 
times,  the  clock  rate,  and  the  right  ascensions  of  the  stars.  The 
hour  angles  of  the  stars  being  iyi-^-Xj  and  i  +  X\  we  have 

sin  A  =  sin  f  sin  ^^   -f  ^^^  9  ^^  ^    ^^^^  ^ 

sin  A  =  sin  f  sin  d*  +  cos  <p  cos  ^'  cos  {t  +  A) 

Bin  A  =  sin  <p  sin  ^"4-  cos  tp  cos  d"  cos  C^  +  i'1 


sin  f  sin  ^"  +  ^^^  ^  cos  d"  cos  (^  +  ^') 


Subtracting  the  first  of  these  from  the  second,  we  have  an  equa- 
tion of  tlie  same  form  as  that  treated  in  Art.  185,  onlv  here  wo 
have  i  +  X  instead  of  V ;  and  hence,  by  (334),  we  have 

m  sin  M  =  sin  }  A  cot  \  (^' —  d)  1     r337^ 

mco8jyr=cosi>l  tanj(a'+^)  J     ^      ^ 

and  putting 

N=z\X  —  M  (338) 

we  have,  by  (335), 

tan  f  =  m  cos  (f  +  N)  (339) 

In  the  same  manner,  from  the  first  and  third  ob8cr\'ation8  we 
Lave 

m'  sin  3r  r=r  sin  J  X'  cot  \  (^V  —  d) 
rn!  cos  M'  =  cos  J  /'  tan  i  (^"  +  d) 

N'=\X'^M'  (341) 

tan  f  =  m'  cos  ( f  +  N')  (342) 


I    (340) 


The  ]>r(>blem  is  then  reduced  to  the  solution  of  the  two  equa- 
tion!* (3.*W)  an<l  ('^2),  involving  the  two  unknown  quantities 
if  and  /.     If  we  put 

A-  cos  (f  +  .V)  -^^    - 


m 
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, .  - sin  A  (cob  a*  —  cos  A")  ,_,      gin  A'  (coa  .4'^  —  cos  ^)   .-, 


,    sin  A"  (cos  -4  ^-  cos  -^O^ttw 
2^^ 


The  denominator  2  ^18  a  maximum  when  the  three  differences 
of  azimuth  are  each  120°,*  which  is  therefore  the  most  favorable 
condition  for  determining  both  the  latitude  and  the  time.  In 
general,  small  differences  of  azimuth  are  to  be  avoided. 

Gauss  adds  the  following  important  practical  remarks.  It  is 
clear  that  stars  whose  altitude  varies  slowly  are  quite  as  available 
as  those  which  rise  or  fall  rapidly ;  for  the  essential  condition  is 
not  so  much  that  the  precise  instant  when  the  star  reaches  a 
supposed  i)lace  should  be  noted,  as  that  at  the  time  which  is 
noted  the  star  should  not  be  sensibly  distant  from  tliat  place. 
We  may,  therefore,  without  scruple  select  one  of  the  stars  near 
its  culmination,  or  the  Pole  star  at  any  time,  and  we  can  then 
easily  satisfy  the  above  condition.  Moreover,  at  least  one  of  the 
stars  will  always  change  its  altitude  rapidly  when  the  condition 
of  widelv  different  azimuths  is  satisfied. 

The  stai's  proper  to  be  observ'cd  may  be  readily  selected  with 
tlie  aid  of  an  artificial  globe,  and  in  genenil  so  that  the  inter^'als 
of  time  between  the  observations  shall  be  so  small  that  irregu- 
larities of  the  cloi'k  or  an  error  in  the  assumed  rate  shall  not 
have  anv  sensible  influence. 

Ilavin*;  seloete<l  the  stars,  the  clock  times  when  they  severally 
arrive  at  the  assumed  altitude  are  to  be  computed  in  advance 
within  a  minute  or  two,  so  that  the  obser\'er  mav  be  readv  for 
each  observation  at  the  proper  time.  This  is  quickly  done  with 
four-j)hue  logarithms  by  the  formula  (2G7),  in  which  (p  and  ^ 
will  have  the  same  values  for  the  three  stars. 


•  For  hy  putting  a  z=z  A'  —  A,  a'  =z  A"  —  A\  we  hare 

2  A'  -rr  sin  a  -f-  sin  a'  —  sin  (a  -j-  a') 

an<l,  difTerentiating  with  reference  to  a  and  a\  the  conditions  of  maximum  or  mini- 
mum  are 

con  n  —  cos  (a  -|-  a')  =r  0 
cos  a'  —  cos  (a  -f-  <*')    -  0 

which  give  either  a   -.  a'  .--  0  or  a    =  a'  =--  120®;  and  the  latter  eridently  belongs  to 
the  cam*  of  maximum. 
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a  Andromedce  T  =  21*  33«  26* 
a  Ur8€R  Minoris  T  =  21  47  30 
fkLyrx  2  "==22     5    21 

The  apparent  places  of  the  stars  were  as  follows : 


a  Andromedce  a  =  23*  68-  33'.33 
a  Urscp  Minoris  a'  =  0  55  4 .70 
aLyrce  a"  =18  30   28.96 


d  =28^  2'14".8 
d'  =  88  17  5  .7 
a"  =  38    37     6  .6 


Hence  we  find 

JA  =  —  5<'18'25".28 
i  (r  —d)=z  80  7  25  .45 
i  {d'  +  d)=      58     9  40  .25 

log  cot  K^'—^)    0.2303973 
log  sin  M  n8.9661070 

log  m  sin  M         n9.2025043 

log  tan  i  (a'  +  d)   0.2069331* 
log  eo8  }  X  9.9981348 

log  m  cos  Jf  0.2050674 


log  tan  M 
log  cos  M 
log  m 


118.9974369 
9.9978645 
0.2072029 


}  A'  =  44<^  59'  55".28 
}  (a''  —  a)  =  5  17  25  .90 
i  {d"  -f.  ^)  =  33    19  40  .70 

log  cot  J  (^"  —  d)  1.0333869 
log  sin  i  a  9.8494751 

log  m'  sin  M'         0.8828620 

log  tan  )  (r  +  d)  9.8179461 
log  cos  \  X'  9.8494949 

log  m'  cos  JT         9.6674410 


log  tan  M' 
log  sin  M' 
log  m' 


1.2154210 
9.9991963 
0.8836657 


.V  =  —  5^  40'  37".96  Jf '  =     86*>  30'  55".07 

iX^M  =  X=z  +  0   22  12  .68     M'— Jlf'=iV'=  — 41    30  59  .79 


m 


*  =      IV  53'  41".28  log  "  =  log  tan  d  9.3235372 

45^  —  ^  =      38     6  18  .72  log  tan  (45^  —  ^)  9.8142617 

J  (y^  «-  ,V)  =  —  20  56  86  .24  log  cot  UN'— IT)  n0.4171068 
J(.V'  +  .V)  =  — 59  35  14  .71  log  tan  [i  +  KiV' '+ JNT)]  n0.2313680 
i  (A"  +  X)  =  —  20  34  23  .56 

t  =  —  39    0  51  .15  =  —    2*  36-   3'.41 

a=       23  58   33.33 
i  +  a  =  e  =       21   22    29 .92 
T=       21   33    26. 
Clock  correction  a  T  ==       —  10   56 .08 


Then,  to  find  the  latitude,  we  have 
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tlieii,  since  JZSS',  ZS'S"j  and  ZSS  "  arc  isosceles  triangles,  we 
have 

q  +  PSS'    =  PS'S   —  (f 

^  +  TS'S"  =  FS"S'  —  q" 

q  +  PSS"   =  PS"S  -  ^' 

whence 

q   +q^  =2Q- 

it'  +  q  =2«' 

q  +  ^  +  f  =  Q+Q'+Q'' 

q  =-Q+Q'+Q''  ) 

q' =     Q-Q'+Q"  H345) 

f=     «+«'-«"  J 

>''ow,  (?,  ^,  Q"  are  found  from  the  triangles  PS"S\  PS''S, 
and  PS '6',  by  Napier's  Analogies  (Sph.  Trig.  Art.  73),  thus : 

^      ^        8in}(^"  — ^')    ^1,,,       ,N 
tan  Q  = ^^ ^cot }  (A'  —  k) 

cos  i  (<J"  +  J')         ^ 

^      ^,        sin  }  (^"  —  a) 

tan  C'  = r^T^TT-.;^^^*^  )  (346) 

cos  J  («J"  -f-  ^)  /    ^        J 


tanC"= =-^ ^^cotM 

cos  \  {d'  +  d) 


where  >l,  i'  are  the  angles  at  the  pole  found  as  in  the  preceding 
article.     With  these  values  of  $,  <2',  C,  those  of  3,  q\  and  </" 
become  known  by  (345). 
We  have  also 


whence 


and  from  this 


or 


cos  f  sin  (t  +  X')  =  cos  h  sin  q 
cos  f  sin  ^  =  cos  h  sin  9 

sin  (t  +  X) sin  (f 

sin  t  sin  9 

sin  (f  +  X)  -\-  sin  f  _  sin  /  +  sin  jr 
sin  (^  +  >l)  —  Bin  t        sin  ^r'  —  sin  j 

tan  a  -f  J -i)  _  tan  K</  +  y) 
Un  U       "~  tan  K^  —  jr) 


BY  THREE  OR   MORE   EQUAL  ALTITUDES.  289 

the  two  valuoB  of  ^  +  J>1,  diflFering  by  180°,  or  12*,  the  observer 
will  be  at  no  loss  to  choose,  as  he  caimot  be  uucertdiii  of  his 
time  bv  12*. 

Example. — Taking  the  example  of  the  preceding  article,  we 
shall  find 

C  =  —  37°  57'  9".3     C  =  +  6°  17'  51".66     §"=  —  84*^  25'  23".81 

^  =  —  Q  +  Q'  +  C"  =  —  40°  icy  22".85 

^    =  —  39      0  51  .27 

i(t  +  I/)  =  —  39<'  35'  37".06        i(t  ^q)  =  +    0°  34'  45".79 
i  (^  +  A)  =       52      4  36  .35        i  (V  —  A)  =  —    0    32  44  .84 
5P   =       51    31  51  .5  A    =       52    37  21  .2 

189.  If  we  have  observed  more  than  three  stars  at  the  sarne  altitude^ 
we  have  more  than  sufficient  datu  for.the  determination  of  the 
latitude ;  but  by  combining  all  the  observations  we  may  obtain 
a  more  accurate  result  than  from  only  three.  This  combination 
is  effected  by  the  method  of  lea.st  squares,  according  to  which 
wc  assume  approximate  values  of  the  unknown  quantities  and 
then  determine  the  most  probable  corrections  of  these  values,  or 
those  which  best  satisfy  all  the  observations. 

Let  r,  T',  T",  T'",  &c.  be  the  observed  times  by  the  clock 
when  the  several  stars  reach  the  same  altitude.  Let  a  7^  be  the 
assumed  clock  correction  at  some  assumed  epoch  =^  T^;  8T the 
known  rate.  Let  <p  and  h  be  the  assumed  approxinuite  values  of 
the  latitude  and  altitude.  AVith  ip  and  A,  which  will  be  the  same 
for  all  the  stars,  and  with  the  declinations  5,  J',  5",  &c.,  compute 
the  hour  angles  /,  /',  t'\  &c.  and  the  azimuths  A,  yf,  jV\  &c.  If 
the  assumed  values  were  all  correct  and  the  observations  j)erfect, 
we  should  have  a  +  i=^  T -r  c^r^  dT{T—  T^);  for  each  of  these 
quantities  then  represents  the  sidereal  time  of  observation ;  but 
if  f.  A,  and  ^7^  require  the  corrections  (/f,  r/A,  and  (/a 7',  and  if 
dt  is  the  corresponding  correction  of  /,  we  shall  have 

a  u-t  +  dt  =  T+  :iT  +  d:iT+dT(^T—  T^) 

The  relation  between  d^,  dh,  and  dt  is 

dh  =  —  cos  Ad^  —  15  C03  ^  sin  Adt 

and  a  similar  equation  of  condition  exists  for  each  star.     In  all 

Vol,  I.— 19 


BY  THREE  OR  MORE  EQUAL  ALTITUDES.  291 

altitude,  and  if  they  indicate  a  sensible  change  in  the  refraction 
a  correction  for  this  change  must  be  introduced  into  the  equations 
of  condition.  Thus,  if  r^  is  the  refraction  for  the  altitude  A  for 
the  mean  height  of  the  barometer  and  thennometer  during  the 
whole  series,  while  for  one  of  the  stars  it  is  r,  then  the  assumed 
altitude  requires  for  that  star  not  only  the  correction  rfA,  but  also 
the  correction  r  —  r^.  Hence,  if  we  find  the  refractions  r,  r',  ?*", 
&c.  for  all  the  observations,  and  take  their  mean  r^,,  we  have  only 
to  add  to  the  equations  of  condition  respectively  the  quantities 
r  —  r^  r'  —  To,  r"  —  r^,  &c. 

If  any  one  of  the  stars  is  observed  at  an  altitude  h^  slightly 
different  from  the  common  altitude  A,  we  correct  the  correspond- 
ing equation  of  condition  by  adding  the  quantity  h  —  h^. 

190.  We  may  also  apply  the  preceding  method  to  the  case 
where  there  are  but  three  observations.  The  final  equations  are 
then  nothing  more  than  the  three  equations  of  condition  them- 
selves, from  which  the  unknown  quantities  will  be  found  by 
simple  elimination.  It  will  easily  be  seen  that  this  elimination 
leads  to  the  expressions  {or  dip  and  rfA^  already  given  on  p.  284, 
if  we  there  exchange  dT,  dT'y  and  rfT"  for/,/',  and/"  respect- 
ively. We  can  simplify  the  computation  by  assuming  a  7^  so  as 
to  make  one  of  the  quantities//',/"  zero.  Thus,  we  shall 
liave/=0  if  wo  determine  AT'by  the  formula 

Ar=a  +  e  — [7^4-  dT{T  —  T;)]  (352) 

then,  finding/'  and/"  with  this  value,  and  putting 

pin  §  A*  cos  §  A' 


k'  = 


sin  i  (^'  — A)  sin  J  (A 


"  —  A')     ^ 


jj, ^mhA'*  Qo^\A*' „ 

~"  8ini(yl"~A)8ini(A"  — A') 

we  shall  have  the  following  fomiulce: 

(I^T  =  —  k' sin  i  (A  +  A")  +  A"  sin  §  (A'  +  A) 

--  ''*■  -  =  -k'coBi(A  +  A")  +  A"  cos  i  (A'  +  A) 

L)  COS  ip  )       {^ooo) 

-f'    -  =  +  A-'cosirA"  — A)  — A'"co8iGr-yl) 
l;)Cos  if 
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.  We  may  here  observe  that,  theoretically,  the  latitude 
;  be  found  also  from  three  different  altitudes  of  the  same 
nd  the  differences  of  azimuth ;  for  we  should  then  have 


sin  d 
sin  d 
sin  d 


sin  f  sin  A    -{~  ^^^  9  ^^^  ^  ^^^  ^ 

sin  ^  sin  hf  +  ^^^  f  cos  h'  cos  (A  +  Jl ) 

sin  f  sin  A"  +  cos  f  cos  h"  cos  (A  +  i') 


ich  -4  is  the  azimuth  of  the  star  at  the  first  observation, 
le  differences  of  azimuth  i  and  X'  are  supposed  to  be  given, 
lolution  of  Art.  187  may  be  applied  to  these  equations  by 
ig  h  for  d  and  A  for  t 

lin,  there  might  be  found  from  three  different  altitudes  of 
ime  star  not  only  the  latitude  and  time,  but  also  the  decli- 
i  of  the  star;  for  we  then  have 

Bin  h   =  sin  f  sin  d  -f-  cos  ^  cos  d  cos  t 

Bin  A'  =  Bin  f  sin  ^  -}-  cos  f  cos  d  cos  (t  -{-  X) 

sin  A"  =  sin  f  sin  ^  +  cos  ^  cos  ^  cos  (t  -f  'I') 

which  we  can  readily  deduce  f ,  /,  and  d.  But  the  method 
no  pnictical  value,  as  the  errors  of  observation  have  too 
influence  upon  the  result 


TH    METHOD. — BY  THE   TRANSITS    OF    STARS   OVER   VERTICAL 

CIRCLES. 

.  AVe  mav  observe  the  time  of  transit  of  a  star  over  anv 
111  circle  with  a  transit  instrument  (or  with  an  altitude  and 
th^instruinent,  or  common  theodolite);  for  when  the  rota- 
ixis  is  horizontal,  the  coUimation  axis  will,  as  the  instru- 
Ti'volves,  (loscrihe  the  plane  of  a  vertical  circle.  For  any 
of  horizontality  of  the  rotation  axis,  or  other  defects  of 
nii'nt,  corrections  must  be  applied  to  the  ohser^'ed  time  of 
t  over  the  instrument  to  reduce  it  to  the  time  of  transit 
the  assumed  vertical  circle.  These  corrections  will  be 
(I  of  in  their  proper  i)laces  in  Vol.  11. ;  and  I  shall  here 
e  that  the  observation  has  been  corrected,  an<l  gives  the 
time  T  of  transit  over  some  assume<l  vertical  circle  the 
th  of  which  is  A.  The  clock  correction  a T being  known, 
ve  the  star's  hour  an<rle  bv  the  formula 

t  =^   T  A-  aT—  a 
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193.  It  may  sometimes  be  possible  to  observe  transits  only  over 
some  vertical  circle  tlie  azimuth  of  which  is  undetermined.  We 
mast  then  observe  either  two  stars,  or  the  same  star  on  opposite 
sides  of  the  meridian.   We  shall  then  have  the  two  equations 

cos  t  .  tan  ^  sin  ^  —  tan  d  .  tan  A  cos  ^  =  B\nt 
cos  f .  tan  ^  sin  ^  —  tan  d' .  tan  A  cos  ^  =  sin  ^ 

from  whi(rh  the  two  unkiiowTi  quantities  A  and  f  can  be  deter- 
mined. If  the  same  star  is  observed,  we  shall  only  have  to  put 
J'  =  d.  Regarding  tan  A  sin  f  and  tan  A  cos  ^  as  the  unknown 
quantities,  we  have,  by  eliminating  them  in  succession, 

.    .  sin    sin  ^'  cos  d  —  sin  f'  cos  <5'  sin  d 

tan  A  Bin  ^  = 


tan  A  coer  f  = 


cos  t  Bin  d'  cos  d  —  cos  f  cos  d'  sin  d 
—  sin  (f  —  0  cos  d'  cos  d 


cos  t  sin  d'  cos  d  —  cos  f  cos  d'  sin  d 
If  wc  introduce  the  auxiliaries  m  and  31,  such  that 

m  sin  M=  sin  (d'  +  d)  sin  J  (f  —  t) 
m  cos  Af  =  sin  (6'  —  d)  cos  Of  —  t) 


I  (355) 


we  shall  easily  find 

m  sin  [J  (f  +  t)  —  -If]  =  sin  t  sin  d'  cos  d  —  sin  f  cos  d'  sin  d 
m  cos  [1  (^  +  0  —  ^f]  =  cos  t  sin  d'  cos  ^  —  cos  f  cos  ^'  sin  d 
m  sin  [i  (r'—  0  —  -^]  =  —  sin  (f  —  <)  cos  d'  sin  J 

and  hence 

tan  ii  sin  ^  a:=  tan  [J  (i'  +  <)  —  ilf] 

sin  [1  (f  —  n  -  3n  cot  a  /    (35<>) 

tan  -4  cos  «?  = ^ -^ ■* 

C08  [i  (^  4-  r)  —  ^1/] 

which  determine  A  and  ^  by  a  simple  logjirithmie  computation. 
The  solution  will  be  still  more  convenient  in  the  following  form : 

tan  if  =  tan  J  (^-0-^"-^'---'^ 

Bin  (o'  —  d) 

,      ,sin  [}(^+ f)  —  Jf] 

tan  A  =  '-^^^^'  -»-  '>-^ia 

sin  f 


A.  = 
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then,  t  and  i'  being  the  (unknown)  hour  angles  of  the  observations, 
we  have,  by  (287),  approximately, 

h^  =  h  +  at* 
Aj  =  A'  +  af^ 

in  which  A^  is  the  meridian  altitude,  and 

225  sin  1''  cos  <p  cos  d 
2  cos  Aj 

The  mean  of  these  equations  is 

and  their  difference  gives 

h  —  h:  =  a(f—t)(f+t) 
But  we  have 

r=i(^  —  T)  =  i(if^t) 

in  which  we  Buppose  the  intcr\'al  T'—  Tto  be  corrected  for  the 
rate  of  the  chronometer.    Hence 

2  ar 

which,  substituted  in  the  above  expression  for  Ap  gives 

A^  =  }  (A  +  A')  +  rtr«  +  Ei^.r:i!)Z  (360) 

Aceonling  to  this  formula,  the  mean  of  the  two  altitudes  is 
reduced  to  the  meridian  by  adding  two  corrections:  Ist,  the 
quantity  ^r*,  wliich  is  nothing  more  tlian  tlie  common  *' reduc- 
tion to  the  meridian**  computed  with  the  half  elapHcd  time  as  the 
hour  aii^rlc ;  -d,  the  square  of  one-fourth  the  dift'erence  of  the 
altitudes  <lividt»d  by  the  first  correction. 

\i  wc  employ  the  form  (285)  for  the  reduction,  we  have 


in  which 


A,  =  i  (A  +  A')  +  Am  +  ^- -  -    -^'  .        (361) 

Am 

COR  <pcos^  2  sin' }  t 

A  =z —  m  ---  — 

COS  A.  sin  1" 


and  m  is  taken  from  Table  V.  or  log  m  from  Table  VI. 
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or,  puttiug 

111  = Am  =  aT'* 

sin  r 

A,  =  A  +  (!L±^  (S62) 

'±Am 

in  whicli  h  is  the  altitude  farthest  from  the  meridian.  Although 
this  reduces  the  ti^'O  corrections  of  (361)  to  a  single  one,  the 
computation  is  not  quite  so  simple. 

196.  (B.)  By  three  altitudes  near  the  meridian  and  the  chronometer 
times  of  the  observations^  when  neither  the  correction  nor  the  rate  of  the 
chronometer  is  known. — In  this  case  we  assume  only  that  the  chro- 
nometer goes  uniformly  during  the  time  occupied  by  the  observa- 
tions.    Let 

hy  h\  /i"   =  the  tmo  altitudes, 

T,  jT',  T"  =  the  chronomotcr  tiroes, 

Tj   =  the  chronometer  time  of  the  greatest  altitude. 

If  we  introduce  the  factor  for  rate  =  A*,  according  to  Art.  171, 

the  formula  for  the  reduction  to  the  meridian  by  Gauss's  method 

irt,  approximately, 

h^  =  h  +  akV 

in  which  /  is  the  time  reckoned  from  the  greatest  altitude.  De- 
noting ak  by  a,  we  have  then,  from  the  three  obser\'ations, 

h,  =  h  +  a(T   -  T;f  ) 

h^  =  K  -\-a{T  —  T^y  y    (3G3) 

whii'li  tlirt'O  equations  suffice  to  detennine  the  three  unknown 
quantitii's  a,  T^,  aiid  h^  By  nubtracting  the  second  from  the 
tirst,  and  the  third  from  the  secon<l,  we  obtain 

^-^^^'  =:a(r  +  T)  —  2aT, 

rpt  rp  ^  '  y  1 

*'     ~  '' "  -^a(T"+  T)  —  2aT, 

and  the  <liftorence  of  these  is 

rptt  rp'  rpt  rp  \  / 
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197.  (C.)  By  tico  altitudes  or  zenith  distances  near  the  meridian 
and  the  differmce  of  the  azimuths. — If  the  observer  has  no  chrono- 
meter, he  may  still  obtain  his  latitude  by  circummeridian  alti- 
tudes, if  he  observes  the  altitudes  with  a  universal  instrument, 
and  reads  the  horizontal  circle  at  each  observation,  taking  care, 
of  course,  that  the  star  is  always  observed  at  the  middle  vertical 
thread.  As  this  instrument  generally  gives  directly  the  zenith 
distances,  we  shall  substitute  f  for  90°  —  h.  We  have  the  equa- 
tion 

sin  d  =  sin  f  cos  C  —  cos  f  sin  C  cos  A 
=  sin  (s^  —  C)  +  2  cos  ^  sin  C  sin* )  A 

whence 

cos  i  (f  +  ^  —  0  sin  }  [C  —  (f  —  ^)]  =  cos  f  sin  C  sin'  i  A 
But 

f  —  d  =  Ci  =  the  meridian  zenith  distance; 

and  hence 

sin  1  C  -  :,)  =  eoB^B'nCsin'M  ^3 

which  expresses  the  reduction  to  the  meridian  =  {^  —  f ,  when 
the  absolute  azimuth  A  is  given.  If  the  observation  is  very 
near  the  meridian,  we  may  neglect  J  (C  ~  Ci)  ^^  ^^^  denominator 
of  the  second  member,  and  take 

_  cos  y  sin  C,     2  sin' §  il 
*  cos  d  sin  1" 

or,  putting 

a  =  ?^?J^  «l^i .  ?l!Li:  (366) 

cos  d  2  ^ 

C  —  Cj  =  aA^  (367) 

from  which  it  follows  that  near  the  meridian  the  zenith  distance 
varies  as  the  square  of  the  azimuth. 
Now,  when  we  have  taken  two  observations,  we  have 

C,  =  :  —  a  A' 

whence,  putting 

r  =  J(A'-il) 
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ELEVEXTH  METHOD. — BY  THE  RATE  OF  CHANGE  OF  ALTITUDES  NEAK 

THE  PRIME  VERTICAL.* 


199.  We  have,  Art  149, 

d: 


15  dt 


=  cos  ^  sin  A 


If  then  we  observe  two  altitades  near  the  prime  vertical  in  quick 
succession,  noting  the  times  by  a  stop-watch  with  as  great  pre- 
cision as  possible,  and  denote  the  difference  of  the  altitudes,  or 
of  the  zenith  distances,  by  rf^,  and  the  difference  of  the  times  by 
diy  we  sliall  have 

dZ 
cos  f  =  — ^cosecA  (871) 

Ibdt 

The  observation  being  made  near  the  prime  vertical,  an  error  in 
the  supposed  azimuth  A  will  have  but  small  influence  upon  the 
result.  If  the  observation  is  exactly  in  the  prime  vertical,  or 
within  a  few  minutes  of  it,  we  may  put 

cos  f  =  -^  (872) 

This  exceedingly  simple  method,  though  not  susceptible  of 
great  precision,  may  be  very  useful  to  the  navigator,  as  it  is 
available  when  the  sun  is  exactly  east  or  west,  and,  consequently, 
when  no  other  method  is  i)racticable,  and,  moreover,  requires 
no  previous  knowledge  of  the  time  or  the  approximate  latitude, 
or  of  the  star's  declination.f 

Example. — 1853  July  3,  Prestel  observed,  near  the  prime 
vertical,  the  time  required  by  the  sun  to  change  its  altitude  by  a 
quantity  ecjual  to  its  apparent  diameter,  by  observing  with  a 
Hcxtant  first  the  contact  of  the  lower  limb  with  its  image  in  an 
artificial  horizon,  and  then  the  contact  of  the  upper  limb  with 


•  Pbbrtcl,  in  Attron.  AVA.,  Vol.  XXXVII.  p.  281. 

t  Since  the  fltar*8  declination  is  not  required,  this  method  has  the  additional 
advantage  (which  may  at  times  be  of  great  importance  to  the  traTeller)  of  being 
practicable  tcithout  the  use  of  the  Ephemerii.  This  feature  entitles  this  method  to  a 
prominent  place  in  works  on  naTigation. 
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The  moflt  common  practice  in  the  case  of  the  sun  is  to  bring 
the  lower  limb,  reflected  in  the  mirrors  of  the  instrument,  to 
touch  the  sea  horizon  seen  directly  (a  few  minutes  before  noon), 
and  then  by  the  tangent  screw  to  follow  the  sun  as  long  as  it 
rises,  never  reversing  the  motion  of  the  screw ;  as  soon  as  the 
8un  begins  to  fall,  the  limb  will  appear  "to  dip**  in  the  sea  by 
lapping  over  the  line  marking  the  horizon.  Hence,  when  the 
sun  **dips,**  the  observation  is  complete,  and  the  instrument  is 
read  off.  But,  as  the  waves  of  the  sea  cause  the  ship  to  rise  and 
fall,  the  depression  of  the  sea  horizon  is  constantly  fluctuating 
by  the  small  amount  due  to  the  change  in  the  height  of  the 
observer's  eye :  it  is,  consequently,  impossible  to  keep  the  sun*s 
reflected  image  in  constant  contact  with  the  horizon.  Expe- 
rienced obser\^er8  advise,  therefore,  to  observe  and  read  off 
separate  altitudes  in  rapid  succession,  continuing  until  the 
numbers  read  off  decidedly  decrease ;  the  greatest  is  then  taken 
as  the  meridian  altitude,*  or,  still  more  accurately,  the  mean  of 
the  greatest  and  the  two  immediately  adjacent  may  be  taken  as 
the  meridian  altitude,  free  from  the  inequalities  produced  by  the 
motion  of  the  eye. 

201.  The  greatest  altitude,  however,  is  not  the  meridian  alti- 
tude, except  in  the  case  of  a  fixed  star.  To  find  the  correction 
for  a  change  of  declination,  we  have,  for  the  time  (d)  from  noon 
when  the  sun  is  at  the  greatest  altitude,  the  formula  (294),  or 

A^  sin  (f  —  d) 

""  810000  sin  1"  '  cos  ^  cos^^ 

in  wliich  ^d  is  the  hourly  change  of  declination  expressed  in 
seconds.  The  reduction  of  the  maximum  altitude  to  the  meri- 
dian altitude  is  the  quantity  y,  Art.  172,  or 

(l^^y  sin  1"    cos  f  coa^ 

2  sin  (v>  —  i) 

These  formulre  give  &  in  seconds  of  time  and  y  in  seconds  of  arc. 
For  nautical  use,  let 

a  -r  the  change  of  altitude  (expressed  in  seconds  of  arc)  in 
one  minute  of  time  from  the  meridian; 


*  Rapbb,  Practice  of  Xavigation  (4th  edition,  1S62),  p.  220. 
Vol.  1.-20 


REDUCTION  TO  THE  UEBIDUS.  807 

or  due  Bonth  at  the  rate  of  18  miles  per  honr,  the  maximum 
altitude  will  exceed  the  meridian  altitude  by  2'  15'^ 

Seemd  Method. — Bjf  Reduction  to  the  Meridian  when  the  Time  is 

given. 

208.  When  the  meridian  ob8er\'^ation  is  lost  in  consequence 
of  clouds,  circummeridian  altitudes  may  sometimes  be  obtained. 
The  most  convenient  method  of  reducing  them  at  sea  is  that  of 
BownrrcH.  In  his  Table  XXXII.  he  gives  the  value  of  a  com- 
pated  by  (878);  and  in  Table  XXXIII.  the  value  of  /',  t  being 
reduced  to  minutes.  Each  observed  altitude  h  is  then  reduced 
to  the  meridian  altitude  h^  by  the  formula  (287),  or 

A,  =  A  +  a<«  (375) 

and  a  number  of  altitudes  are  reduced  at  once  by  the  same 
formula,  by  taking  for  h  the  mean  of  all  the  altitudes,  and  for  i^ 
the  mean  of  all  the  values  of  /*.  If  the  observer  has  no  tables, 
he  can  readily  compute  a  by  the  fomiula 

a  =  1".9685  r^?.*-*  =  [0.2930]  2?1?L£^  (376) 

Bownrrcn's  table  for  /'  extends,  however,  only  to  ^  =  13*. 
TVTien  the  obser\'ations  are  more  than  13"'  from  the  meridian, 
he  reduces  the  ob8cr\'ation  to  the  meridian  by  the  formula  (282), 

COS  Cj  =  sin  A  +  cos  tp  cos  J  (2  sin'  J  i) 

employing  a  table  of  log.  versed  sines  for  the  value  of  2  sin'  J/; 
a  table  of  natural  sines  for  sin  A  and  cos  ^j-,  and  the  table  of 
logarithms  of  numbers  for  the  value  of  the  last  term.  I  prefer 
the  formula  (283), 

•     1 /r        IN       cos  «p  cos  ^  sin' H 
sm  }  (A,  —  A)  = ^ — 

^  *  cos  i  (A,  +  A) 

which  effects  the  reduction  by  a  single  table. 

T}drd  Method. — Bt/  Tioo  Altitiules  near  the  Meridian  when  the  Time 

is  not  known. 

204.  As  it  frequently  happens  at  sea  that  the  local  time  is 
uncertain,  the  method  I  have  proposed  in  Art.  195  will  be  found 
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in  'which  the  altitudes  are  equal  and  the  2d  correction,  conse- 
qaently,  zero.  It  will  be  well,  therefore,  always  to  endeavor  to 
^tain  altitudes  on  opposite  sides  of  the  meridian. 

"We  may  also  obtain  an  approximate  value  of  the  time  from 
the  same  observation ;  for  we  have  for  the  hour  angle  of  the 
least  altitude  h'j  Art  195, 


f  =  \JL-J!1  ^  \(^r  —  T) 


or 

az 

Thus,  in  the  above  example  we  have 


Hh-^K)  ^       25       ^       2-1 
ar  2.4  X  4.9 

}(r—  r)  =  +  4  .9 

<'  =  +  7  .0 

The  apparent  time  of  the  observation  of  the  least  altitude  was, 
therefore,  0*  7*. 

Fourth  Method. — By  Three  Altitudes  near  the  Meridian  when  the 

Time  is  not  knovm. 

205.  The  method  of  Art.  196  does  not  require  even  the  rate 
of  the  chronometer  to  be  known ;  but  it  is  hardly  simple  enough 
for  a  common  nautical  method.  But  a  verj'  simple  method  will 
be  obtained  if  we  take  three  altitudes  at  equal  rnterrals  of  time, 
Siipj>OHe  the  second  altitude  is  observed  at  the  (unknown)  time 
T'from  the  meridian  passage,  the  first  at  the  time  T —  a:,  the 
third  at  the  time  T  +  x;  then  we  have,  by  (363), 

h^  =  h   -pa(r— a:)« 
A,  =  A'  +  a  r» 
A,=  A"  +  a(r+x)« 

Subtracting  the  half  sum  of  the  first  and  third  equations  from 
the  second,  we  deduce 

ax»==A'—  }(A  +A") 
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the  error  in  the  latitude  produced  by  an  error  in  the  time 
iiiereasos  very  rapidly  as  the  star  leaves  the  meridian  and  ap- 
proaches the  prime  vertical  (Art.  166),  and  the  method  fails 
altogether  when  the  star  is  in  the  prime  vertical.  It  may,  how- 
ever, sometimes  be  very  important  to  determine  the  latitude,  at 
least  approximately,  when  the  sun  is  nearly  east  or  west;  and 
then  the  following  method  may  be  used. 

jSVxM  Miihod. — Bt/  the  change  of  Altitude  near  the  Prime  Vertical. 

207.  This  is  the  method  of  Art.  199.  In  the  morning,  when 
tlie  sun  has  arrived  within  1®  of  the  prime  vertical  as  ()b.ser\'ed 
with  the  Hhii>'s  compass,  bring  the  image  of  the  sun's  upper 
limb,  reflected  l)v  the  sextant  mirrors,  into  contact  with  the  sea 
horizon,  an<l  note  the  time;  let  the  sextant  reading  remain  un- 
changed, and  note  the  time  when  the  contact  of  the  lower  limb 
occurs.  In  the  afternoon,  begin  with  the  lower  limb.  Then, 
taking  the  sun's  semidiameter  —  S  from  the  almanac,  and  put- 
ting the  ditterence  of  the  chronometer  times  =  r,  we  have 

cos  f  =  —  =  [9.1249]  -  (378) 

15  r  ^ 

Tliis  is  evidently  but  a  rough  method,  only  to  be  resorted  to  in 
cai»es  of  emergency.  With  the  greatest  care  in  obser\'ing  the 
conta<-ts,  and  in  latitudes  not  less  than  45°,  the  result  eannot  bo 
depended  upon  within  from  five  to  ten  minutes;  but  even  this 
degree  of  aeeuracy  may,  in  many  cases  at  sea,  be  quite  satis- 
factory. 

Scvaith  Method.— By  the  Pole  Star. 

20f<,  This  method,  though  confined  in  its  ai)plication  to  north 
latitudes,  is  verv  useful  at  sea,  as  it  is  avaihible  at  all  times  when 
the  star  is  visible  and  the  horizon  sufliciently  distinct,  and  does 
not  reijuire  a  more  accurate  knowledge  of  the  time  than  is 
usually  possessed  on  8hii)board.  The  complete  discussion  of  it 
has  been  given  in  Art.  176;  but  for  those  who  wish  only  the 
nautical  method,  and  have  passed  over  that  article,  I  add  the 
following  simple  investigation,  which  is  sufliciently  precise  for 
the  purpose. 

Let  Z.\\  Fig.  27,  be  the  meri<lian ;  Z  the  zenith  of  the  ol>. 
server ;  P  the  pole ;  AN  the  horizon  ;  ♦V  the  star,  which  describes 
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Chronomotcr 

19*  12-  42* 

A  — 31« 

lO*. 

Correction 

—     5 

30 

». 

Gr.  M.  T. 

19     7 

12        p  —  l"  27'  18" 

Longitado 

10     0 

0            —  87'.3 

Local  M.  T. 

9     7 

12  logp            1.9410 

Sid.  T.  Gr.  noon 

23  13 

23  log  cost     n9.5234 

Corr.  for  19*  7- 

+     8 

8  log j> cost  nl.4645 

— p  cost—  + 

29.1 

e  — 

8  23 

48 

f  — 31 

39.1 

a  : — 

1     5 

44 

t  = 

7  17 

59 

— 

109"  29* 

45" 

Eighth  Method. — By  Two  Altitudes  with  the  elapsed  Tinie  between 

them. 

200.  This  method  may  be  succeBsfuUy  applied  at  sea,  and  is 
the  most  reliable  of  all  methods,  next  to  that  of  meridian  or  cir- 
ciimnieridiau  altitudes.  The  formuhe  fully  discussed  in  Arts. 
178  to  183  may  be  directly  applied  when  the  position  of  the  ship 
hui*  not  changed  between  the  observations. 

But,  since  there  should  be  a  considerable  difference  of  azimuth 
between  the  ob8er\'ations,  the  change  of  the  ship^s  position  in 
the  inten-al  will  generally  be  sufBciently  great  to  require  notice. 
All  that  is  necessary  is  to  apply  a  correction  to  the  altitude  ob- 
Ber\*ed  at  the  first  jjosition  of  the  ship,  to  reduce  it  to  what  it  would 
have  been  if  ob8cr\'ed  at  the  second  position  at  the  same  instant. 
To  obtain  this  correction,  let  Z\  Fig.  28,  bo 
the  zenith  of  the  observer  at  the  first  observa- 
tion, S  the  star  at  that  time  ;  Z  his  zenith  at 
the  second  observation,  and  #S''  the  star  at  that 
time.  The  first  obsen-ation  gives  the  zenith 
distan<e  Z'N,  the  second  the  zenith  distance 
ZS',  .loining  the  points  S  and  *S''  with  the 
pok»  I\  it  is  evident  that  the  hour  angle  SPS' 
is  obtained  from  the  observed  difference  of 
the  times  of  olisen'ation  pre<*isely  as  if  the 
obser\'er  had  been  at  rest.  AVe  have,  there- 
fore, onlv  to  find  ^X  in  order  to  have  all  the  data  nccessa^^•  for 
computing  the  latitude  of  Zby  the  genenil  methods. 

The  number  of  nautical  miles  run  by  the  ship  is  the  number 
of  minutes  in  the  arc  ZZ'\  and,  since  this  will  always  be  a  suffi- 


Fig.  28. 
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If  the  computer  chooses  to  neglect  this  correction,  he  should 
employ  the  mean  declination  only  when  the  middle  time  is 
nearer  to  noon  than  the  time  of  the  greater  altitude.  In  all  other 
cases  he  should  employ  the  declination  for  the  time  of  the 
greater  altitude  (Art  183). 

211.  DouwKs's  method  of  ^^  double  altitudes.*'* — This  is  a  brief 
method  of  computing  the  latitude  from  two  altitudes  of  the  sun, 
which,  though  not  always  accurate,  is  yet  sufficiently  so  when 
the  interval  between  the  observations  is  not  more  than  1*,  and 
one  of  them  is  less  than  1*  from  the  meridian. 

Let  li  and  A'  be  the  true  altitudes,  8  the  declination  at  the 
middle  time,  Tand  T'  the  chronometer  times  of  the  observa- 
tions, t  and  V  the  hour  angles.  The  elapsed  apparent  time  X  is 
found  from  the  times  Tand  T'  by  (322),  but  it  is  usually  suffi- 
cient to  take  X^T—  T.  We  then  have  V=t-\-X\  and  by  the 
first  of  (14)  we  have 

sin  A  =  sin  ^  sin  d  -f-  cob  ^  cos  d  cos  t 

sin  h!  =  sin  ^  sin  ^  -f  cos  ^  cos  J  cos  {t  -\-  X) 

The  difference  of  these  equations  gives 

sin  h  —  sin  A'  =  2  cos  f  cos  d  sin  (t  +  i  I)  sin  iX 

If  we  put  t^  =  the  middle  time,  or 

wc  deduce 

^  .     .           sin  A  —  sin  A'  .^o,. 

2  sm  t^  = (381) 

cos  ^  cos  J  sin  M 

which  jjivos  ^^  by  employing  the  supposed  latitude  for  f  in  the 
second  member.     We  then  have 

and  the  meridian  zenith  distance  ^,  is  found  from  the  greater 
altitude  A  by  the  formula  (Art.  1G8) 

cos  Cj  -    sin  A  -f  cos  y»  cos  d  (2  sin'  J  t) 


*  The  ni('tho«l  of  finding  the  latitude  by  two  altitudes  in  commonly  called  by  naTi- 
gator«  ''the  method  of  double  altitudes,*' — an  obviouii  misnomer,  as  double  meant 
twice  the  same. 
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CHAPTER  VII. 

FINDIXG   THE   LONGITUDE  BY  ASTRONOBnCAL  OBSERVATIONS. 

213.  The  longitude  of  a  point  on  the  earth's  surface  is  the 
angle  at  the  pole  included  between  the  meridian  of  the  point 
and  8ome  assumed  first  meridian.  The  difterence  of  longitude 
of  any  two  points  is  the  angle  included  by  their  meridians. 
These  definitions  have  been  tacitly  assumed  in  Art  45,  where 
we  have  established  the  general  equation 

L=T^—T  (382) 

in  which  (Art  47)  T^  and  T  are  the  local  times  (both  solar  or 
l)oth  sidereal)  reckoned  respectively  at  the  first  meridian,  and  at 
that  of  any  point  of  the  earth's  surface,  and  L  is  the  tcesi 
longitude  of  the  point. 

As  an  astronomical  question,  the  determination  either  of  an 
absolute  longitude  from  the  first  meridian,  or  of  a  difterence  of 
longitude  in  general,  resolves  itself  into  the  detennination  of 
the  difterence  of  the  time  reckoned  at  the  two  meridians  at  the 
same  absolute  instant*  The  various  methods  of  finding  the 
longitude  which  are  treated  of  in  this  chapter  difter  only  in  the 
mode  by  which  the  comparison  of  tlie  times  at  the  two  meridians 
is  eftected. 

FIRST   METHOD. — BY   PORTABLE   CHRONOMETERS. 

214.  The  difterence  of  longitude  between  tvvo  places  A  and 
B  being  required,  let  a  chronometer  be  accurately  regulated  at 
An  that  i.-*,  let  its  correction  on  the  time  at  that  place  and  its 
ihiily  rate  be  determined  by  the  methods  of  Chapter  V. ;  then 
let  the  ehronometer  be  transported  to  Z?,  and  let  its  correction 


*  The  astronomical  differetice  of  longitude  may  differ  firom  the  geodetic  difference 
for  the  Mme  reason  that  the  tBtronomical  latitude  differs  f^om  Uie  geodetic,  Arta.  S6 
and  IGO. 
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Kon. — It  is  proper  to  distinguish  whether  the  giren  rate  is  the  rate  in  a  chrono- 
meter unit  or  in  a  true  unit  of  time;  although  the  difference  will  not  be  appreciable 
unless  the  rate  is  unusually  great  If  the  rate  is  20*  in  24*  by  the  chronometer,  it  will 
be  20»  =b  COOG  in  24*  of  solar  time. 

215.  When  the  chronometer  is  carried  from  point  to  point 
without  stopping  to  rate  it  at  each,  it  is  convenient  to  prepare  a 
table  of  itH  correction  lor  noon  of  each  day  at  the  first  station, 
from  wliich  the  correction  for  the  time  of  anv  observation  at  a 
transient  station  may  be  found  by  simple  interpolation. 

After  reaching  the  last  station,  it  is  proper  to  re-determine  the 
rate,  which  will  seldom  agree  precisely  with  that  found  at  the 
first.  In  the  absence  of  any  other  data  aftecting  the  rate,  we 
may  assume  that  it  has  changed  uniformly  during  the  whole 
time.  It  irt  convenient  to  compute  the  longitudes  first  upon  the 
BUpposition  of  a  constant  rate,  and  then  to  correct  them  for  the 
variation  of  rate,  as  follows.     Let 

^T,  iT  =  the  correction  and  rate  at  the  time  T,  found  at 
the  first  station, 
d'T=tho  rate  found  at  the  last  station  at  tbo  time 

T+n, 

and  put 

x  =  ^'^-^^  (384) 

n 

then  X  is  the  increase  of  rate  in  a  unit  of  time.  If  an  observa- 
tion at  an  iiitcnnediatc  station  is  taken  at  the  time  T'-f  ^  we 
must  c'omputc  tlic  accumulated  rate  for  the  inter\'al  ^  which  is 
cft'cftiMl  l)y  multiplying  the  mcon  rate  during  this  interval  by  the 
iiitcr\'al.  But,  upon  the  supposition  of  a  unifonn  increase,  the 
mean  rate  from  the  time  T'to  the  time  T  -{-  Ha  the  rate  at  the 
middle  instant  T -\-  it,  and  this  rate  is  oT  +  ^tx.  Hence  the 
chrononu'tiT  correction  on  the  time  at  the  first  station  at  the 
iui^tant  T  +  t  of  the  supposed  observation  is 

AT+f (r)r-!-  ltx)-=r.£iT+t.dT+  it^x  (385) 

A  longitu<le  assigned  to  an  intermediate  station  at  the  time 
T  -^  t,  by  i'lnploying  the  original  rate  oT,  will  therefore  require 
the  corn'ction  -j-  h  t^x,  obser\*ing  always  the  algebraic  signs  of  x 
an<l  the  longitude. 
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A'T" 

F. 

—  4»  40-  59'.20 

M. 

—  4     9   55.53 

P. 

5   18     3.24 

And  finally,  at  Carthagena,  observations  on  the  25th  and  29th 
of  June  gave  the  corrections  and  rates  at  the  mean  epoch  June 
27'.0  as  follows: 


A'r 

d'T 

F. 

—  5*    7-23V55 

+  0'.85 

M. 

—  4  37   47.98 

—  5.90 

P. 

—  5  44    34.42 

+  0.30 

Emjiloying  the  rates  found  at  La  Quayra,  the  corrections  of  the 
chronometers  on  June  5''.870  at  Porto  Cabello  (for  which  we 
have  (  -  -  11''.985),  and  the  resulting  difterence  of  longitude, 
are,  by  formula  (383),  are  as  follows : 


AT'-f  t.iT 

P.  Cabello^La  Ouayrm. 

F. 

—  4»  32-  5«'.57 

+  4-  17'.23 

M. 

—  41    11.81 

19.47 

P. 

—  5  10     1.32 

12  .00 

Mean  +  4    10  .25 

With  the  same  rates,  we  have  on  June  12.890  at  Cuni^oa  (for 
t  --  19^.00r>)  the  corrections  and  the  corresponding  difterence  of 
longitude,  us  follows: 


aT-i-  (.at 

Cura9oa — La  Guayrs, 

F. 

—  4*  32-  53'.  17 

+  8-    0'.03 

M. 

4     1   43.68 

8    11  .85 

P. 

4   10   11.04 

7    51  .(>0 

Mean  +  8      3  .16 

Witli  tlie  same  rates,  we  have  on  June  27**  at  Cartliagena  (for 
t  3^1^.11'))  the  corrections  and  the  corresponding  difterence  of 
longitude,  iw  follows: 


^T  -*-  t.ST 

Carthagena — La  Guayra 

F. 

—  4*  32-  42'.30 

+  34-  41'.25 

Jf. 

4     2    47.74 

35      0 .24 

P. 

5   10    32.38 

34      2 .04 
Mean  +  34    34  .51 

Vol.  I.-21 
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If  the  chronometers  have  been  exposed  to  considerable 
changes  of  temperature,  the  proper  correction  may  be  intro- 
iaced  by  the  method  of  Art.  223.  • 

216.  Chronomctric  expeditions  between  two  points. — ^Wliere  a  dif- 
ference of  longitude  is  to  be  determined  with  the  greatest 
{)0:^iblc  precision,  a  large  number  of  chronometers  are  trans- 
ported back  and  forth  between  the  extreme  points.  There  are 
two  classes  of  errors  of  chronometers  which  are  to  be  eliminated: 
1st,  the  accidental  errors,  or  variations  of  rate  which  follow  no 
law,  and  may  be  either  positive  or  negative;  2d,  the  constant 
errors,  or  variations  of  rate  which,  for  any  given  chronometer, 
a[»pear  with  the  same  sign  and  of  the  same  amount  when  the 
chronometer  is  transported  from  place  to  place ;  in  other  words, 
a  constant  acceleration,  or  a  constant  retardation,  as  compared 
with  the  rates  found  when  the  chronometer  is  at  rest.  The 
accidental  errors  arc  eliminated  in  a  great  degree  by  employing 
a  large  number  of  chronometers,  the  probability  being  that  such 
errors  will  have  diftercnt  signs  for  different  chronometers.  The 
constant  errora  cannot  be  determined  by  comparing  the  rates  at 
the  two  extreme  [)oints,  since  these  rates  are  found  only  when 
the  chnMioinctcr  is  at  rest;  but  if  the  chronometers  are  trans- 
p<»rted  in  both  directions,  from  east  to  west  and  from  west  to 
east,  a  constant  error  in  their  travelling  rates  will  affect  the  differ- 
enre  of  longitude  with  opposite  signs  in  the  two  journeys,  and 
will  disappear  when  the  mean  is  taken.  These  considerations 
have  given  rise  to  extensive  expeditions,  of  which  probably  the 
most  thoroughly  executed  was  that  carried  out  by  Struve,  in 
lx4.*5,  between  Pulkova  and  Altona.*  In  this  expedition  sixty- 
eight  ehronometers  were  transported  eight  times  from  Pulkova 
to  Altona  and  baek,  making  sixteen  voyages  in  all,  giving  the 
ilitlerenie  of  lonsritude  between  the  centre  of  the  Pulkova  Obser- 
vatorv  and  the  Altona  Observatory  1*  21'*  32*.527,  with  a  probable 
error  of  onlv  0\0;W. 

dironometric  expeditions  between  Liveq)Ool  (England)  an<l 


*  A>/»/#/i/ion  rhronom/friquf  tx/ruf/f  par  ordre  de  Sa  MnJ^Mtf  L* Emperrur  Sicolan  I. 
fffur  fa  d/lrrmtnnfion  df  la  tornjUude  *f/oi/raphique  r/tative  dr  V uhtfrvatuire  ftntraU  c/< 
H'iMn.f.     St.  INMiTj»hiirg.  1H44. 

For  an  arcounf  of  the  r  a  re  fully  execiite<i  expedition  un<ler  Professor  Aimrto  deter- 
inin**  the  longitijile  of  Valentia  in  Ireland,  sec  the  Appendix  to  the  Greenwich 
UJi^errationa  of  ISIo. 
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meter  at  the  station  A  immediately  before  starting;  sccoudly^  its 
correction  at  B  immediately  upon  its  arrival  there ;  and  thirdly^ 
having,  without  any  delay  at  i?,  returned  directly  to  Ay  finding 
again  its  correction  there  immediately  upon  arriving.  The  dif- 
ference between  the  two  corrections  at  A  is  the  whole  tnivcllinii: 
rate  during  tlie  elapsed  time,  and  this  rate  would  be  used  in 
making  the  comparison  with  the  correction  obtained  at  -C,  and 
in  deducing  the  longitude  by  (383). 

But,  since  the  chronometer  cannot  generally  be  immaliatehf 
returned  from  2?,  its  correction  for  that  station  shouUl  be  found 
lK>th  upon  its  arrival  there  and  again  just  before  leaving,  and 
the  travelling  rate  inferred  only  from  the  time  the  instrument  is 
in  motion.     For  this  purpose,  let  us  suppose  that  we  have  found 

at  the  times  f,  f,  r,  r, 

the  eliron.  corrections    a,  b,  1%  a', 

the  correction  a  at  the  station  A  before  leaving;  b  upon  arriving 
at  B;  b'  before  leaving  B;  and  a'  upon  the  return  to  A.  The 
times  /,  /',  t'\  V"y  being  all  reckoned  at  the  same  meridian,  if  we 
now  put 

m  ~-  the  mean  travelling  rate  of  the  chronometer  in  a  unit 

of  time, 
I  —-=  the  longitude  of  B  west  of  J, 

we  sliall  liave,  upon  the  supposition  that  the  mean  travelling 
rate  is  the  same  for  both  the  east  and  west  voyages, 

X  =  a  '\-m(f  —t  )  —  b 
il  =  <z'— m(r'— rj  —6' 

From  these  two  equations  the  two  unknown  quantities  yn  and  X 
become  known.     Putting 

we  find,  first, 

(a'  ^n)-  a/  -  h) 
m  = ('iXi ) 

in  whit-li  the  numerator  evidently  expresses  the  whole  travelling 
nite,  and  the  denominator  the  whole  tnivelling  time.  Then, 
putting 
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80  that  the  two  chronometer  corrections  at  A  are  intermediate 
between  the  two  at  jB,  then  the  error  in  the  longitude  will  have 
a  different  sign,  and  the  mean  of  the  two  values  of  the  longitude 
will  be,  partially  at  least,  freed  from  the  influence  of  the  acce- 
leration or  retardation.  To  show  this  more  clearly  under  an 
algebraic  form,  let  us  suppose  that  we  have,  omitting  the  inter- 
vals of  rest  at  the  two  stations, 


at  the  times 

t, 

«', 

r, 

r, 

the  chron.  correctiona 

a, 

ft, 

a', 

V, 

intervals 

T, 

'', 

t", 

and  that 

ft  =  daily  rate  of  the  chronometer  at  the  time  f, 
2^  --  tho  daily  acceleration  of  the  rate  ii  after  the  time  f, 

the  trne  values  of  the  four  corrections,  obser\ang  that  b  and  h' 
refer  to  tho  meridian  of  J3,  will  be,  according  to  the  law  of  uni- 
formly accelerating  motion, 

a  =  a 

b  =^a  +  /ur +  /9t«  — i 

^'  =  a  +  m(t  +  r'  +  t")  +  /9(r  +  t'  +  t")«  —  i 

If  now  we  find  tho  value  of  {a)  corresponding  to  b  (that  is,  for 
the  time  V)  by  simple  interi)olation  between  the  values  of  a 
and  a\  wc  have 


w=«+(t-;-:;) 


from  which  we  obtain  the  erroneous  longitude 

Hence  the  error  in  the  longitude,  by  simple  interpolation  and 
commencing  with  the  station  A^  is  dk'  ^-  /5rr'. 

In  the  ni'xt  place,  if  we  commence  at  the  station  J5,  with  the 
correction  />,  employing  simple  interpolatitm  between  6  and  6', 
to  find  the  correction  (i)  for  the  time  ^"  corresponding  to  a',  we 
have 
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219.  Rclatire  weight  of  the  longitudes  determined  in  differmt  voyages 
by  the  same  chronometer. — From  the  above  it  appears  that  the 
problem  of  finding  the  longitude  by  chronometers  is  one  of 
interpolation.  If  the  irregularities  of  the  chronometer  are 
regarded  as  accidental,  the  mean  error  of  an  interpolated  value 
of  the  correction  may  be  expressed  by  the  formula* 


^'\/;t7 


+ 

where  r  and  r'  have  the  same  signification  as  in  .the  preceding 
article,  and  e  is  the  mean  (accidental)  error  in  a  unit  of  time. 
Tlie  weight  of  such  an  interpolated  value  of  the  correction,  and, 
therefore,  also  the  weight  of  a  value  of  the  longitude  deduced 
from  it,  is  inversely  proportional  to  the  square  of  this  error,  and 
may,  therefore,  be  expressed  under  the  form 

where  k  is  a  constant  arbitrarily  taken  for  the  whole  expedition, 
so  as  to  give  p  convenient  values,  since  it  is  only  the  relative 
weightri  of  the  different  voyages  which  are  in  question. 

But  if  the  chronometer  variations  are  no  longer  accidental, 
but  follow  some  law  though  unknown,  a  special  invcntigation 
may  ser>'e  to  give  empirically  a  more  suitable  expression  of  the 
weight  than  the  above.  Thus,  according  to  Struve*s  investiga- 
tions in  the  case  of  certain  docks,  the  weight  of  an  interpolated 
value  of  the  correction  for  these  clocks  could  be  well  expressed 
bv  the  formulaf 

But  oven  this  expression  he  found  could  not  be  generally  applied ; 
an<l  he  tiiuilly  adopted  the  following  form  for  the  chronometric 
expedition: 

|)  =  — ^-  (389) 

in  which  T  is  the  duration  of  an  entire  voyage,  including  the 

♦  See  Vol.  II.,  "Chronometer." 
t  Erp/dition  Chron.^  p.  102. 
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chronometers  are  inversely  proportional  to  their  mean  errors. 
The  weight  P  of  a  longitude  L  will,  therefore,  be  expressed 
generallv  by 

cc 

in  which  k  is  arbitrary.  For  simplicity,  we  may  assume  k  =  1, 
and  then  by  the  above  value  of  e  we  shall  have 

P  =  (TLZlDCfl  (392) 

If,  then,  i',  Z/",  i'" are  the  values  found  by  the  several 

chronometers  by  (390),  P',  P",  P'" their  weights  by  (392), 

the  most  probable  final  value  of  the  longitude  is 

_  P' U  +  P'' IJ' +  P"' L'^' + 

P'  +    P"    +    P'"    + ^ 

Then,  putting 

r-L^=V\       X"  — Xo=F",        i'"  — i,=  F'"    4c. 

A''  =:  the  number  of  values  of  X, 


we  have 


E  =  the  mean  error  of  i^, 
R  =  the  probable  error  of  i^, 


^ = ^^^''^Cn       ^ = '■''''  ^        ^'''^ 


222.  I  propose  to  illustrate  the  preceding  formulae  by  applying 
them  to  two  chronometers  of  Struve's  expedition,  namely, 
**Dent  1774'*  and  ''Ilauth  31."  In  the  following  table  the 
longitudes  found  by  beginning  at  Pulkova  are  marked  P,  those 
toun<l  by  beginning  at  Altona  are  marked  -4,  and  the  numeral 
acient  denotes  the  number  of  the  voyage.  The  weights  p  in  the 
PiHond  cohimn  are  as  given  by  Struve,  who  computed  them  by 
the  f(»rniuhi  (389),  tiiking  A"=:=*34r>G0  (the  intervals  T,  r,  r"  being 
in  hours),  which  is  a  convenient  value,  as  it  makes  the  weight  of 
a  voyage  of  nearly  mean  duration  ecjual  to  unity;  namely,  for 
r  --'2XH\  t-^t'  -- 120\   If  we  express  T,  r,  r",  iii  days,  we  take 
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Combining  these  two  results,  we  have,  by  (893), 

X„  =  1*  21-  32-  +  0--46  X  59  +  OVGI  X  22  _  ^,  ^l-  82..501 

^  59  +  22 

with  the  probable  error,  by  (394), 

li=±  0*.067 

Tlii.s  ajrreos  very  nearly  with  the  final  result  from  the  sixty-eight 
chronometers. 

223.  In  the  preceding  method,  the  sea  rate  is  inferred  from 
two  conii>ari8on8  of  the  chronometer  made  at  the  same  place 
l)efore  and  after  the  voyages  to  and  from  the  second  place ;  and 
the  correction  of  the  chronometer  on  the  time  of  the  first  i)lace 
at  the  instant  when  it  is  compared  with  the  time  of  the  second 
plai't»  irt  intei-polated  upon  the  theory  that  the  rate  has  changed 
uniformly.  Tliis  theory  is  insufiicient  when  the  temperature  to 
whiili  the  chronometer  is  exposed  is  not  constant  during  the 
two  voyages,  or  nearly  so.  I  shall,  therefore,  add  the  method 
of  introducing  the  correction  for  temperature  in  cases  where 
ciroumstances  may  seem  to  require  it. 

Aerording  to  the  exi>erience  of  M.  Lieusson,  the  rate  rw  of  a 
chronometer  at  a  given  temperature  &  may  be  expressed  by  the 
formula  (see  Vol.  II.,  "  Chronometer*') 

m  =  m^  +  /:(d  —  &^y  —  k't  (396) 

in  which  &q  is  the  temperature  for  which  the  balance  is  compen- 
sated, ;//„  the  rate  detennined  at  that  temperature  at  the  epoch 
^^0,  /  being  the  time  from  this  epoch  for  which  the  rate  m  is 
recpiircd,  /•:  the  constant  coeflicient  of  temperature,  and  k'  that 
of  acceleration  of  the  chronometer  resulting  from  thickening  of 
the  oil  or  other  gradual  changes  which  are  supposed  to  be  pro- 
portional to  the  time. 

It  is  evident  that,  since  every  change  of  tempeniture  produces 
an  increase  of  w?,  the  term  k{9  —  i^^^f  will  not  disappear  even  when 
the  tntftn  value  of  «>  is  the  same  as  9^.  It  is  necessary,  therefore, 
to  detennine  the  sum  of  the  efiects  of  all  the  changes.  Let  us, 
therefore,  <leterniine  the  accumulated  rate  for  a  given  period  of 
time  r.  Let  ///„  be  the  rate  at  the  middle  of  this  i»eriod,  in  which 
case  we  have  in  the  fonnula  t  =  0.    A  strict  theorj'  requires  that 
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e,  also, 

T  an  infinite  value  of  n, 

,  the  required  integral  depends  upon  the  integral  i^{i^—^^^dT^ 

Il  may  be  approximately  found  from  the  observed  values  of 
the  theory  of  least  squares.  For,  if  we  treat  the  values  of 
?^  aiu  the  errors  of  the  observed  values  of  i?,  and  denote  the 
I  error  (according  to  the  received  acceptation  of  that  term 
e  method  of  least  squares)  by  e,  we  have 

,.^^.(^-y  (398) 

n  —  1 

lich  n  is  the  actual  number  of  observed  values  of  d.  If  we 
lie  that  a  more  extended  series  of  values,  or  indeed  an  infi- 
series,  would  exhibit  the  same  mean  error  (which  will  be 
uore  nearly  true  the  greater  the  number  n),  we  assume  the 
ral  relation 

lich  N  is  any  number.     Hence,  also, 

iV—  1 

^  '^  N  N 

making  N  infinite, 

tituting  this  value,  the  formula  (397)  becomes 

Im,  -f  k  {\  -  f\)'  +  ke'h  (400) 

whicli  it  appears  that  7Wj,-|-  /:('?i—  ^0)^+  ^v'  is  the  mean  rate 
unit  (A  time  for  tlie  interval  r,  w?^  being  the  rate  at  the 
lo  of  till*  iiiter\'al  for  a  temperature  (?  ---  «?„.  For  any  subse- 
t  iiitiTval  t\  wc  must,  according  to  (3lMl),  replace  m^  by 
A'7,  (  being  the  inter\'al  from  the  middle  of  r  to  the  middle 
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These  formulae  apply  to  a  voyage  in  either  direction ;  but  in  the 
case  of  a  voyage  from  west  to  east  they  give  X  with  the  negative 
sign. 

The  term  ^k^r''  —  t)t'  in  the  first  equation  of  (402)  will  not 
be  rigorously  obtained  if  the  temperatures  are  neglected ;  but  it 
is  usually  an  insensible  term  in  practice,  as  r"  and  r  are  made 
as  nearly  equal  as  possible,  and  k'  is  always  very  small. 

In  I'ombining  the  results  of  difterent  chronometers  employed 
in  the  name  voyage,  the  weight  of  each  may  be  assigned  accord- 
ing to  the  regularity  of  the  chronometer  as  detennined  from  its 
obser\ed  rates  from  day  to  day.* 

SECOND   METHOD. — BY   SIGNALS. 

224.  Terrestrial  Siffiials. — If  the  two  stations  are  so  near  to  each 
other  that  a  signal  made  at  either,  or  at  an  intennediate  station, 
can  be  obsen'cd  at  both,  the  time  may  be  noted  simultaneously 
by  the  chK'ks  of  the  two  stations,  and  the  difterence  of  longitude 
at  oner  inferred.  The  signals  may  be  the  sudden  disappearance 
or  reappearance  of  a  fixed  light,  or  flashes  of  gunpowder,  &c. 

If  the  places  are  remote,  they  may  be  connected  by  interme- 
diate signals.  For  example :  HUpi)ose  four  stations.  A,  i?,  C\  -D, 
chosen  from  east  to  west,  the  fii'st  and  last  being  the  ]>rincipal 
stations  whose  difierence  of  longitude  is  required.  At  the  in- 
termediate stations  -B,  C  let  observers  be  stationed  with  good 
chronometers  whose  rates  are  known.  Let  signals  be  made  at 
three  points  intennediate  between  A  and  B,  li  and  C\  C'and  />, 
respeetively.  The  signals  must,  by  a  preconcerted  arningement, 
be  ma(h*  sueeessively,  and  so  that  the  observers  at  the  intenne- 
diate stations  may  have  their  attention  jiroperly  directed  upon 
the  appraranee  of  the  signal.  If,  then,  at  the  first  signal  the 
observers  at  A  and  li  have  noted  the  times  a  and  t;  at  the 


*  BcMidoii  the  papers  already  referred  to,  see  the  Report  of  the  Superiotendent  of 
the  U.  S   CoaM  Survey  for  1857.  p.  314. 
Vol.  I.— 22 
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Paris  clock  19*    6»  20'.3    Strasburg  clock         19*  40"  51'.4 

Correction  —  36 .2     Correction  —      27  .7 

Paris  Bid.  time  lo     5    44.1    Strasburg  sid.  time  19  40    23  .7 

Sid.  interval  +19      3 .3 

Paris  sid.  time  of  the  )  ^        ,    .     . 

laBt  Hignal  }  ^'  ^4   47 .4 

Strasburg  do.  19  46    23.7 

X  =    0*21-36-.~3 

In  the  Burvey  of  the  boundary  between  the  United  States  and 
Mexico,  Major  W.  H.  Emory,  in  1852,  employed  HaHhes  of  gun- 
|K>\vder  as  signals  in  determining  the  dift*.  of  long,  of  Frontent 
and  San  Eloiario.* 

The  signals  maybe  given  by  the  Affto/ro/)c  of  Gauss,  by  which 
an  image  of  the  sun  is  reflected  constantly  in  a  given  direction 
towanls  the  distant  obser^'er.  Either  the  sudden  eclipse  of  tlie 
lights  or  its  reappearance,  may  be  taken  as  the  signal;  the 
cclipj«e  is  usually  preferred. 

Among  the  methods  by  terrestrial  signals  may  be  includiMl 
that  in  which  the  signal  is  given  by  means  of  an  elcctro-telc- 
praphic  wire  connecting  the  two  stations;  but  this  important 
an«l  exceedingly  accurate  method  will  be  separately  considered 
below. 

22').  CihMial  Sifjnals, — Certain  celestial  phenomena  which  are 
visible  of  (he  same  ahsolatc  ihstani  by  observers  in  various  parts 
of  the  globe,  may  be  used  instead  of  the  terrestrial  signals  of  the 
]»rece<ling  article:  among  these  we  may  note — 

a.  The  bursting  of  a  meteor,  and  the  appeanmce  or  disappear- 
ance of  a  shooting  star. — The  difficulty  of  identifying  the.<e 
objerts  at  remote  stations  prevents  the  extended  use  of  this 
method. 

b.  The  instant  of  beginning  or  ending  of  an  eclipse  of  the 
m<M)n. — This  in.**tant,  however,  cannot  be  accurately  obser^'ed, 
on  ac<M)unt  of  the  imperfect  definition  of  the  earth's  shadow.  A 
rude  approximation  to  the  difference  of  longitude  is  all  that  can 
Ik*  expt»rted  by  this  method. 

'*.  The  trhpsfs  of  Jupiter's  satellites  by  the  shadow  of  that 
planet. — The   Cireenwich  times   of  the  disappearance   of  each 


*  Proceedings  of  Sth  Meeting  of  Am.  AsnociAtion,  p.  04. 
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THIRD   METHOD. — BY  THE   ELECTRIC  TELEGRAPH. 

226.  It  is  evident  that  the  clocks  at  two  stations,  A  and  JB, 
may  be  compared  by  means  of  signals  communicated  through 
an  electro-telegraphic  wire  which  connects  the  stations.  Sup- 
pose at  a  time  T  by  the  clock  at  Ay  a  signal  is  made  which  is 
perceived  at  B  at  the  time  T'  by  the  clock  at  that  station.  Let 
A  7^  and  aT'  be  the  clock  corrections  on  the  times  at  these  sta- 
tions respectively  (both  being  solar  or  both  sidereal).  Let  x  be 
the  time  required  by  the  electric  current  to  pass  over  the  wire; 
then,  A  being  the  more  easterly  station,  we  have  the  difference 
of  longitude  X  by  the  formula 

Since  x  is  unknown,  we  must  endeavor  to  eliminate  it.  For 
this  purpose,  let  a  signal  be  made  at  B  at  the  clock  time  Z*", 
which  is  perceived  at  A  at  the  clock  time  T" ' ;  then  we  have 

X  =  (r"+  aT'")  —  (r'+  aT")  —  X  = ;,  —  x 

In  these  formula?  X^  and  X^  denote  the  approximate  values  of  the 
difference  of  longitude,  found  by  signals  east-west  and  west-east 
respectively,  when  the  transmission  time  x  is  disregarded;  and 
the  true  value  is 

Such  is  the  simple  and  obvious  application  of  the  telegraph  to 
the  detenniiiation  of  longitudes;  but  the  degree  of  accuracy 
of  the  result  depends  greatly — more  than  at  first  appears — 
upon  the  manner  in  which  the  signals  are  communicated  and 
received. 

iSuppose  the  observer  at  A  taps  upon  a  signal  key*  at  an  exact 
second  by  his  clock,  thereby  producing  an  audible  click  of  the 
annature  of  the  electro-magnet  at  B.  The  obser\er  at  B  may 
not  onlv  determine  the  nearest  second  bv  his  clock  when  he 
hear?*  this  click,  but  nuiy  also  estimate  the  fraction  of  a  second; 
and  it  won  hi  seem  that  we  ou<^ht  in  this  wav  to  he  able  to  deter- 
mine  a  longitude  within  one-tenth  of  a  second.  IJut,  before  even 
this  <leirree  of  accuracv  can  be  secured,  we  have  vet  to  eliminate, 
or  reduce  to  a  minimum,  the  folh)wing  sources  of  error: 


*  S«e  Vol.  II.»  '*rhr(»nograph/*  for  the  details  of  the  tpparatua  here  alluded  to. 
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server  indicates  it  by  another  preconcerted  signal,  the  chrono- 
graphs are  stopped,  and  the  record  is  suitably  marked  with  date, 
name  of  the  star,  and  place  of  observation,  to  be  subsequently 
identified  and  read  oif  accurately  by  a  scale.  Wlien  the  star 
arrives  at  the  meridian  of  J3,  the  transit  is  recorded  in  the  same 
manner  upon  both  chronographs. 

Suitable  observations  having  been  made  by  each  observ^er  to 
determine  the  errors  of  his  transit  instrument  and  the  rate  of 
the  clock,  let  us  put 

r,  =  the  mean  of  the  clock  times  of  the  eastern  transit  of 
the  star  overall  the  threads,  as  read  from  the  chrono- 
gniph  at  Ay 

T^  =  the  same,  as  read  fVom  the  chronograph  at  B^ 

Tj'  1-  the  mean  of  the  clock  times  of  the  western  transit  of 
the  star  over  all  the  threads,  as  read  from  the  chrono- 
graph at  Aj 

T/  r=  the  same  as  read  from  the  chronograph  at  By 

e,€^  =^  the  personal  equations  of  the  observers  ati  A  and  B 
respectively, 

t,t'=  the  corrections  of  T,  and  r/  (or  of  T.and  TJ)  for 
the  state  of  the  transit  instruments  at  A  and  B,  or 
the  respective  **  reductions  to  the  meridian''  (Vol.  II., 
Transit  Inst.), 

9T  =  the  correction  for  clock  rate  in  the  inter^'al  T/  —  T,, 
X  =  the  transmission  time  of  the  electric  current  between 

A  and  B, 
X  -  .  the  difference  of  longitude; 

then  it  is  easily  seen  that  we  have,  from  the  chronographic 
records  at  ^l, 

and  from  the  chronographic  records  at  li, 

;  ^  r;  +  <J  r  +  r' +  e' +  X  -  (  r.  +  r  +  0 
and  the  mean  of  these  values  is 

which  we  may  briefly  express  thus : 
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determination  than  is  lost  in  consequence  of  the  greater  fatigue 
from  concentrating  the  attention  for  nearly  twice  as  long. 

A  large  number  of  stars  may  thus  be  observed  on  the  same 
night ;  and  it  will  be  well  to  record  half  of  them  by  the  clock 
at  one  station,  and  the  other  half  by  the  clock  at  the  other 
station,  u]>on  the  general  principle  of  varying  the  circumstances 
uuder  which  several  determinations  are  made,  whenever  i>racti- 
cable,  wthout  a  sacrifice  of  the  integrity  of  the  method.  For 
this  reason,  also,  the  transit  instruments  should  be  reversed 
during  a  night's  work  at  least  once,  an  equal  number  of  stars 
being  obsen-ed  in  each  position,  whereby  the  results  will  be 
freed  from  any  undetermined  errors  of  coUimation  and  inequality 
of  pivots.  Before  and  after  the  exchange  of  the  star  signals, 
each  observer  should  take  at  least  two  circumpolar  stars  to 
determine  the  instrumental  constants  upon  which  r  and  r' 
depend.  This  part  of  the  work  must  be  carried  out  with  the 
greatest  precision,  employing  only  standard  stars,  as  the  errors 
of  r  and  r'  come  directly  into  the  difference  of  longitude.  The 
right  ascensions  of  the  "signal  stars**  do  not  enter  into  the 
computation,  and  the  result  is,  therefore,  wholly  free  from  any 
error  in  their  tabular  places:  hence  any  of  the  stars  of  the 
larger  catalogues  may  be  used  as  signal  stars,  and  it  will  always 
Ihj  possible  to  select  a  sufficient  number  which  culminate  at 
moderate  zenith  distances  at  both  stations,  (unless  the  difference 
of  latitude  is  unusually  great),  so  that  instrumental  errors  will 
have  the  miniinum  effect. 

A  single  night's  work,  however,  is  not  to  be  regarded  as  con- 
clusive, although  a  large  number  of  stars  may  have  been  ob- 
ser\'ed  and  the  results  appear  very  accordant;  for  experience 
shows  that  there  are  always  errors  which  are  constant,  or  nearly 
so,  for  the  same  night,  and  which  do  not  appear  to  be  rei»rosented 
in  the  corrections  computed  and  a]>plied.  Their  existence  is 
proved  when  the  mean  results  of  different  nights  are  compared. 
>rore<>ver,  it  is  necessarv  to  interchantre  the  observers  in  order 
to  eliminate  their  personal  equations.  The  rule  of  the  Coast 
Hur\'ev  has  been  that  when  fiftv  stars  have  been  exchanire<l  on 
not  li'ss  than  three  nights,  the  observers  exchange  stations,  and 
fifty  stars  are  again  exchanged  on  not  less  than  three  nights. 
The  observers  should  also  meet  and  determine  their  relative 
personal  e(iuation,  if  possible,  before  and  after  each  series,  as  it 
may  prove  that  this  e([uation  is  not  absolutely  constant. 
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the  mean  of  the  threads,  being  the  algebraic  sum  of  the  numbers 
in  the  4th  and  5th  cohinins;  and  the  remaining  columns,  the 
Raleigh  obserN'ations  similarly  recorded  and  reduced. 


BEATON-^RALEIOII,  1853  April  28. 

8tar  No.  6259  a  A.  a 

8«ftt<m  OIm.    Lamp  W. 

i 

1 

Raleigh  Obs.    Lanp  W. 

i 

1 

Tbmd. 

r. 

1 

r. 

^. 

Red. 

2 

y»' 

r^' 

Mean. 

Red. 

r/+  r; 

2 

1 

c. 

ar-wW^ 

37«.98 

+  25».49 

8«.47 

ll-.OO 

11«.00 

+  26».45 

36«.46 

i\ 

41  .T7  41  JU 

41  .36 

22.21 

3.57 

14^.5K  14  .50   14  .54 

22.25 

36.79 

c\ 

44  in  44  .21 

44.12 

19  .06 

3.18 

17  .fiO  17  .55  17  .58 

19.<)5 

30.63 

i\ 

47  M  47  74 

47  .7S 

15  .71 

3.49 

SO  JdHl-IO  .79  !20  .84 

15.85! 

36  i» 

c. 

50  .7«  50  .70 

50.73 

12.71 

3.44 

23  .90  23  .87 

23  Jt9 

12.70 

36^10 

I>. 

M  /WJ  57  .10 

57  .03 

6.21 

S,U 

30  .19  30  .05 

.10.12 

6.32 

36.44 

D, 

0  .Ort    0  .01  ;  0  X)5 

3.25 

3.30 

33  .34  :»  .25  33.30 

8.18 

36.48 

IS 

15*  40-  3  .40    3  ;»     3  .39 

+    0  i)5 

3.44 

16*  6^  36  .44»,36  .30  36  .35 

+    0.07 

36.42 

I>. 

0  .70    6  .70  1  6  .70 

—   3  AKi 

f3.67J   ' 

30  .61  39  .5.)  '30  .67 

—    8.16 

96.41 

i>: 

9.58 

9  .58  i  9  .68 

0.28 

zjao 

43  iX)  43  iJO  43  .00 

6.36 

36.64 

K, 

1«J)315.93   15  .W 

12  .M 

3.44 

49  .04  48  .81  '48  .92 

12.75 

[36  .17] 

Ki 

19  :X  19  .30  119  M 

15  .83 

3.45 

62  .30  52  JX3   52  .32 

15  iM 

36.42 

£i 

22  .47  ti  .45  ;22  .46 

18  .99 

3.47 

65  JiO  55  .41  ,55  .46 

19.10 

36.16 

K 

2.->  .00  25  .00  25  .AO 

22  J» 

3.38 

68  .73  58  .60  ,58  .67 

22  .20, 

36.47 

< 

2«^28.70  HM 

25.33 

3.32 

2  .U8i  2  j08  1  2  .08 

25.38 

36.70 

1 

• 

Mmd 

''ZMri  , 

MettD- 

.36.636 

Tlie  numbers  in  the  last  column  for  each  station  would  be  equal 
if  the  observations  and  chronographic  aj)paratus  were  perfect; 
and  by  carrying  them  out  thus  individually  we  can  estimate  their 
accuraey.  The  numbers  [3.67]  at  Seaton  and  [36.17]  at  Kakigh 
are  rejected  by  tlie  application  of  Peirge's  Criterion  (see  Ap« 
]»ondix.  Method  of  Least  Squares),  and  the  given  means  are 
found  from  the  remaining  numbers. 

The  corrections  of  the  transit  instruments  for  this  star 
(ij  rrz  -f-  36^  6'.9)  were 

for  the  Seaton  instrument,  r  =  —  0'.028 
"     «     llaleigh  "  T'r=  — 0.193 

The  rate  of  the  clock  was  insensible  in  the  brief  interval 
T'/—  T.  Hence,  neglecting  the  personal  equations  of  the  ob- 
f*er\'ers,  the  difterence  of  longitude  is  found  as  follows : 


i(r.+  T,)+r= 

L=  G    82.978 


15*  52"  36'.342 
15  46      8.364 


In  this  manner  seven  other  stars  were  observed  on  the  same 
night,  and  the  results  were  as  follows : 
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In  like  manner,  if  the  clock  is  at  the  western  station,  we  find  x 
l>y  the  formula 

Thus,  in  general,  the  transmission  time  will  be  deduced  by  com- 
paring the  records  of  the  star  signals  made  at  one  station  when 
the  clock  is  at  the  other  station. 

In  the  above  example,  the  clock  was  at  Washington,  and 
hence,  from  the  record  of  the  transit  at  Raleigh,  we  have  fourteen 
values  of  T^  —  r/=2x,  as  follows: 

+  O'.OS 


+  " 

y.os 

+ 

.05 

+ 

.09 

+ 

.03 

+ 

.14 

+ 

.09 

+ 

00 

+ 

.23 

— 

.03 

+ 

.09 

1 

-r 

.18 

4- 

.00 

+     .10 

That  these  are  not  merely  accidental  residuals  is  shown  by 
the  iK»nnanence  of  sign,  with  the  single  exception  in  the  case 
of  the  eleventh  observation.  The  discrepancies  between  them 
indicate  accidental  variations  in  the  chronographs,  combined  with 
errors  in  reading  off  the  record.  Taking  the  mean,  as  elimi- 
nating to  a  certain  extent  these  errors,  we  have 

2x  =  0*.077  X  =.  0*.0385 

From  thirt  value  of  x  and  the  distance  of  the  stations  we  can 
deduce  the  velocity  per  second  of  the  galvanic  current.  In  the 
present  instance,  the  length  of  the  wire  was  very  nearly  300 
miles,  and,  if  the  above  single  observation  could  be  depended 

u[K>n,  we  should  have,  velocity  per  second  =-^  -  =  7792  miles, 

wliieh  is  <loubtless  too  small. 

The  vi'loeity  thus  found,  however,  appears  to  depend  upon 
the  intensity  of  the  current,*  as  has  been  shown  by  varying  the 
battery  power  oii  ditterent  nights.  It  has  also  been  found  that 
the  velorities  determined  from  sii^nals  made  at  the  east  and  west 
stations  <litiered,  and  that  this  difference  was  apparently  dei»end- 


*  It  depends  aluo  upon  the  sectional  area,  molecular  structure,  and,  of  course, 
material,  of  the  wire. 
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The  star  and  the  moon  being  nearly  in  the  same  parallel,  the 
instrumental  errors  which  aftect  i?  also  aiFect  i?'  by  nearly  the 
same  quantity.  We  should  not,  however,  for  this  reason  omit 
to  apply  all  the  corrections  for  knoxon  instrumental  errors,  since 
by  this  omission  we  should  introduce  an  error  in  the  longitude 
precisely  equal  to  the  uncorrected  error  of  the  instrument.  For 
if  the  instrumental  error  produces  the  error  z  in  the  time  of  the 
8tar*s  transit,  the  effect  is  the  same  as  if  the  instrument  were 
perfectly  mounted  in  a  meridian  whose  longitude  west  of  the 
place  of  observation  is  equal  to  z ;  but  the  sidereal  time  required 
by  the  moon  to  describe  this  interval  z  is  equal  to  ^  +  the 
increase  of  the  moon's  right  ascension  in  this  inter\'al.  Hence 
the  longitude  found,  by  the  methods  hereafter  given,  would  be 
in  error  by  the  quantity  z. 

231.  If  the  lunar  tables  were  perfectly  accurate,  the  true 
longitude  given  by  the  observation  would  be  found  at  once  by 
comparing  the  observed  right  ascension  with  that  of  the  Ephe- 
meris.  There  are  two  methods  of  avoiding  or  eliminating  the 
errors  of  the  Ephemcris.  In  the  fltst,  which  has  heretofore  been 
exclusively  followed,  the  obser\'ation  is  compared  with  a  corre- 
sponding one  on  the  same  day  at  the  first  meridian,  or  at  some 
meridian  the  longitude  of  which  is  well  established.  In  this 
method  the  increase  of  the  right  ascension  in  passing  from  one 
meri<lian  to  the  other  is  directly  obser\'ed,  and  the  error  of  the 
Ephemcris  on  the  day  of  observation  is  consequently  avoided ; 
but  obser\'ations  at  the  unknown  meridian  are  fre(iuently  ren- 
dered useless  by  a  failure  to  obtain  the  corresponding  ol)ser\'a- 
ti<m  at  the  first  meridian. 

In  the  second  metlio<l,  proposed  by  Professor  Pkirce,  the 
Ephemeris  is  first  corrected  by  means  of  all  the  observations 
taken  at  the  fixed  observatories  during  the  semi-lunation  within 
which  the  oi>ser\ation  for  longitude  falls.  The  corrected  Ephe- 
meris then  takes  the  place  of  the  corresponding  obsenation,  and 
is  even  better  than  the  single  corresponding  obser\'ation,  since 
it  has  been  corrected  by  means  of  all  the  obser\'ations  at  the 
fixed  obser\atories  during  the  semi-lunation. 

I  shall  consider  first  the  method  of  reducing  corresponding 
obsenations. 


BT   MOON   CULMINATIONS. 


853 


The  apparent  riglit  aflccnsions  of  the  stars  on  May  15,  by  the 
>on-culminating  list  in  the  Nautical  Almanac,  were 


o' 

*  Librae 

B.  A.  C.  5579 

15*  45-  22'.59 
16  32    59.20 

e  have  then  at  Philadelphia,  by  (406), 


d  — ^ 


d  Librae 

B.  A.  C.  5579 


d  at  Santiago : 

A  Librae 

B.  A.  C.  5579 


encc 


a'+  ^— 1^ 


+  36«  16'.78 
—  11    19.85 

Mean  a^  =  16  21    39  .36 


16*  21-  39'.37 
16  21    39.35 


16  20    56.06 
16  20    55.92 


+  35    33  .47      ' 
—  12      3  .28 

Mean  a,  =  16  20    55  .99 
^,  —  ttj  =  —  43'.37 


''e  shall  find  H^  for  the   mean   longitude   i©  =  J  (A  +  A) 
4*.8t},  by  the  interpolation  formula  (72),  or 

H^  =  I£+Aa'+Bb^ 
which,  it  we  put  n=:      ^^  >  we  have 

Lad 

nCn  — 1) 


A=n=:  0.405 


B  =    ■ 


2 


=  —  0.120 


d  a'  and  b^  are  found  from  the  values  of  II  in  the  Ephemeris 
follows : 

Ut  diff. 

May  15,  L.  C.  142-.56    ,  q.  ,y,        o^  ^^. 

**     15,  U.C.  143.48  ^ 


—  0-.2S 


+  0.64    [-0.35] 


*'     16,  L.  C.  144  .12    ,  A  »,Q      —  0 .41 

*'     16,  U.  C.  144  .35  "^    '" 

lience 

=  I43v4ft  a'  Tz  0'.64  6^  ^  }  f—  0'.28  —  0'.41)  =  —  0'.35 

,  r:^  143'.48  +  0-.259  -f-  0-.042  =.  143'.781 

;  =  ~  ^^'^l  =  —  0*.30164  =  —  18-  5'.90 
143.781 

Vol.  I.-23 
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m  which  the  value  of  H  must  be  that  which  belongs  to  the 
ancertaiu  meridian  L^  or,  more  strictly,  H  must  be  taken  for 
the  mean  longitude  between  i,  and  i,  +  aZ*;  but,  as  ^L  is 
generally  very  small,  great  precision  in  H  is  here  superfluous. 
However,  if  in  any  case  aL  is  large,  we  can  first  find  H  for  the 
meridian  L^  and  with  this  value  an  approximate  value  of  ^L; 
then,  inteq>olating  II  for  the  meridian  L^  +  \  aZ/,  a  more  correct 
value  of  ^L  will  be  found.* 

Example. — The  following  observations  were  made  May  15, 
1851,  at  Santiago  and  Greenwich : 

Object.                            Santiago.  Greenwich. 

^Librae  15*46-    3'.37  15M5- 22*.37 

Moon  II  Limb  16  21    36 .84  16     9    39 .41 

B.A.C.  5579  16  33    40.12  16  32    59.17 

We  assume  here,  as  in  the  preceding  example,  for  Santiago 
//,  —  4*  42*  19*,  and  for  Greenwich  we  have  L^  =  0.  The  places 
of  the  stars  being  as  in  the  preceding  article,  we  find  for 

Greenwich,  a^  =  16*    9-  39*.54 
Santiago,     a,  =  16  20    55  .99 


a,  — a,  =        11    16.45 


The  computed  right  ascension  for  Greenwich  is  in  this  case 
simply  that  given  in  the  Ephemeris  for  May  15;  the  increase  to 
the  meridian  4*  42*  1()*.0  has  been  found  in  our  example  of  in- 
teq>ohition.  Art.  71,  to  be 

il,  —  ^  =  11-15'.84 
and  hence 

r  =  +  O'M 

We  find,  moreover,  for  the  longitude  4*  42""  19*, 

II  =  143'.77 
whence 

Ai=  -r  0-.61  X  -^^'^^-  =  +  15V28 
^  143.77        ^ 

By  these  observations  we  have,  therefore, 

Longitude  of  Santiago  =  4*  42*  34'.28 


*  This  method  of  reducing  moon  culminations  was  deTeloped  bj  Walkee,  JVatu* 
actions  of  the  American  Philosophtcal  Society ^  new  series,  Vol.  V. 


BY   MOON   CULMIXATIOXS.  357 

or  SkA  follows:  Let  T^  and  T^+  1*  be  the  t>vo  Greenwich  hours 
bet^'ecn  which  a^  falli^,  und  put 

Aa  =  the  increaBe  of  right  ascension  in  1*  of  moan  time  at 

the  time  T„, 
Sa  =  the  increase  of  ^a  in  1\ 
a,  =  the  right  ascension  of  the  Ephemeris  at  the  hour  T^ 

then,  by  the  method  of  interpolation  by  second  difterences,  we 
have 

[2       3600    J\       60       / 

in  which  the  inter\'al  T^—  T^  is  supposed  to  be  expressed  in 
seconds.     This  gives 

^  2       3600 

and  in  the  second  member  an  approximate  value  of  T^  may  be 
usimI,  deduced  from  the  local  time  of  the  obserx'ation  and  an 
appn)ximate  longitude.  A  still  more  convenient  form,  which 
iliKpenses  with  finding  an  approximate  value  of  7\,  is  obtained 
as  follows:     Put 

then  we  have 


s 


16(1  —  ?.)C08  rf 

in  which  S  —  the  moon's  semi  diameter,  7.  —  the  increase  of  the  moon*8  right  ascen- 
fion  in  one  sidereal  second,  and  A  —  the  moon's  declination,  which  are  to  he  taken 
for  the  (treenwich  time  of  the  obsenration,  approximately  known  from  the  local  time 
and  the  approximate  longitude. 

Or  we  may  apply  to  the  sidereal  time  {—  ^^)  of  the  transit  of  the  limb  the  quantity 

S 


15  cost) 


and  th«»  resulting  a, —  ^i  ^  |',  »^  sec  d  will  be  the  right  ascension  of  the  moon's 
centre  at  the  local  sidereal  time  i^|.  We  then  find  the  Greenwich  time  U|  corre- 
sponding to  a,  as  in  the  text,  and  we  have 

/,,  -  O,  -  tf, 
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experience  has  shown  that,  when  we  depend  on  corresponding 
ob8er\'ations  alone,  about  one-third  of  the  observations  are 
lost. 

The  defects  of  the  lunar  theory,  according  to  Peirce,  are 
involved  in  several  terms  which  for  each  lunation  may  be 
principally  combined  into  two,  of  which  one  is  constant  and  the 
other  has  a  period  of  about  half  a  lunation,  and  he  iinds  that 
for  all  practical  purposes  we  may  put  the  correction  of  the 
Ephemeris  for  each  semi-lunation  under  the  form 

JC=A  +  Bt+a'  (414) 

in  which  A,  J5,  and  C  are  constants  to  be  determined  from  the 
observations  made  at  the  principal  observatories  during  the 
Bemi-lunation,  and  t  denotes  the  time  reckoned  from  anv  assumed 
epoch,  which  it  will  be  convenient  to  take  near  the  mean  of  the 
obser\'ations.  The  value  of  t  is  expressed  in  days;  and  small 
fractions  of  a  day  may  be  neglected.     Let 

a,,  a,,  a„  Ac.  =  tho  right  asconsion  observed  at  any  observa- 
tory at  tho  dates  fj,  t^,  f,,  Ac,  from  tho  assumed 
epoch, 

o/,a/,a3',&c.  =  the  ri^ht  ascension  at  tho  samo  instant  found 

from  tho  Ephemeris, 

and  put 

rij  =  Oj  —  o/,       n,  =  tt,  —  tt/,         n,  -  -  a,  —  o/,  &c. 

then  ;?p  n^  j}^  &c.  are  the  corrections  which  (according  to  the 
observations)  the  Ephemeris  requires  on  the  given  dates,  and 
hence  we  have  the  equations  of  condition 

A  +  Bt^+  a*  —  n^  =  0 
A  +  Bt^  +  Ct^'—n^=^0 

&c. 

In  order  to  eliminate  constant  errors  peculiar  to  any  observa- 
tory, when  the  observation  is  not  made  at  (treenwieh,  the  ol>- 
her\'e<l  right  ascension  is  to  be  increased  by  the  average  excess 
for  the  vear  (detennined  bv  simultaneous  obsenations)  of  the 
right  ascensions  of  the  moon's  limb  made  at  Greenwich  above 
those  made  at  the  actual  place  of  observation. 
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we  have 


(f  JT)  =  M€ 


(417) 


in  which  e  denotes  the  mean  error  of  a  single  observation  and 
(c-^)  the  mean  error  of  the  corrected  Ephemeris;  or,  if  e  denotes 
the  probable  error  of  an  ob8er%^ation,  {bJC)  denotes  the  probable 
error  of  the  corrected  Ephemeris.  (Appendix.) 
If  the  values  of  Ag,  Ap  and  A-,  are  substituted  in  Jtf,  we  shall  have 

It  will  generally  happen,  where  a  sufficient  number  of  observa- 

T' 
tions  are  combined,  that  -^  is  a  small  fraction  which  may  be 

neglected  without  sensibly  aftecting  the  estimation  of  a  probable 
error,  and  we  may  then  take 


(418*) 


Acconling  to  Peirce,  the  probable  error  of  a  standard  obsen^a- 
tion  of  the  uioou'h  transit  is  0'.104  (found  from  the  discussion  of 
a  large  number  of  Greenwich,  Cambridge,  Edinburgh,  and  AVash- 
ington  obser\'ations) ;  so  that  the  probable  error  of  the  corrected 
Ephemeris  will  be  equal  to  M.  (0'.104). 

Example. — At  the  Wiushington  Observatory,  the  following 
right  ascensions  of  the  moon  were  obtained  from  the  transits  over 
twenty-five  threads,  obscr\'ed  with  the  electro-chronograph : 


Approx.  Green.  Mean  Time. 


1859,  Aug.  IG,  19* 
"      17,  20 
"      IK,  21 


R.  A.  of 
^11  Limb. 

Sid.  time  semid. 
passing  merid. 

0*    8T)3'.40 

62'.U6 

0   54    33.57 

G3  .54 

1   42    48.53 

65.77 

R.  A.  of  ])  centre 


^-a,. 


0*    7-51'.34 

0  53    30.03 

1  41    42.76 


The  si<lcroal  time  of  the  Remidiameter  passing  the  meridian  is 
liiTC  taken  from  the  Britisli  Almanac,  as  we  propose  to  re<luce  the 
)bservations  hv  moans  of  the  QreiMiwich  obser\'ations  which  are 
PfductMl  l>y  this  almanac.  We  thus  avoid  any  error  in  the  semi- 
liamctcr. 

During  the   semi-lunation   from   Aug.  13  to   Aug.   27,   the 
Lf reenwirh  obsenations,  also  made  with  the  electro-chronograph, 
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Aug.  16,  r,  =  19»,  B.  A.  of  Ephemeris  =  0»  6-  47'.56 

X=        -0.45 

Aa  =  1.8122    ia  = 

+  0.0028    a,  =  0  6   47.11 
a,  =  0  7    51.34 

•,-a,=       1      4.23 

log  (».-<?,)     1.80774 

ar.  CO.  log  Aa    9.74179 

log  60     1.77815 

logx"    6.6554 

log  da    7.3617 

ar.  CO.  log  Aa    9.7418 

log  3f     3.32768 

a/  ==  35-  26'.57 
x"  —  —     0 .80 

logT^B    6.1427 
log  x"  n9.9016 

X   =35  25.77 

Hence,  Greenwich  mean  time  =  T^  -[-  x 
Sidereal  time  mean  noon 
Correction  for  19*  35-  25'.77 

Greenwich  sidereal  time 
Local  sidereal  time  =  a^ 

Longitude 


19*  35-  25V77 

9  37    24.18 

3    13.09 

5   16      3.04 
0     7    51.34 

5     8    11.70 


The  observations  of  the  17th  and  18th  being  reduced  in  the 
same  manner,  the  three  results  are 


Probable  error.* 

Weight. 

Aug.  16,    5*8-lK70 

3'.5 

1. 

"     17,              12 .50 

3.1 

1.3 

"     18,              11 .10 

2.9 

1.5 

by  weights  —  5   8    11 .74 

1.8 

236.  Combination  of  moon  culminations  by  weights. — "Wlien  some 
of  the  tninsits  either  of  the  moon  or  of  the  compurison  stars  are 
incomplete,  one  or  more  of  the  threads  bein^  lost,  such  ob8er\'a- 
tions  should  evidently  have  less  wei<^ht  than  complete  ones,  if 
we  wish  to  combine  them  strictly  according  to  the  theory  of 
probabilities.  Besides,  other  things  being  ecpial,  a  determina- 
tion of  the  longitude  will  have  more  or  less  weight  according  to 
the  greater  or  less  rapidity  of  the  moon*s  motion  in  right  ascen- 
sion. 


*  For  the  computation  of  the  probable  error  and  weight,  see  the  foUowing  article. 
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by  iiKTcnsing  the  number  of  tlireads.  In  Vol.  11.  (Transit  In- 
strument) I  shall  show  that  the  probable  error  of  a  single  deter- 
mination of  the  right  ascension  of  an  equatorial  star  (and  this 
may  embrace  the  moon-culminating  stars)  at  the  GreeuNWch 
Observatory  is  0'.06,  whereas,  if  the  culmination  error  did  not 
exist  it  would  be  only  ©".OS,  the  probable  error  of  a  single 
thread  being  =  0*.08,  and  the  number  of  tlireads  =  7.  Ilenco, 
putting 

c  =  tho  probable  culmination  error  for  a  star, 

we  deduce* 

c  =  i/(0.06)»— (O.U8)«  =  0'.052 
If,  then,  we  put 

c  =  the  probable  accidental  error  of  the  transit  of  a  star  over 

a  single  thread, 
It  =  the  number  of  threads  on  which  the  star  is  observed, 

the  probable  error  of !?',  and,  consequently,  also  of  a'-- 1>',  is 


^         n 

and  the  weight  of  a'—  i>'  for  each  star  may  be  found  by  the 
formula 

^= -? 

in  which  E  is  the  probable  error  of  an  obser\'ation  of  the  weight 
unity,  which  is,  of  course,  arbitrary.  If  we  make  p  =^  1  when 
n  -  -  7,  we  have  E  =  O'.OO.  Substituting  this  value,  and  also 
c  -  O'.OoiJ,  e  =  O'.OS,  the  fonnula  may  be  reduced  to  the  fol- 
lowing : 

P  =  -^~  (419) 

100 +  — 

The  value  of  a^  is  to  be  deduced  by  adding  to  e?,  the  mean 


*  The  value  of  c  thus  found  iuToWcs  other  errors  besides  the  culmination  error 
proper,  ^uch  as  unknown  irregularities  of  the  clock  and  transit  instrument,  &e. 
These  cannot  readily  be  separated  from  c,  nor  is  it  necessary  for  our  present  purpoM. 


BY   MOON   CULMINATIONS.  867 

and  the  probable  error  of  the  deduced  longitude  will  be 


=  Av/^«+*,«  (423) 

where,  jET  being  the  increase  of  the  moon's  right  ascension  in  1* 
of  longitude,  we  have 

A  =  ^  (434) 

But  if  the  observation  at  the  meridian  i^  is  compared  with  a 
corrected  Ephemeris  (Art.  235)  the  probable  error  of  which  is 
M{0'.104)y  the  probable  error  of  the  deduced  longitude  will  be 


=  h  i/€*  +  M*  (0.104)«  (426) 

Finally,  all  the  different  values  of  the  longitude  will  be  com- 
bined by  giving  them  weights  reciprocally  proportional  to  the 
squares  of  their  probable  errors. 

The  preponderating  influence  of  the  constant  error  represented 
by  the  first  term  of  (422)  is  such  that  a  ver}'  precise  evaluation 
of  the  other  terms  is  quite  unimportant.  It  is  also  evident  that 
we  shall  add  very  little  to  the  accuracy  of  an  obserx'ation  by 
increasing  the  number  of  threads  of  the  reticule  beyond  five  or 
seven.  For  example,  suppose,  as  in  the  Washington  obser\'ation8 
used  in  Art  235,  that  twenty-five  threads  are  taken,  and  that 
four  stars  are  compared  with  the  moon ;  we  have  for  each  star, 
by  (419), 


and  hence 


;,=  «J^-  =  1.22 
.00  +  = 


c,  =  J  [(0.091).  +  (HOi)'  +  (OM)^  ^  0V097 

whereas  for  seven  threads  we  have  e^  ==^  0*.104,  and  therefore 
the  increase  of  the  number  of  threads  has  not  diminished  the 
probable  error  by  so  much  as  O'.Ol. 

For  tlie  obsen-ations  of  1859  August  16,  17,  18,  Art.  235,  the 
values  of  A  are  respectively 

32.1        30.8        and        28.8 

and,  taking  Me  =  JU'(0*.104)  as  given  in  that  article,  namely, 

OvOo        0-.04        and        0'.04 
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The  advantage  of  the  new  method  will,  therefore,  be  felt 
chiefly  in  eases  where  either  no  corresponding  observation,  or 
but  one,  has  been  taken  at  any  of  the  principal  observatories. 

238.  The  mean  value  of  h  is  about  =  27,  and  therefore  a 
probable  error  of  O*.!  in  the  observed  right  ascension,  supposing 
the  Ephemeris  perfect,  will  produce  a  mean  probable  error  of  2*.7 
in  the  longitude.  If  the  probable  error  diminished  without 
limit  in  proportion  to  the  square  root  of  the  number  of  observa- 
tions, as  is  assumed  in  the  theory  of  least  squares,  we  should 
only  have  to  accumulate  ob8er\'ations  to  obtain  a  result  of  any 
given  degree  of  accuracy.  But  all  experience  proves  the  fallacy 
of  this  law  when  it  is  extended  to  minute  errors  which  must 
wholly  escape  the  most  delicate  observ^ation.  The  remarks  of 
Professor  Peirce  on  this  point,  in  the  report  above  cited,  are  of 
the  highest  importance.  lie  says :  "  If  the  law  of  error  embodied 
in  the  method  of  least  squares  were  the  sole  law  to  which 
human  error  is  subject,  it  would  happen  that  by  a  sufficient 
accumulation  of  obserx'ations  any  imagined  degree  of  accuracy 
would  be  attainable  in  the  determination  of  a  constant ;  and  the 
evanescent  influence  of  minute  increments  of  error  would  have 
the  cflTect  of  exalting  man's  power  of  exact  obserx'^ation  to  an 
aniimited  extent.  I  believe  that  the  careful  examination  of 
obser\'ations  reveals  another  law  of  error,  which  is  involved  in 
the  iK)pular  statement  that '  man  cannot  measure  what  he  cannot 
see.'  The  small  errors  which  are  bevond  the  limits  of  human 
perception  are  not  distributed  according  to  the  mode  recognized 
by  the  method  of  least  squares,  but  either  with  the  uniformity 
which  i.s  the  ordinary  characteristic  of  matters  of  chance,  or  more 
frequently  in  some  arbitrary  form  dependent  upon  individual 
peculiarities,— such,  for  instance,  as  an  habitual  inclination  to  the 
use  of  certain  numbers.  On  this  account,  it  is  in  vain  to  attempt 
the  comparison  of  the  distribution  of  errors  with  the  law  of  least 
squares  to  too  great  a  degree  of  minuteness ;  and  on  this  account, 
(hire  is  in  every  species  of  observatioji  an  ultimate  limit  of  accuracy 
beyond  whirh  no  mass  of  accumulated  observations  can  ever  penetrate. 
A  wis*c  obser\'er,  when  he  jjcrceives  that  he  is  approaching  this 
limit,  will  ap{»ly  his  powers  to  improving  the  methods,  rather 
than  to  increasing  the  number  of  ()b8er^'ations.  This  principle 
will  thus  ser\'e  to  stimulate,  and  not  to  paralyze,  eflbrt ;  and  its 

Vol.  I.— 24 
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FirTH   METHOD. — BY  AZIMUTHS   OF  THE   MOON,  OR  TRA'nSITS   OF   THE 
MOON   AND   A   STAR   OVER   THE   SAME   VERTICAL   CIRCLE. 

239.  The  travelling  observer,  pressed  for  time,  will  not  unfre- 
quently  find  it  expedient  to  mount  his  transit  instninient  in  the 
▼ertical  circle  of  a  cireumpoljir  star,  without  waiting  for  the  meri- 
dian passage  of  sueli  a  star.  The  methods  of  determining  the 
local  time  and  the  inntrumental  constants  in  this  case  are  given 
m  Vol.  II.  He  may  then  also  observe  the  transit  of  the  moon 
and  a  neighboring  star,  and  hence  deduce  the  right  ascension  of 
the  moon,  which  may  bo  used  for  determining  his  longitude 
precisely  as  the  culminations  are  used  in  Art.  234. 

240.  But  if  the  local  time  is  previously  determined,  we  may 
dispense  with  all  observations  except  those  of  the  moon  and  the 
neighboring  star,  and  then  we  can  repeat  the  observation  several 
times  on  the  same  night  by  setting  the  instrument  successively 
in  different  azimuths  on  each  side  of  the  meridian.  It  will  nut 
he  advisable  to  extend  the  observations  to  azimuths  of  more  than 
15®  on  either  side. 

The  altitude  and  azimuth  instrument  is  peculiarly  adapted  for 
such  obsen'ations,  as  its  horizontal  circle  enables  us  to  set  it  at 
mnv  artsumed  azimuth  when  the  direction  of  the  meridian  is 
approximately  known.  The  zenith  telescope  will  also  answer 
the  s;ime  puq>oae.  But  as  the  horizontal  circle  reading  is  not 
required  further  than  for  setting  the  instrument,  it  is  not  indis- 
penj^able,  and  therefore  the  ordinary  portable  transit  instniment 
may  be  employed,  though  it  will  not  be  so  easy  to  identify  the 
comparison  star. 

The  comparison  star  should  be  one  of  the  well-determined 
moon-culminating  stars,  as  nearly  as  possible  in  the  same 
parallel  with  the  moon,  and  not  far  distant  in  right  ascension, 
either  jirecoding  or  following. 

The  chronometer  correction  and  rate  must  be  determined,  with 
all  possible  precision,  by  obser\'ations  either  before  or  after  the 
moon  ohser\'ations,  or  both.  An  approximate  value  of  the  cor- 
rection should  be  known  before  commencing  the  obser\'ations, 
as  it  will  be  expedient  to  compute  the  hour  angles  and  zenith 
distan«'<'s  of  the  two  objects  for  the  several  azimuths  at  which  it 
is  proposed  to  ohser\e,  in  order  to  i)oint  the  instrument  properly 
and  thus  avoid  observing  the  wrong  star. 
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We  shall  make  use  of  the  following  notation : 

Ty  T  =  the  mean  of  the  chronometer  times  of  transit  of 
the  moon's  limb  and  the  star,  respectively,  over 
the  several  threads,* 
A  r,  A  7"  =  the  corresponding  chronometer  corrections, 

6,  6'  =  the  inclinations  of  the  horizontal  axis  at  the  times 
T  and  r , 
c  =  the  coUimation    constant  for  the  mean  of  the 
threads, 
a,  a'  ==  the  moon's  and  the  star's  right  asconsionSi 


»,a'  = 

it 

declinations. 

t,f  - 

C( 

hour  angles. 

c,:'  = 

It 

trao  zenith  distances, 

?.'/  = 

u 

parallactic  angles. 

A,  A'  — 

u 

azimuths, 

Aa  =  the  increase  of  the  moon's  right  ascension  in  one 

minute  of  mean  time, 
A'J  =:  the  increase  (positive  towards  the  north)  of  the 
moon's  declination  in  one  minute  of  mean  time, 

r  =  the  moon's  equatorial  horizontal  parallax, 

S  =^  the  moon's  geocentric  semidiameter, 

^  =  the  observer's  latitude, 

iy=  the  assumed  longitude, 
a//  =  the  required  correction  of  this  longitude, 

L  =  the  true  longitude  =  Z'  -f  a7/. 

The  moon's  a,  5,  ;r,  and  S  are  to  bo  taken  from  the  Ephemeri:^ 
for  the  (treenwich  time  7M-  ^T -\-  Zf'(exprossed  in  mean  time). 
The  changes  Aa,  a5  are  also  to  he  reduced  to  this  time.  The 
right  aMi'cnsion  and  declination  must  he  accunitely  interiK)lated, 
fn>m  the  hourly  Ephemeris,  with  second  ditterences. 

The  quantities  A,  ^,  7  are  now  to  he  comimted  for  the  chro- 
nomt.*ter  time  7',  and  A\  ^\  7'  for  the  time  7''.     Since  A  and  A' 


*  The  chronometer  time  of  paMMge  over  the  menn  of  the  ihreadii  wiH  be  ohtaineil 
rigorously  by  rc«liicing  each  thread  separately  to  the  mean  uf  all  by  the  general 
formula  given  for  the  purpose  in  Vol.  II.  If,  however,  the  pamc  threads  are 
employed  fur  both  moon  and  ptar,  and  e  denotes  the  equatorial  diftance  of  the  mean 
of  the  actually  ob!«erTe<i  threads  from  the  collimation  azifi,  it  will  suffice  (unless  the 
observations  are  extended  greatly  beyond  the  limits  rooommendod  in  the  text)  to 
lake  the  mean**  of  the  obfiervetl  times  at  the  times  of  passage  over  the  fictitious 
thread  the  collimation  of  which  is  -  c.  The  slight  theoretical  error  which  this 
procc'lure  involves  will  be  eliminated  if  the  observations  are  arranged  symmetricmlly 
with  respect  to  the  meridian. 
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and  then  tlie  reduction  of  the  true  azimuth  to  the  instruiiiental 
azimuth  (see  Vol.  U.,  Altitude  and  Azimuth  Instrument)  is 

I. 
for  the  moon,    q 


Bin  Ci       tun  Ci 

for  the  star,       qp  -    -   qp 

sinCi'      tan  Ci 


r  ' 


the  upper  or  lower  sign  being  used  according  as  the  vertical 
circle  is  on  the  left  or  the  right  of  the  obser\'er.  The  computed 
mstru mental  azimuths  are,  tlierefore, 

(moon)^,  =A  ±'7—^-\ :— H-  t— -h  7 7 

sm  C  sm  C  sin  Ci      tan  Ci 

If  now  the  longitude  and  other  elements  of  the  computation  are 
correct,  we  shall  find  A^  and  -4/  to  be  equal:  other\vise,  put 

x  =  i4,— .4/  (428) 

then  we  are  to  find  how  the  required  correction  aL  depends  on  x, 
8UpiK)sing  here  that  all  the  elements  which  do  not  involve  the 
longitude  are  correct.  Now,  we  have  taken  a  and  d  fixjm  the 
Ephenioris  for  the  Greenwich  sidereal  time  7^+  a  7'+  7/,  when 
tlH»y  sliouhl  be  taken  for  the  time  T -\  c^T '\-  iy+  ^L.  Hence, 
if  X  an<l  ,^  denote  the  increments  of  the  moon's  right  ascension 
and  dci  linatiou  in  one  sidereal  second,  both  expressed  in  seconds 
of  an.*, 

X  =  —  ^*  =  [0.39675]  i^a 


we  find  that 


6U.1G4 

fi  =  -^^-  =  [8.220G6]  Aa 
60.164       *•  ^ 


a  requires  the  correction     X,  ^L 
t        '<  "        —X.^L 


(429) 


and  these  corrections  must  produce  the  correction  — a:  in  the  moon's 
azimuth.  The  relations  between  the  corrections  of  the  azimuth, 
the  hour  angle,  and  the  declination,  where  these  are  so  small  as 
to  be  treated  as  dilierentials,  is,  by  (51), 
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The  total  (lifterential  of  A  is,  by  (51),  after  reducing  dt  to  arc, 

(lA  = .  15  rft  H dd  —  cot  C 8in  Arff 

sin  C  sin  C 

coiisequeutly,  also, 

dA'  = 2- .  \f)d1f  -j ^  (f^'  —  cot  C  sin  -l'(/^ 

Bin  C'  sin  C 

Since  i  =  T  +  ^T—  a,  we  have 

dt  =  dT  +  d^T  —  da 

where  dT and  d^T may  be  at  once  exchanged  for  5 7* and  3^T; 
but  da  is  composed  of  two  parts:  Ist,  the  correction  of  the 
Eplieinerirt,  and  2d,  X{^L  +  dT  +  5a 7^,  which  results  from  our 
having  taken  a  for  the  uncorrected  time.  Hence  we  have,  in 
arc, 

15//^  =  15cJr+  15  ^aT—  15^o  — >l(Ai;  +  dT+  dj^T) 

The  correction  dd  is  likewise  composed  of  two  parts,  namely, 

dd  =  dd  +  /9(aX  +  dT+  d£kT) 

Further,  we  liave  simply  dd'  =  dd'  and 

df  =  dT^  d£LT^do! 

but,  as  we  may  neglect  the  error  in  the  rate  of  the  chronometer 
for  the  briof  inten'al  between  the  obser\'^ation  of  the  moon  and 
the  Htar,  we  can  take  oa  T'  --  oa  T^  and,  consequently, 

df  --r  a  T  +  0*A  T  —  do! 

"WHicn  the  Rubstitxitions  here  indicated  are  made  in  (432),  we 
obtain  the  expression 

X  —  a:^L  +  15/.<5a  — '**-'^-.W   —(15/— a) /^r 

sin  C 

—  15/'.oV  -i-  ''*"-'^, .  ay  +  15/'.  dT 

nil)  C 


^TT 


Hin  ;  8111 ; 


-  [  1  •>(/-/')  -  «]  "A  r  +  "'"  ^.' '  :  :^  ;1  —  *v-  (433) 
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4th.  An  error  3S  in  the  tabuhir  Bomidiametcr  is  ahvay^elinii- 
natc'd  in  the  case  of  meridian  observations  when  tliey  are  com- 
pared with  obser\'ations  at  another  meridian,  since  the  same 
Bemidiameter  is  employed  in  reducing  the  obser\'ations  at  both 
meridians.  But  in  the  case  of  an  extra-meridian  obser\'ation  the 
efieet  upon  the  longitude  is 

dS  SS 


asinC       Xcosd  cosq  —  fisinq 

and  in   the  mean   of  t^vo  observations  equidistant  Irom  the 
meridian,  the  values  of  q  being  small,  it  is 

(1+2  sin' }  q)  nearly. 


X  cos  d  cos  q       X  cos  d 
For  a  meridian  observation  the  error  will  be 

The  error  in  tlie  case  of  extra-meridian  observations,  therefore, 
remains  somewhat  greater  than  in  the  case  of  meridian  ones,  the 
excess  being  nearly 

2dS.»\T\^iq 
A  cos  d 

which,  liowever,  is  practically  insignificant ;  for  we  have  not  to 
fear  that  oS  can  be  as  great  as  1",  and  tlierefore,  taking  q  -  - 15°, 
d  -  .*}0°,  and  X  -  0.4,  which  are  extreme  values,  the  ditterence 
cannot  amount  to  O'.l  in  the  longitude. 

/>th.  The  error  oa  of  the  tabular  right  ascension  of  the  moon 
produces  in  the  longitude  the  error 

^^■^;. 
a 

an<l  from  tlio  moan  of  two  obsen'ations  equidistant  from  the 
meridian,  the  error  is 

X 

as  in  the  ease  of  the  meridian  obser\'ation. 

The  error  Ja'  in  the  star's  right  ascension  produces  the  error 

1  'i  I*  ' 

— when  the  star  is  in  the  same  parallel  as  the  moon. 
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We  first  find  the  sidereal  times  of  the  observations  of  the 
moon  and  star  respectively,  and  the  Qreeuwich  mean  time  of 
the  obser\'ation  of  the  moon :  we  have 

Ar=—  55-    9^,99  A!r'=—  55-    9*.97 

r  +  A  r  =  15*  16-  20*.28         T'  +  A  T'  =  15*  82-  89*.86 
i'=    5     5    55. 


Gr.  sidereal  time  =  20  22    15  .28 
Sid.  time  Gr.  moon  =88    58.91 

Sidereal  interval  =  17   18    16 .37 
Red.  to  mean  time  =  —     2    49 .28 

Gr.  mean  time  =  May  9, 17*  10-  27*.09 

Hence  from  the  Ephemeris  we  find 

a  =  15*  54-  45'.82  a  =  —  24<»  42^  64".4 

Aa  =  2M185  Aa  =  —  7".619 

S=14'47".2  *==       M'    9".2 

By  (426)  we  find 

A  =  —  9*»  40*  5r.2  ul'  =  —    9**  57'  14''.8 

log  mn  q  =       n9.1581  log  sin  ^  =       n9.1719 

C=      64«  19^.5  C'=      64«54M 
r  sin  C  =       +48 .8 

Befraction  =       —     2 .1  BefVaction  =       —    2 .1 

C,  =      65     6.2  Ci'=       64   52.0 

For  the  latitude  y  wo  find,  from  Table  HI., 

log  p  =  9.9994  f^^=lV  15" 

and  then,  by  (427),  we  find 

A  =  —  9<>  40^  51" .2  '  il'  =  —  9*>  57'  14".8 

^~=^—      16  24.2 
sm  C 

bin  Z 

-^=  0.0  — Ar,=  0.0 

Bin  Ci  Bin  C,' 

tan  Ci  tan  f ,'  

il,=  —  9    67  18  A  Ai'  =  —  9   67  15  .8 


BY  ALTITUDES  OF  THE   MOON.  388 

employed  in  the  computation  of  the  hour  angle ;  and  (B)  that  in 
whirh  the  moon's  altitude  is  compared  diiierentially  with  that  of 
a  neighboring  star, — i.e.  when  the  moon  and  a  star  are  obsen-ed 
either  at  the  same  altitude,  or  at  altitudes  which  differ  only  by  a 
quantity  which  can  be  measured  with  a  micrometer. 

243.  (A.)  Bt/  the  moofi's  absolute  altitude. — This  method  being 
practised  only  with  portable  instruments,  it  would  be  quite 
superfluous  to  employ  the  rigorous  processes  of  correcting  for 
the  parallax,  which  require  the  azimuth  of  the  moon  to  be  given. 
The  process  of  Art.  97  will,  therefore,  bo  employed  in  this  case 
with  ailvantage,  by  which  the  observed  zenith  distance  is  reduced 
not  to  the  centre  of  the  earth,  but  to  the  point  of  the  earth's 
axis  which  lies  in  the  vertical  line  of  the  observer,  and  which 
we  briefly  designate  as  the  point  0.    Let 

C"  =  the  observed  zenith  distance,  or  complement  of  the 

observed  altitude,  of  the  moon's  limb^ 
0  ==  the  local  sidereal  time, 
U  -"  the  assumed  longitude, 
a//  =  the  required  correction  of  L'y 
L  -—  the  true  longitude  =  L'  +  a//. 

Find  the  Greenwich  sidereal  time©  +/>',  and  convert  it  into 
mean  time,  for  which  take  from  the  Ephemeris  the  quantities 

d  =  the  moon's  declination, 

r  --  =  "  eq.  hor.  parallax, 

aS  =  **  semidiametor. 

Let  S'  be  the  apparent  semidiameter  obtained  by  adding  to  S 
the  augmentation  conqnited  by  (2r>l)  or  taken  from  Tabic  XIL 
Let  r  be  the  refraction  for  the  apparent  zenith  distance  ^";  and 

put 

C'  =  :"  +  r  di  S'  (434) 

Let  r,  1m»  the  corrected  parallax  for  the  point  0,  found  by  (127), 
or  by  a<ldinic  to  r  the  correction  of  Table  XIII.  (which  in  the 
present  application  will  never  be  in  error  0".l);  and  put 

^^r-^.)+  f»r,  RinsPCOsJ  1 

in  whieh  log  £:'=  7.8244. 
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Hence,  denoting  the  longitude  computed  from  the  right  ascen- 
aion  a  =  0  —  ihj  -L",  we  have 


True  longitude  =  X'  +  Ai  =  i"  — 


fi/^L 


15  >l  008  d  tan  9 


whence 


Ai  = 


L''—L 


1  + 


P 


15  i 


sec  d  cotq 


If  we  denote  the  denominator  of  this  expression  hy  1  +  a,  we 
eh^l  have,  by  (18),  ^ 

=  J^(^'Lt^^^^\  (488) 

15i\  sin^         tant  /  ^ 

and  then 


Ai  = 


1  +  a 


L  =  L'^e^L 


(489) 


Example. — At  the  U.  S.  Naval  Academy,  in  latitude  ip  =  38° 
68'  68"  and  assumed  longitude  L'=5*'  6*  0*,  I  obser\'cd  the 
double  altitude  of  tlie  moon's  upper  limb  with  a  sextant  and 
artificial  horizon  as  below : 


■Mn  ttflM«- 
Aanuned  L'  » 

Appros.  Or.  Uom  » 


1849  May  2. — Moon  east  of  the  meridian. 
io»  14-*  n»A 

4  41      OX) 


6  83    21. « 
6     8      0. 


10  30    21.0 


(For  whlrb  tim«  we  Uk«  v,  5^  aod 
I  firon  Um  NMitkal  Almaiuic  ) 

a  -.+  3»47'47''.« 
«>Vtdii^cMa-       -f  14  .1 

I,  «  +  3   48    1  .7 


Mean  ofOoto.  2]>        »     0|O40'0^ 
Index  oorr.  of  lextant  «     —   14  67 


Bamm.  90<".45 

Att  Therm.  €09 

Ext     **  W> 

A5(T«i».  xn.)- 


.45    . 

I:} 

6'10''.4) 
+  8  .1) 


2)  A4  25    3 

App.alt.T-     32  12  31  .5 

;'-     57  47  28  .ft 

r  »     +  1.  30  .9 


5'  ->     -f    16  24  3 


Sy    3^.1 


Av  (Tab.  XIIL) 


L)«+     4.4U. 
w.  -=  50    7  .5) 


{'u.     58     4  23  .9 
ftin^'>  47  38  .1 


(x 


57    10  45  J 


With  these  values  of  d,,  Cn  and  f  =  38^  58'  53",  we  find,  by  (436), 


f  _.  —  3*  19-  53'.G4 


Tlie  Bidereal  time  at  Greenwich  mean  noon,  1849  May  2,  was 
2*41-7'.98;  whence 

e  ==    8MG-  14V01 
a  ^  11   36      8.25 

Vol.   I.-2i 
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Having  Bclected  a  well  determined  star  as  nearly  as  possible 
in  the  moon's  path  and  diftering  but  little  in  right  ascension,  a 
preliminary  computation  of  the  approximate  time  when  each 
body  will  arrive  at  some  assumed  altitude  (not  less  than  10°) 
muHt  be  made,  as  well  as  of  their  approximate  azimuths,  in 
onler  to  point  the  instniment  properly.  The  instrument  being 
pointed  for  the  first  object,  the  level  is  clamped  so  that  the 
bubble  plavft  near  the  middle  of  the  tube,  and  is  then  not  to  be 
moved  between  the  observation  of  the  moon  and  the  star.  After 
the  object  enters  the  field,  and  before  it  reaches  the  first  thread, 
it  may  be  neccHsary  to  move  the  instrument  in  azimuth  in  order 
that  tlie  transits  over  the  horizontal  threads  may  all  be  obser\'ed 
witliout  moving  the  instrument  during  these  transits.  The  times 
bv  chronometer  of  the  several  transits  are  then  noted,  and  the 
level  is  read  oflf.  The  instrument  is  then  set  upon  the  azimuth 
of  the  second  object,  the  obsen'ation  of  which  is  made  in  the 
same  manner,  and  then  the  level  is  again  read  oflT.  This  com- 
pletes one  observation.  The  instrument  may  then  be  set  for 
another  assumed  altitude,  and  a  second  obser\'ation  may  be  taken 
in  the  same  manner.*  Each  ob8er\'ation  is  then  to  be  separately 
reduced  as  follows :     Let 

I,  r,  i",  &c.  =  the  distances  in  arc  of  the   several  threads 

from  their  mean, 
m,  m!  =  the  mean  of  the  values  of  i  for  the  observed 
threads,  in   the  ease  of  the   moon   and    star 
respectively, 
/,  I'  =1  the  level  readings,  in  arc,  for  the  moon  and 
star, 
0,  0'i.-  the  mean  of  the  sidereal  times  of  the  observed 
transits  of  the  moon  and  star; 

then  the  excess  of  the  observed  zenith  distance  of  the  moon's 
limb  at  the  time  0  above  that  of  the  star  at  the  time  0'  ist 

,n  —  m'  +  /  —  r 

the  quantities  m  and  I  being  supposed  to  increase  with  increasing 
zenith  distance. 


**  The  ^anic  met  bod  (»f  ohxcrraiion  mny  be  followcMl  with  the  oniintrj  univerfial 
infiruiiirnt,  hut,  an  the  IctcI  i"  generally  much  pmaller  than  that  of  the  lenith  tele* 
■c^|»e.  the  pame  tlofrroe  of  accuracy  will  not  he  ]ioMt«il>le. 

t  When  the  niicn^nieter  if  set  f>uccci«!sively  upon  ni*«<ume<l  readings,  m  and  m'  will 
be  the  means  of  these  reading}*,  conTerted  into  arc,  with  the  known  value  of  the  acrew. 
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then 

C,  =  :/  +  m  —  m'  +  /  —  r 
Putting  then 

:"=:,  +  r  =  C'  +  w  — m'  +  Z  — r+(r  — K) 
and,  hy  Art.  (136), 

:  (441) 

Y  =z  {^  —  /)  co9^  8in/):=/»9in7r8in(C" — y) 

k  —  p^  S :^  i(pT^  S)HinpH\n  S 

the  -!  ,    *      >  siffn  bein^  used  for  the  moon's  <  ,    *^     >  limb,  we 
I  lower  j    °  ^  .  I  lower  j  ' 

have 

Thirt  equation  determines  t/^.  We  have,  therefore,  only  to 
determine  the  relation  betweiMi  d^  and  aL.  Now,  we  have  taken 
a  and  o  for  the  Greenwich  sidereal  time  &  +  L'^  when  we  should 
have  taken  them  for  the  time  0  +  Z/'  +  aL':  henee 

a  requires  the  correction       X^L 

t       "  **  —  ilAi/ 

and  then,  by  (51), 

<IZ  =  —  C08  q  .  /5 aL  —  sin  q  cos  ^ .  15  >l  a2> 

Hence,  putting  a:  =  -—  ^/^,  or 


.L  -     «  —  «     ~r  »» 

and  a  ■--.-.  1')  i  sin  q  cos  ^  +  ,?  cos  q 

J* 
wo  have  ^L  ~.~  —  L  =i  L*  -\-  aL 


(442) 


Tho  solution  of  the  i»rol)lem,  upon  the  supposition  that  all  the 
ilata  art*  «orrect,  is  completely  exjjressed  by  the  equatiims  (440), 
[441),  and  (442). 

:24»J.  The  <jna!itity  x  is  in  fact  produced  not  only  ]>v  the  error 
ill  the  assumed  lomritude,  but  also  by  the  errors  of  obser\'ation 
and  of  the  Ki»hemenri.     In  order  to  obtain  a  general  expression 
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time  T^  an  error  in  the  rate  of  chronometer  being  insensible  in 
the  brief  interval  between  the  observations  of  the  moon  and  the 
star. 

Again,  we  have,  from  (441), 

cos  pdp  z=z  p  cos  T  sin  (C"  —  y)  (h  +  /»  sin  r  cos  (C"  —  r)  '^» " 

dk  =  dpqz  dS^ 

or,  with  snfficicnt  accuracy, 

dk  =  sin  C'  ^^  T  ^S  +  sin  r  cos  C'  dZ' 

Now,  substituting  in  dQ  and  ^/J'  the  values  of  rf/,  </<?,  &c.,  and  then 
substituting  the  values  of  d^  and  </J'  thus  found,  in  (443),  together 
with  the  value  of  JA*,  we  obtain  the  final  equation  desired,  which 
may  be  written  as  follows:* 


(444) 


x  =  a^L+f  ,^  -f  cosg.  W  —  (/—  a)^r 

—  mf,  da'  —  mcosq'dd'-\-  mf .  dT 
±  ^iS'— sin  C'^jr  —  (/— w/'  — (i)  a  A  r 

—  (cos  A  —  m  cos  -4')  dip 

where  the  following  abbreviations  are  employed : 

/  =:  15  sin  q  cos  9  /'  =  15  sin  (f  cos  d' 

a  =  Xf  -\-  ?  cos  q  m=\  —  sin  jr  c^s  C' 

Having  computed  the  equation  in  this  form,  every  term  is  to 
be  divi<hMl  hv  a.  and  then  ^L  will  be  obtained  in  terms  of  x  and 
all  the  corrections  of  tlie  elements. 

A  discussion  of  this  equation,  quite  similar  to  that  of  (433), 
will  readily  show  that  the  observations  will  give  the  best  result 
when  tiiken  near  the  prime  vertical  and  in  low  latitudes,  and, 
farther,  that  the  combination  of  obser\'ations  equidistant  from 
the  meridian,  east  and  west,  elimimites  almost  whollv  errors  of 
declination  and  parallax  and  of  the  chronometer  correction. 

ExAMrLE.t — At  Batavia,  on  the  11th  of  October,  1853,  Mr. 
1)e  liANMK,  among  other  obser\'ations  of  the  same  kind,  noted 
the  followiiiLC  times  bv  a  sidereal  chronometer,  when  the  m(K)n*s 

*  The  fornitiU  (444)  is  esH^ntiaUy  the  dame  as  that  girrn  bj  Ocdrmans,  Antronom, 
Journal,  Vol.  IV.  p.  1*)4.  The  method  itself  is  the  suggestion  of  Professor  Kaisik 
of  the  NetherUn<is. 

f  Astronomical  Journal,  Vol.  IV.  p.  ICo. 
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If  we  compute  all  the  terms  of  (444),  we  shall  find 

Ai  =  — 1-.24  —  24.84  ^a  —  0.27  SS  +  23.84  dT—  24.24  dT'^  0.44 3^  T 

+  24.28  da'+ 0.29  ^a'+    1.79^5+    1.44^    —0.04^^ 

Tins  shows  clearly  the  effect  of  each  source  of  error;  but  in  prac- 
tice it  will  usually  be  suflicient  to  compute  only  the  coefficients 
of  da  and  d3.   In  the  present  example,  therefore,  we  should  take 

aL  =  —  1*.24  —  24.84  da  —  0.27  dd 

which  will  finally  be  fully  determined  when  8a  and  dd  have  been 
found  from  nearly  corresponding  observations  at  Greenwich  or 
eUewhere. 

SEVENTH   METHOD. — BY   LUNAR   DISTANCES. 

247.  The  distance  of  the  moon  from  a  star  may  be  employed 
in  the  name  manner  as  the  right  ascension  was  employed  in 
Art.-^.  22*J,  &c.,  to  determine  the  Greenwich  time,  and  hence  the 
longitude.  If  the  stiir  lies  directly  in  the  moon's  j)ath,  the 
change  of  distance  will  be  even  more  rapid  than  the  change  of 
right  ascension  ;  and  therefore  if  the  distance  could  be  measured 
with  the  same  degree  of  aecuracy  as  the  right  ascension,  it  would 
give  a  more  accurate  determination  of  the  Greenwich  time. 
The  distance,  however,  is  observed  with  a  sextant,  or  other  re- 
flecting instrument  (see  Vol.  II.),  which  being  usually  held  in 
the  hand  is  necessarilv  of  small  dimensions  and  relativelv  infe- 
rior  a<Muracy.  Xevertlieless,  this  method  is  of  the  greatest  im- 
portance to  the  travelling  astronomer,  and  especially  to  the 
navigiitor,  as  the  ohser\'ation  is  not  only  extremely  simple  and 
requires  no  preparation,  but  may  be  practised  at  almost  any 
time  when  the  moon  is  visible. 

The  Kphenierides,  therefore,  give  the  true  distance  of  the 
centre  otthe  inoon  from  the  sun,  from  the  brightest  planets,  and 
from  nine  hriglit  fixed  stars,  selected  in  the  path  of  the  moon, 
for  every  third  hour  of  mean  (ireenwich  time.  The  jdaneti*  em- 
ployed are  Saturn,  Jupiter,  Mai's,  and  Venus.  The  nine  stans 
known  as  lunar-<listance  stars,  are  a  Arietis,  a  Tixwn  (AhlclMmni\ 
fl  (fcniinoruni  (Polhu),  a  Leonis  (Hcgnhf.x),  a  Virginis  {Sjtlcti\ 
a  Scurpii  [Anf'ins),  a  A<piilie  {Al(fiir),  a  Piscis  Australis  {^FumaU 
hnut)^  un<l  a  Pegasi  (^Jlarkah). 

The  di.-?tance  ob^nrvnl  is  that  of  the  moon*s  bright  limb  from  a 
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by  refraction  if  we  wish  to  compute  the  true  distance  to  the 
nearest  second  of  arc  (Art.  133).  These  features,  wliich  add 
very  materially  to  the  labor  of  computation,  cannot  be  over- 
looked in  any  complete  discussion  of  the  problem. 

Simple  as  the  problem  appears  when  stated  generally,  the 
strict  computation  of  it  is  by  no  means  brief;  and  its  importance 
and  the  frequency  of  its  application  at  sea,  where  long  computa- 
tions are  not  in  favor,  have  led  to  numerous  attempts  to  abridge 
iL  In  mo8t  instances  the  abbreviations  have  been  made  at  the 
expense  of  precision  ;  but  in  the  methods  given  below  the  error 
ill  the  computation  will  always  be  much  less  than  the  probable 
error  of  the  best  obser\'ation  with  reflecting  instruments :  so  that 
these  methods  are  entitled  to  be  considered  as  practically  perfect. 

With  the  single  exception  of  that  proposed  by  Bessel,*  all  the 
solutions  depend  upon  the  two  triangles  of  Fig.  29,  and  may  be 
di\'ided  into  two  classes,  rigorous  and  approximative.  In  the 
rigorous  methods  the  true  distance  is  directly  deduced  by  the 
rigorous  formulte  of  Spherical  Trigonometry ;  but  in  the  apj)roxi- 
niative  methods  the  difference  between  the  apparent  and  the 
true  distance  is  deduced  either  by  Ruccessive  approximations  or 
from  a  development  in  scries  of  which  the  smaller  tcrmn  are 
neglected.  Practically,  the  latter  may  be  quite  as  correct  as  the 
former,  and,  indeed,  with  the  same  amount  of  labor,  more 
correct,  since  they  require  the  use  of  less  extended  tables  of 
logarithms.  I  propose  to  give  two  methods,  one  from  each  of 
these  classes. 

A. — The  liigorous  Method. 

248.  For  brevitv,  I  shall  call  the  body  from  which  the  moon's 
distance  is  observed  the  min^  for  our  formuhe  will  be  the  simie 
for  a  planet,  and  for  a  fixed  star  they  will  require  no  other 
change  than  making  the  parallax  and  semidiametcr  of  the  star 
zero. 


•  AMtron.  \ach.  Vol.  X.  No.  218,  and  Attron.  Vnterguchungen,  Vol.  II.  Bkisil*! 
method  ret|uire8  a  different  form  of  lunar  EphemeriB  from  that  adopte<l  in  our 
Nautical  Almanacs.  But  eren  with  the  Kphemeris  arranf^ed  as  he  proposes,  the 
computation  is  not  so  brief  as  the  approzimatire  method  here  giTen,  and  its  supe- 
riority in  respect  of  precision  is  so  slight  as  to  give  it  no  important  practical 
adrantage.  It  is,  howerer,  the  only  theoretically  eiact  solution  that  has  been  giren, 
and  might  still  come  into  use  if  the  memurement  of  the  distance  could  be  rendered 
much  more  precise  than  is  now  {»oBsible  with  instruments  of  reflection. 
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mil  have 

COS  m  Bin (m  —  H')  .  , ,  ^n      cos  m  sin (m  —  A')    ^.. .. 

7= ^^ Bin'}  (2= '  (-"o) 

sin  d   cos  h  sin  (2'  cos  A' 

hen  the  apparent  distance  by  the  formula 

</'  =  J"  ± («'  —  A5  cos«  q)±(S'-  aS  cos»  Q)  (446) 

?  are  now  to  reduce  the  distance  to  the  centre  of  the  earth, 
^hall  first  reduce  it  to  that  point  of  the  earth's  axis  which 
1  the  vertical  line  of  the  observer.     Designating  this  point 
imnt  0,  Art.  97,  let 

p  h^y  H^  =  the  distance  and  altitudes  reduced  to  the  point 
O, 
r,  7?  =  the  refraction  for  the  altitudes  h!  and  H\ 
t:,  P  =  the  equatorial  hor.  parallax  of  the  moon  and 
sun. 

e  moon's  i>arallax  for  the  point  0  will  be  found  rigorously 
27),  but  with  even  more  than  sufficient  precision  for  the 
nt  problem  by  adding  to  t:  the  correction  given  by  Table 
Denoting  this  correction  by  ah",  we  have 

V—r  +  r,  cos  (A'  —  r)       JI^  =  B'--R  +  P cos (//'  —  B)  (447) 

parallax  P  is  in  all  cases  so  small  that  its  reduction  to  the 
0  is  insi^rniticant. 

thru,  in  Ki«r.  -1*,  -'''^  and  *Sf  represent  the  moon's  and  sun's 
3  reduced  to  the  point  0,  and  we  put 

Z  =  the  angle  at  the  zenith,  MZS^ 

hall  have  given  in  the  triangle  3l'ZS'  the  three  sides 
'^  —  h\  90^  —  ir,  whence 

,  ,  r.      cos  i  (A'  +  //'  +  (V)  cos  }  (A'  +  ir  -  (T) 
cov  i  Z  =     —  ~ 

cos  A'  cos  JP 

then,  in  the  triangle  MZS  wc  shall  have  given  the  angle  Z 
the  Hides  90°  —  h^  and  90°  —  i/,,  whence  the  side  MS  =^  d^ 
)e  found  by  the  fonniila  [Sph.  Trig.  (17)], 

bui'  J  (/i  t=  cos'  i  (A|  +  i/|)  —  cos  hi  cos  Hi  cos*  i  Z 
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d  since  d  —  d^  is  very  small,  we  may  put  cos  d^  —  cos  d  = 
i{d  —  d^  sin  rfj,  and  hence,  very  nearly, 

cos  d  \  sin  d^       tan  d^  I 

ibstituting  the  value  otd^  —  d  from  (122), 

,        ,         ,      .       /  sin  J         sin  ^  V  ,j*av 

d  ^  d,  =  Ai^  Bin  fi  ^—  -  - — --  I  (460) 

\  sm  d^       tan  d^  I 

which  f  is  the  latitude  of  the  observer,  and  log  A  may  be 
ken  from  the  small  table  given  on  p.  116.  The  correction 
ven  by  this  equation  being  added  to  rfj,  we  have  the  geocentric 
stance  d  according  to  the  observation. 

To  find  the  longitude,  we  have  now  only  to  find  the  Green- 
ich  mean  time  T^  corresponding  to  ^2,  by  Art  66,  and  then 

i  =  i;  -  r  (451) 

Example. — In  latitude  85®  N.  and  assumed  longitude  150®  W., 
56  March  9,  at  the  local  mean  time  T=  5h  14'*  6%  the  ob- 
rved  altitudes  of.  the  lower  limbs  and  the  observed  distance 
the  nearest  limbs  of  the  moon  and  sun  were  as  follows,  cor- 
L'tcd  for  error  of  the  sextant : 

W  =  52<»  34'  0"  H"  =  8«  50'  28"  d!'  =  44^  86'  58".6 

le  heijrht  of  the  barometer  was  29.5  inches.  Attached  therm. 

®  F.,  Extenial  therm.  58°  F. 

I  shall  put  down  nearly  all  the  figures  of  the  computation,  in 

der  to  coiupare  it  with  tliat  of  the  approximative  method  to  be 

ven  in  the  next  article. 

Irtt.  The  approximate  Greenwich  mean  time  is  5*  14'*  G'  +  10* 

15*  14"  0*,  with  which  we  take  from  the  American  Ephemeris 

8  ---  10'  23".l  ic  =  0(y  1".9  d=z  +  W  IV 

s  -- 10'  8".o  p  =     8".o  J  =  —  4*>  y 

2d.  To  find  the  apparent  semidiameters,  we  first  take  the 
pnentation  of  the  moon*8  semidiameter  from  Table  XII., 
14".0,  and  hence  find 

«'  =  16'  87".l 
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A"  =  52<*84'    0"  IT"  =  S^*  56' 28" 

Vert.  Bcmid.  =         16  87  Vert,  semid.  =       15  68 


A'  =  52    50  87  H'  =%    12  21 

Table  I.  r    =  42  .7  R    =        5  88  .6 

A'  — r   =52   49  54  .8  JT— «    :t=  9     6  47  .4 

logr,  8.55700  logP  0.9845 

log  cos  (A'  —  r)  9.78115  log  cos  (J'—  R)  9.9945 

8.83815  0.9290 

-.,coe(A'  — r)    =__36M18^5    Pcos(J5r— i?)  =  ^'.5 

Aj  =  53«  26' 12".8  JJ,  =  9<>  6' 55".9 

4tli.  We  now  find  the  distance  d^  by  (448)  and  (449),  as  follows : 

rf'  =  45*>    9'84".l 

A'  =  52    50  87       log  see      0.2189688 

Jf' =    9    12  21       log  sec      0.0056885 

m  =  58  86  16  .1   log  cos  9.7788154 

m  —  cf'  =    8  26  42  .     log  cos  9.9952654 

A,  =  58  26  12  .8  log  cos  9.7750888 

If  J  =    9  6  55  .9  log  cos  9.9944808 

2)  9.7626962 

9.8818481 
1(A,+  JTO  =  81    16  84  .4  logcos      SL9318007    9.9318007 

log  sin  M  9.9495474    log  cos  M  9.6583265 

}^/,=  22    54    7.iy  log  sin  J  <f, '9^5901272 

^1  =  45    48  15  .8 

5th.  To  find  the  geocentric  distance,  we  have,  by  (450), 
for  f  =  35°, 

d  =  +  W  ly 
J=—   4     3 


log^ 

7.8249 

logic 

3.5565 

log  sin  f 

9.75S6 

1.1400 1.1400 

log  Ain  J      fi8.8490  log  sin  d     9.3932 

log  cosec  (f ,    0.1445  log  cot  (/,   0.0122 

n0.1335  nO.5454 

—  1".4  —  3".6 

J  — (/i=-"4".9 

d  =  45<>  48'  10".9 

6th.  To  find  the  Greenwich  mean  time  corresponding  to  cf, 

Vol.  I.— 2« 
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d'  =  d"±sf±S  =  3rS%  d,  =  MS, 

A'  =  90<»  —  ZJf ',  JT'  =  90<>  —  Z8\ 

h,  =  90*>—  ZM,  M,  =  90<*—  Z8, 

and  the  two  triangles  give 

-      cos  di  —  sin  A,  sin  -Hi      cos  d'  —  sin  A'  sin  JSP 

cos  Z  = = 

cos  hi  COS  jETi  cos  A'  cos  M' 

from  which,  if  wo  put 

sin  A,  sin  ff.                          cos  A,  cos  H. 
ffi  ^=  —  • .-»  fi  = *  ■        * 

sin  A'  sin  H'  cos  A'  cos  M' 

we  derive 

cos  d'  —  COS  rfj  =  (1  —  n)  COS  d'  +  (n  —  m)  sin  A'  sin  H'        (a) 

Put 

^d  =  di~'d'  aA==A,  — A'  A2r=JEr  — JTj         (6) 

then  we  have 

cos  <2'—  COS  cf,  =:  2  sin  } ii(i  sin  (d'  +  J  A<i)  (c) 

and 

cosfA'+AA)  oos(H'—aH) 


n  = 


cos  A'  cos  -ff ' 


_  /  ^      2siniAA8in(y+tAA)\     /       28inUAsin(jr^— iAif)\ 
■~l  cos  A'  /^    "^  cosi/'  ) 

2  »in  i  aA  Hin  CA'+  J  aA)        2  sin  i  ^  H Bin  (IP -^i^H) 

1  —  n  = — 

C08  A  cos  11 

4  HJn  i  aA  Bin  j  A/Znin  (A^  +  j  aA)  Bin  (^^  —  }  Afl") 
"^  cos  A'  cos  -tf '  ^^ 

Also 

sin  A'  cos  A,  sin  //'  cos  IT.  —  cos  A'  Bin  A.  cos  If  sin  If, 

n  — m  = ' » * 1 

Hin  A'  cos  A'  tun  JI'  cob  if' 

substituting  in  which  the  values 

2  sin  A'  cob  Aj  =  sin  (2  A'  +  aA)   —  sin  aA 
2  COB  A'  sin  Aj  =  sin  (2  A'   +  ^h)   +  sin  aA 
2  Bin  /f'coB  /T,  =  sin  (2//'  —  a//)  +  Bin  a/T 
2  coB/T'Bin  //,  =  sin  (2H'  —  a//)  —  Bin  a/T 

we  find 

BinAgBin(2A'+AA)  — BinA/iBin(2^>-Afir) 

'*""*'"  2  Bin  A^A^jin  i/'  coe  J^'  ^^^ 
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'e  neglect  r  in  the  term  tt^  cos  (A' —  r),  the  error  in  this  temi 
never  exceed  1" ;  but  even  tliis  error  will  be  avoided  by 
Dg  the  approximate  expression 

C08(A'  —  r)=  cos  A'  +  sin  r  sin  h' 

we  shall  then  have 

aA  =  xi  cos  h' —  r  +  «i  sin  r  sin  A' 

/           I.'        n/i    .  "^i  s*"  rsinA'V 
=  (rj  cos  A'—  r)(  1  + I 

\  iTi  COS  K  —  r  I 

e  the  second  term  of  the  second  factor  produces  but  V 

K  we  may  employ  for  it  an  approximate  value,  which  will 

give  aA  with  great  precision.    Denoting  this  term  by  A*,  we 

* 

.  _  r,  sin  r  sin  A' sin  r  tan  A' 

TTj  cos  A'  —  r       J ^ 

fTj  cos  A' 

'cry  nearly, 

A  =  8inrtanA'(l  + ^- \ 

\  rj  cos  A'  / 

'e  put 

r  =  tt  cot  A', 

hich  a  has  the  value  given  in  Table  IE.,  we  have 


\         TTi  sm  A  / 


\  a  increases  with  A',  but  in  such  a  nitio  that  A-  remains  verv 
•ly  constant  for  a  constant  value  of  r^  We  may  without 
ible  error  take  r,  :=  57'  30"  =  3450",  which  is  about  the 
n  vahie  of  r,,  and  we  shall  find  for  a  mean  state  of  the  air, 
he  values  of  a  given  in  Table  IL, 

forA'=    5<*  A  =  0.000291 

A'  -^  45  A-  =  0.000280 

A'  r-  90  A  =  0.000285 

ce,  if  we  take 

A-  =  0.00029 
formula 

A  A  =  (r,  cos  A'  -  r)  (1  +  A)  (452) 

pive  aA  within  -jrMuTi  «f  its  whole  amount,  that  is,  within  less 
I  0".02  in  a  mean  Htate  of  the  air.     For  extreme  variations 
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A,=       (rj  —  O  (1  +  A-)  sin  (A'  +  i  aA) 

C,  =  —  iR'  —  P)  sin  ( //'  —  J  Ai/-) 

^  ^       2  COS  A' 

Tlie  tonn  A^  Cj  sin  l"eo8(/'  is  very  small,  its  maximum  heiug 
only  1".  It  is  easy  to  obtain  an  approximate  exjtression  for  it 
and  to  combine  it  with  the  term  A^co^d^  In  so  small  a  term 
we  mav  take 

C,  Kin  1"=  —  i^'sin  T'sin  H'=  —  sin  It  tan  H'=z  -  A* 

and  hence 

A,  —  A^(\  sin  r  =  A^  (1  +  A-)  =  (r^  —  r')  (1  +  A)»  sin  (A'  +  J  aA) 

If  now  we  put 


sin  h' 
sin  2  JI' 

~      '    sin/r' 

sin  (2  A' -t-  aA) 
~"     sin  2  A'" 

A'=      ("I  —  r')  -1  sin  A' cot//' 
/r  =1=  —  (r,  —  r')  7?  sin  //'  coscc  d' 
C  -^  —  (/r-  P)  r  sin  7/'  cot  </' 
2) '  :,       (  /r  _  />)  />  si  n  A'  coscc  </' 

the  f«)nnula  (7)  becomes,  when  divided  by  sin</', 

sin  d 
the  first  member  of  which  may  be  put  under  the  form 


\ 


(455) 


ami 


(450) 


,/,        2  sin  lA//(roH  r</' -I-  }a</)  \ 

A'Ml  +  -      -       .     ,, 

\  Bin  (/  / 
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jt  =  57'  80'',  which  will  not  produce  more  than  V  error  in 
d  —  rf|  in  any  case.  But,  if  we  wish  to  compute  the  correction 
for  the  actual  parallax,  we  shall  have,  after  finding  N  by  the 
table, 

d^d,=  NfAn^X^,  (460*) 

IT  being  in  seconds. 

The  trouble  of  finding  the  declinations  of  the  bodies  and  the 
uae  of  Table  XIX.  would  be  saved  if  the  Almanac  contained  the 
logarithm  of  N  in  connection  with  the  lunar  Ephemeiis.  Thd 
value  of  log  N  in  the  Almanae  would,  of  course,  be  computed 
with  the  actual  parallax,  and  (460)  would  be  perfectly  exact. 

We  have  yet  to  introduce  corrections  for  the  elliptical  figure 
of  the  discs  of  the  moon  and  sun  produced  by  refraction.  These 
corrections  are  obtained  by  Tables  XVII.  and  XVHL,  wluch  are 
constructed  upon  the  following  principles.    Let 

ikS^j  A'STj  =  tbo  contractions  of  the  vertical  semidiameters, 
us,  AiS  =  tbo  contractions  of  the  inclined  somidiameters; 

then  we  have  (Art  138) 

A«  =  aS,  cos*  q  aS=  AjS,  cos*  Q 

where  j  =  the  angle  ZM'S'  (Fig.  29)  and  Q  =  ZS'M'.  We 
have 

sin  ir  —  sin  A'  cos  d' 

cos  q  = 

cos  h!  And' 

But,  by  (4;36), 

win  ir  B'  sin  V  cos /f'  A' 


COS  A'  8in  d*  B(t:^  —  r')  cos  A'         cos  A'  Bin  d'      A  (r^  —  r')  cos  A' 

so  thut 

tA'    ,    ^'\  1 

cos  7  =  —  I \-~  - 1 

^  \  A  ^  B  )  (r.^-  f)  cos  h! 

If  we  put  -4  =  1  and  J5  =  1,  which  are  approximate  values,  we 

shall  have 

A'+  B' 
cos  or  = -    -  - 

(^j-^OcosA' 


A^ 


=  .J_£.+.Z_1'  (461) 
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In  order  to  ascertain  the  degree  of  accuracy  of  this  formula, 
we  observe  that  the  errors  m  cos  q  produced  by  the  assumption 
J.  =  1,  -B  =  1,  are 

is  tan  A'  ^      /I        m       Bin  jy 

e  =  {A  —  1) e'  =  (1  —  5) 


tan  iV  cos  h!  sind' 

the  errors  in  cos^  q  are 

2ecos^  2^Q0%q 

and  the  errors  in  a  5  are,  therefore, 

_  2a.s,  {A  —  1)  tan  K  cos  q  ,_  2as,  (1  —  B)  Bin  IT  cob  q 

'  tan  d'  *  cos  A' sin  rf' 

In  order  to  represent  extreme  cases,  let  us  suppose  q  =  0  and 
JI'=  90®,  which  will  give  ^j  and  (?/  their  greatest  values;  then 
we  shall  iind  for  the  different  values  of  /i'  the  following  errors: 


A' 

e^  tan  d' 

f ,'  sin  d' 

5° 

0".45 

0".02 

10 

.10 

.00 

15 

.08 

.00 

80 

.02 

.00 

50 

.00 

.00 

It  can  only  be  for  voiy  small  values  of  rf'  that  the  error  e,  can  be 
important,  even  for  A'  —  5® ;  and,  us  these  small  values  of  the 
distance  are  always  avoided  in  practice,  our  formula  (461)  may 
be  considered  quite  perfect. 

In  the  same  manner,  we  shall  Iind- 

Afif  =  A^J  —  —-+-— 1'  («2) 

which  IS  even  more  accurate  than  (461). 

These  fornmlw  are  put  into  tables  as  follows.  For  the  moon, 
Table  XVII.A,  with  the  arguments  A'  aud;ri— -r',  gives  the 
value  of 

^       (r,  —  r')' co8«  A'      -^ 

whore /is  an  arbitrary  factor  {-  18000000)  employed  to  giv«J 
convenient  integral  values.  Then  Table  XViI.B,  with  the  argu- 
ments (/  and  jV^  B'^  gives 
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For  the  sun,  Table  XVin.A,  with  the  arguments  H'  and  12'  —  P, 
gives  the  value  of 

(ig^-.P)«cos«g^ 

AS, 

in  which  JP=  -^i  and  Table  XVill-B  ^ves 

In  these  tables  A'+  B'  is  called  the  "whole  correction  of  the 
moon,"  and  C'  +  D'  the  "whole  correction  of  the  sun."  As 
these  quantities  are  furnished  by  the  previous  computation  of 
the  true  distance,  the  required  corrections  are  taken  from  the 
tables  without  any  additional  computation. 

The  values  of  ^  and  ^  are  applied  to  the  distance  as  follows : 
when  the  limb  of  the  moon  nearest  to  the  star  or  planet  is 
observed,  ^9  is  to  be  subtracted,  and  when  the  farthest  limb  is 
obser\'ed,  is^  is  to  be  added ;  when  the  sun  is  observed,  botli  ^ 
and  ^  arc  to  be  subtracted  from  d. 

In  8trictne88,  these  corrections  should  be  applied  to  the  dis- 
tance d\  and  the  distance  thus  corrected  should  be  employed  in 
computing  the  values  of  -4',  B'j  C,  and  D'.  This  would 
rocpiire  a  repetition  of  the  computation  after  ^  and  aS  had  been 
found  by  a  lirHt  cimiputation ;  but  this  repetition  will  rarely 
cliange  the  result  by  0".5.  In  the  extreme  and  improbable  case 
when  the  dintance  is  only  20®  and  one  body  is  at  the  altitude  5® 
and  the  other  directly  above  it  in  the  same  vertical  circle  (80  that 
the  entire  contraction  of  the  vertical  semidiameter  comes  into 
account),  such  a  repetition  would  change  the  result  only  1".8; 
and  even  this  error  is  much  less  than  the  probable  error  of 
sextant  ot)scr\'ations  at  this  small  altitude,  where  the  sun  and 
moon  already  cease  to  present  perfectly  defined  discs. 

250.  I  shall  now  recapitulate  the  steps  of  this  method. 
1st.  The  local  mean  time  of  the  obser>'ation  being  7",  and  the 
assumed  longitude  Z/,  take  from  the  Ephemeris,  for  the  approxi- 
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mate  Greenwich  time  T  +  Ly  the  quantities  5,  Sj  ;r,  P,  dy  and  J. 
(For  the  sun  we  may  always  take  P  =  8".5 ;  for  a  star,  <S  =  0, 
P=0.) 

2d.  If  /i",  J/",  d"  denote  the  observed  altitudes  and  distance 
of  the  limbs,  find 

5'  =  5  +  correction  of  Table  XII., 
rj  =:  r  -j-  correction  of  Table  XIII., 

and  the  apparent  altitudes  and  distance  of  the  centres, 


K=h"^s!, 


jr=ii''zf  s, 


d'=d"±s'±8 


upper  signs  for  upper  and  nearest  limbs,  lower  signs  for  lower 
and  farthest  limbs. 

For  the  altitudes  A'  and  //',  take  the  "  reduced  refractions" 
r'  and  P'  from  Table  XIV.,  correcting  them  by  Table  JX.1V. A 
and  B  for  the  barometer  jwid  thermometer.  Then  compute  the 
quantities 

A'  =      i7:^  —  r')Amnh'cotd'  C  =  ^(B'—F)CsinH'coid' 

B'=—  (tTj  —  O  ^  sin  H'  CO8CC  d'     D'=     (i?'— P)i)8in  A'coseed' 

for  which  the  logarithms  of  A,  P,  C,  and  D  are  taken  from 
Table  XV.  In  this  table  the  argument  ir^  —  r'  is  called  the 
"reduced  parallax  and  refraction  of  the  moon,"  and  P'  —  Pthe 
"  reduced  refraction  and  parallax  of  the  sun  (or  planet)  or  star." 
For  a  star  this  argument  is  simply  P'. 

"When  rf'  >  90°,  the  signs  of  A'  and  C  will  be  reversed.  It 
may  be  convenient  for  the  computer  to  determine  the  signs  by 
referring  to  the  follo\viug  table : 


A' 

B' 

C 

D' 

d'  <  90° 
d'  >  90° 

+ 

+ 

+ 

+    i 

3d.  The  terms  A'  and  P',  which  depend  upon  the  moon'i 
parallax  and  refraction,  may  be  called  the  first  and  second  parts 
of  the  moon's  correction,  and  the  sum  A'  +  P'  the  "whole  ciff* 
rcction  of  the  moon."  In  like  manner,  C  and  2^  may  bo  called 
the  first  and  second  parts  of  the  sun's,  planet's,  or  star's  coirec- 
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tioii,  and  the  sum  C"+  ly  the  "wliole  correction  of  the  sun, 
planet,  or  star." 

The  fluni  of  these  corrections  =  ^'  +  ^'  +  C"  +  T>'  may  be 
called  the  "first  correction  of  the  distance."  Taking  it  as  the 
upper  arjrnnient  in  Table  X\^I.,  find  tlie  second  correction  =  x, 
the  rtign  of  which  is  indicated  in  the  table. 

4th.  Take  fmni  Table  X\^II.A  and  B  the  contraction  of  its 
inclined  seniidiametcr  =  a5.  If  the  sun  is  the  other  body,  take 
also  the  contraction  from  Table  XVIII. A  and  B,  =  a&  The 
sign  of  either  of  these  corrections  will  be  positive  when  the 
farthest  limb  is  observed,  and  negative  when  the  nearest  limb  is 
obser\ed. 

5th.  The  correction  for  the  compression  of  the  earth  is  = 
N  sin  f>,  f>  being  the  latitude ;  and  N  may  be  accurately  com- 
puted by  the  formula 

\  sin  J,       tan  (/,  / 

or  it  may  be  found  within  1"  by  Table  XIX.,  the  mode  of  con- 
t^ulting  which  is  evident.  The  sign  of  A^sin  ^  will  be  determined 
by  the  signs  of  iVand  sin  ^,  remembering  that  for  south  latitudes 
sin  ip  is  negative. 

All  the  corrections  being  applied  to  rf',  we  have  the  geocen- 
tri<;  distance  d;  and  hence  the  corresponding  Greenwich  time 
and  the  longitude. 

Example. — Let  us  take  the  example  of  the  preceding  article 
(p.  3tK»j,  in  which  the  observation  gives 

iaV5,  March  9th,  ^  =  8r)0. 

r       =    5»  14-  6'        ^  A"  =  52^  34'   0"       Borom.  29.5  in. 
Assumed/.       =r  10  JO   0         ©//"==    8    66  23  Therm.  58°  F. 

Approx.  (ir.  T.  =  15  14   6    J!  O  4"  =  44    36  58.6 
By  the  Ephemeris,  we  have 

R  :r=  16'  23".l  r  =  60'  1".9    *Sr=  16'  8".0    P=  R".6 

Table Xir.     +  14  .0    Tab.  XIII.       +3  .9     a  =  +  14«     j  =  — 4° 

i^'  :^  16  37  .1  r,=  60  5  .8 

The  computation  may  be  arranged  as  follows: 
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J>h"=. 

52°  34'.0 

QII"^ 

8<>  56'.4 

rf''=44»86'58-.6 

»'  = 

-f    16.6 

S    = 

16.1 

^  =        16  87  .1 

A'  = 

62    50.6 

jy  = 

9    12.6 

8  —        16    8  .0 
if'  =  45     9  48 .7 

Table  XIV. 

1'13M 

6' 49^.6 

"      "     A. 

1  . 

—    6  . 

«*      "    B. 

1  . 

R— 

—    6  . 

r'  — 

Ill  .1 

6  87  .6 

^1  — 

60    5  .8 

P  — 

8  .6 

.r.-r-- 

68  54  .7 

R      P  — 

6  29  .0 

(Table  XV.)  log  ^  0.0019 

log  (t,  —  r')  8.5484 

log  sin  A'  9.0014 

log  cot  d'  9.9975 


(TabJeXV.)logC  9.9978 

log  (R'  -  P)  2.6132 

log  sin  W  9.2042 

log  cot  d'  9.9975 


log  A'               8.4492 

log  C              111.7167 

^'=+46'53".2 

C  —       52".  1 

(Table  XV.)  log/?     9.9081 

(Table  XV.)  log  Z>    9.9987 

log  (tj  -  /)     3.5484 

log  (R'—P)    2.5172 

log  sin  //'         0.2042 

log  sin  A'          9.9014 

log  coseo  d'      0.1493 

log  cosec  d'      0.1493 

log  B'             fi2.9000 

log     />'            2.6066 

J5'  — — 18'14".8 

/y— 4.6'  8".6 

A'-{-n'=z  +33  38  .9 

C'+iy— +5  16  .5         Ist corr.  =  +  88' SSM 
(Table  XVI.)     2d  corr.  =  —       18  ^ 

Table  XIX.  Ist  Part  of  .V^  - 

-6" 

(Table  XVII.)             At  =              0. 

2d      "        *«  =  _ 

-2 

(Table  XVIII.)          a5=  —        9 . 

N—- 

-8. 

^  —  350.                              A'8iii^  =  _        4.6 

cl  =  45  48  12.0 

This  result  agrees  with  that  found  by  the  rigorons  method  on 
p.  401,  within  I'M. 

To  find  the  longitude,  we  now  have,  by  the  American  Ephe- 
meris  for  March  9, 


(T)=15»    0»  0* 

(d)  —  45^  40^  54"       Q  —  0.2510 

d  =  45  48  12 

7  18    log    =2.W15 

f    ^    0  13     1 

log  t  =  2.8925 

Tabic  XX.                 1 

T,-  -15   13     0 

T  --  -.    T)   U     6 

X  -       9   58  54 

^ 
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251.  In  consequence  of  the  neglect  of  the  fractions  of  a  second 
in  several  parts  of  the  above  method,  it  is  possible  that  the  computed 
distance  may  be  in  error  several  seconds,  but  it  is  easily  seen 
that  the  error  from  this  cause  will  be  most  sensible  in  cases 
where  the  distance  is  small ;  and,  since  the  lunar  distances  are 
given  in  the  Ephemeris  for  a  number  of  objects,  the  observer 
can  rarely  be  obliged  to  employ  a  small  distance.  If  he  confines 
himself  to  distances  greater  than  45^  (as  he  may  readily  do),  the 
method  will  nirely  be  in  error  so  much  as  2",  especially  if  he 
also  avoids  altitudes  less  than  10^.  ^WHien  we  remember  that 
the  least  count  of  the  sextant  reading  is  10",  and  that  to  the 
probable  error  of  observation  we  must  add  the  errors  of  gnidua- 
tion,  of  eccentricity,  and  of  the  index  correction,  it  must  be  con- 
ceded that  we  cannot  hope  to  reduce  the  probable  error  of  an 
obserx'cd  distance  below  5",  if  indeed  we  can  reduce  it  below 
10".  Our  approximate  method  is,  therefore,  for  all  practical 
puq>oscs,  a  perfect  method,  in  relation  to  our  present  means  of 
obser\ation. 

252.  If  the  altitudes  have  not  been  observed,  thev  mav  be 
computed  from  the  hour  angles  and  declinations  of  the  bodies, 
the  hour  angles  being  found  from  the  local  time  and  the  right 
ascensions.  lU\t  the  declination  and  right  ascension  of  the  moon 
will  be  taken  fnmi  the  Ephemeris  for  the  ai)pn>ximate  (ireen- 
wich  time  found  with  the  assumed  longitude.  If,  then,  the  assumed 
longitude  is  greatly  in  error,  a  rei)etition  of  the  comi)Utation  may 
be  necessarv,  stai-tinsr  from  the  CJreenwich  time  furnished  bv  tlie 
first.  As  a  practical  rule,  we  nuiy  be  satisfied  with  the  first 
computation  when  the  error  in  the  assumed  longitude  is  not 
more  than  30*.  In  the  determination  of  the  longitude  of  a  fixed 
jK>int  on  laud,  it  will  be  advisable  to  omit  the  observation  of  the 
altitudes,  as  therebv  the  obser\'er  iraius  time  to  multiplv  the 
observations  of  the  distance.  But  at  sea,  where  an  immediate 
result  is  re(|uired  with  the  least  expenditure  of  figures,  the  alti- 
tudes >lioul<l  be  observed. 

25.'].  At  sea,  the  ol)sorvation  is  noted  by  a  chronometer  regu- 
lated to  ( Jreeuwich  time,  and  the  most  direct  enqdoyment  of  the 
resultiiii:  (Jreenwirh  time  will  tlien  be  to  detennine  the  true 
correction  of  the  chronometer.     This  proceeding  has  the  advan- 
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tage  of  not  requiring  an  exact  determination  of  the  local  time  at 
the  instant  of  the  ohsers'ation. 

For  example,  suppose  the  observation  in  the  example  above 
computed  had  been  noted  by  a  Greenwich  mean  time  chrono- 
meter which  gave  15*  10"*  0*,  and  was  supposed  to  be  slow  4"*  &. 
The  true  Greenwich  time  according  to  the  lunar  observation 
was  15*  13*"  0%  and  hence  the  true  correction  was  +  S"  0*.  With 
this  connection  we  may  at  any  convenient  time  afterwards  deter- 
mine the  longitude  by  the  chronometer  (Art  214). 

In  this  way  the  navigator  may  from  time  to  time  during  a 
voyage  determine  the  correction  of  the  chronometer,  and,  by 
taking  the  mean  of  all  his  results,  obtain  a  very  reliable  correc- 
tion to  be  used  when  approaching  the  land.  He  may  even 
determine  the  rate  of  the  chronometer  with  considerable  accu- 
racy by  comparing  the  mean  of  a  number  of  observations  in 
the  iii^st  part  of  the  voyage  with  a  similar  mean  in  the  latter 
part  of  it. 

254.  To  correct  the  lovgitude  found  hy  a  lunar  distance  for  errors 
of  the  Ephemcris. — In  relation  to  the  degree  of  accuracy  of  the 
observation,  we  may  in  the  present  state  of  the  Ephemeris  regard 
all  its  orroi^s  as  insensible  except  those  which  aftect  the  moon's 
place.  If,  therefore,  the  longitude  of  a  fixed  point  has  been 
found  by  a  lunar  distance  on  a  certain  date,  the  corrections  of 
the  moon's  right  ascension  and  declination  are  first  to  be  found 
for  that  date  from  the  observations  at  one  or  more  of  the  prin- 
cipal obsen^atories,  and  then  the  correction  of  the  longitude  will 
be  found  as  follows.     Let 

a,  o  =r  tho  right  ascension  and  declination  of  the  moon  given 

in  tho  Ephemeris  for  tho  date  of  tho  obsorvation, 
j4,  J  =  those  of  the  sun,  planet,  or  star, 
oa,oo=tho  corrections  of  the  moon's  right  ascension  and 
declination, 
iid  =z  tho  corresponding  correction  of  tho  lunar  distance^ 
oL  =  tho  corresponding  correction  of  the  computed  longi- 
tude; 

In  Fig.  30,  3f  and  S  being  the  geocentric  places  of  the  two 
bodies,  as  given  in  the  Ephemeris,  and  d  denoting  the  distance 
31  S J  we  have 

cos  ^  =  sin  ^  sin  J  -f  cos  d  cos  J  cos  (o  —  A)  (46S} 


J 
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by  differentiating  which  we  find 

- .        cos  d  COS  J  sin  (a  —  -4)    . 
da  = ^^ .  oa 

sin  d 

COB  ^  sin  J  —  sin  ^  cos  J  cos  (o  —  A)    ,^ 

7—. ^ ^  •  W  (4G4) 

sin  a  ^       ^ 

If  then 

V  =  the  change  of  distance  in  3*, 

we  shall  liave 

dL  =  —  ddx-  (465) 

in  computing  which  we  employ  the  proportional  logarithm  of  the 

3* 
Ephemeris,  Q  =  log  —,  reduced  to  the  time  of  the  observation. 

Example. — At  the  time  of  the  observation  computed  in  Art. 
250,  we  have 

3foon,  a  =    2*  11-  14-  ^  =  +  14^  18'.4 

Sun,     A  =  2S   22    25  j=—    4      8.1 

tt  — -4=    2  49    19  d=z       45    48.2 

=    42*>  19'.8 

with  which  we  find,  by  (464), 

dd  =  0.908  da  +  0.350  M 

and  hence,  by  (465),  with  log  Q  =  0.2511, 

dL  =  -^  1.62  da  —  0.62  dd 

Suppose  then  we  find  from  the  Greenwich  observations  da  -~ 
—  0'.38  ^  —  5".7  and  J  J  =  —  4".0,  the  correction  of  the  longi- 
tude above  found  will  be 

dX  =  +  ll'.T 

255.  To  find  the  longitude  by  a  lunar  distance  not  given  in  the 
Ephnneris. — The  regular  lunar-distance  stars  mentioned  in  Art. 
247  arc  selected  nearly  in  the  moon*s  path,  and  are  therefore  in 
general  most  favorable  for  the  accurate  detennination  of  the 
Ctreenwiih  time.  Nevertheless,  it  may  occasionally  be  found 
expedient  to  emjjloy  other  stiirs,  not  too  far  from  the  ecliptic. 
Sometimes,  too,  a  diflerent  star  may  have  been  observ'ed  by 
mistake,  and  it  may  be  important  to  make  use  of  the  obser\'ation. 

Vou.  I.— 27 
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Tlie  tnic  distance  d  is  to  be  found  from  the  observed  distanoe 
by  the  preceding  methods,  as  in  any  other  case.  Let  the  local 
time  of  the  observation  be  1\  and  the  assamed  longitude  L, 
Take  from  the  Ei)hemeris  tlie  moon's  right  ascension  a  and  de- 
clination 0  for  the  Green^^^ch  time  T  +  L^  and  also  the  star's 
right  ascension  A  and  declination  J ;  with  which  the  correspond- 
ing true  distance  d^  is  found  by  the  formula 

cos  d^  =  sin  ^  sin  J  +  ^^s  ^  cos  J  cos  (o  —  A) 

Then,  if  d  =  rf^,  the  assumed  longitude  is  correct ;  if  otherwise, 

put 

X  =  the  increase  of  a  in  one  minute  of  mean  time, 
t3  =  the  increase  of  d     *'  "  «        " 

y  =^  the  increase  of  d     "  "  "        " 

then  we  have,  by  (464), 

cos  d  cos  J  sin  (a  —  A)   ,       cos  d  sin  J  —  sin  d  cos  J  cos  fa  —  A^   . 
^  = ^.X ^^ i.fi 

sin  d^  sin  d^ 

and  hence  the  correction  of  the  assumed  longitude  in  seconds 

of  time, 

^TJ=:.—  (d  —  d^ 

r 

For  computation  by  logarithms,  these  formula  may  be  w^ 

ranged  as  follows : 

tan  J 
tanJf  =: 


cos  (a  —  A) 

sin  J  cos  (d  —  M) 
cos  rfp  = ^^ ' 

cos  ^  COS  J  «in(a^-^        ^^^  _ 

Bin  </, 
60  (d  -  rf,) 

r 

Example. — Suppose  an  observer  has  measured  the  distance 
of  the  moon  from  Arcturus^  at  the  local  mean  time  1856  MwA 
IG,  r  -:  10*  30*  0*,  in  the  assumed  longitude  i  =  6*  0"  C,  M^ 
reducing  his  observation,  finds  the  true  distance 

d  =  73°  55'  10" 
what  is  the  true  longitude  ? 
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For  the  Greenwicli  time  T+  L  =  16*  30-  we  find 

a  =        8»  47-  G'.54  ^  =  +  23°  12'    7'M  ^  =  +  31".40 

A  ---.      14     9    7 .04  J=z  ^    19    55  44  .8  /?=  —    8  .02 

•  —  -4  =  —  5»  22-  0'.50  =  —  80°  30'    7".5 

with  which  we  find  by  (4G6), 

d^  =       73°  55'  35".  r  =  —  25".59 

d^d^  =  —  25"  dL=:  +  58*  .6 

and  therefore  the  longitude  is  6*  0-  58*.6. 

2o6.  In  onler  to  eliminate  as  far  as  possible  any  constant 
errors  of  the  instrument  used  in  measuriiig  the  distance,  we 
should  observe  distances  from  stars  both  east  and  west  of  the 
moon.  If  the  index  correction  of  the  sextant  is  in  error,  the 
errors  produced  in  the  computed  Greenwich  time,  and  conse- 
quently in  the  longitude,  will  have  different  signs  for  the  two 
obser\'ations,  and  will  be  very  nearly  equal  numerically:  they  will 
therefore  be  nearly  eliminated  in  the  mean.  If,  moreover,  the 
distances  are  nearly  equal,  the  eccentricity  of  the  sextant  will 
have  nearly  tlie  same  effect  upon  each  distance,  and  will  there- 
fore be  eliminated  at  the  same  time  with  the  index  error.  Since 
even  the  best  sextiints  are  liable  to  an  error  of  eccentrieitv  of  as 
mucli  as  20",  acconling  to  the  confession  of  the  most  skilful 
makers,  and  this  error  is  not  readily  determined,  it  is  important 
to  eliminate  it  in  this  manner  whenever  practicable.  If  a  eircle 
of  reflexion  is  employed  which  is  read  off  by  two  opposite 
veniiers,  the  eccentricity  is  eliminated  from  each  obser\'ation ; 
but  even  with  such  an  instrument  the  same  method  of  obser\'a- 
tion  should  be  followed,  in  order  to  eliminate  other  constant 
em»rs. 

It  has  been  stated  bv  some  writers  that  bv  observing  distiinccs 
of  >/(//-,v  on  <)pi>osite  sides  of  the  moon  we  also  eliminate  a  con- 
stant error  of  ohi^crration,  such,  for  example,  as  arises  from  a 
faulty  hal)it  of  the  observer  in  nniking  the  contact  of  the  moon's 
linil»  with  the  star.  This,  however,  is  a  mistake;  for  if  the 
habit  of  the  obser\'er  is  to  make  the  contact  too  close,  that  is,  to 
brinir  the  refl(»cted  imaire  of  the  moon's  limb  somewhat  over 
the  star,  the  effect  will  be  to  increase  a  distance  cm  one  side  of 
the  moon  while  it  diminishes  that  on  the  opposite  si<le,  and  the 
effect  upon  the  deduced  Greenwich  time  will  be  the  same  in 
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^^  • 

both  cases.     This  will  be  evident  from  the  following  diagram^ 

(Fig.  31).     Suppose  a  and  6 
^*^\f^-  are    the    two    stars,   3f  the 

nioon*s  limb.   If  the  observer 
•  I*  •  judges  a  contact  to  exist  when 

the  star  appears  \idthiu  the 
moon's  disc  as  at  Cj  the  distance 
""  ac  is  too  small  and  the  distance 

he  too  great.  But,  supposing  the  moon  to  be  moving  in  the  direc- 
tion from  a  to  4,  each  distance  will  give  too  early  a  Greenwich 
time,  for  each  will  give  the  time  when  the  moon*s  limb  was 
actually  at  c. 

If,  however,  we  observe  the  sun  in  both  positions,  this  kind 
of  ciTor,  if  really  constant,  will  be  eliminated;  for,  the  moon*B 
bright  limb  being  always  turned  towards  the  sun,  the  error  will 
increase  both  distances,  and  will  produce  errors  of  opposite  sign 
in  the  Greenwich  time.  Hence,  if  a  series  of  lunar  distances 
from  the  sun  has  been  observed,  it  will  be  advisable  to  form  two 
distinct  means, — one,  of  all  the  results  obtained  from  increasing 
distances,  the  other,  of  all  those  obtained  from  decreasing  dis- 
tances :  the  mean  of  these  means  will  be  nearly  or  quite  free 
from  a  constant  en'or  of  obscn^ation,  and  also  from  constant  in- 
strumental errors. 

FINDING   THE   LONGITUDE   AT   SEA. 

257.  Bf/  chronomctci's. — This  method  is  now  in  almost  uniTersal 
use.  The  fonn  under  which  it  is  applied  at  sea  differs  very 
slightly  from  that  given  in  Art.  214.  The  correction  of  the 
chronometer  on  the  time  of  the  firet  meridian  (that  of  Oreen- 
wich  among  American  and  English  navigators)  is  found  at  any 
place  whose  longitude  is  known,  and  at  the  same  time  also  its 
daily  rate  is  to  be  established  with  all  possible  care.  The  rate 
being  duly  allowed  for  from  day  to  day  during  the  voyage,  the 
(irocnwich  time  is  constantlv  knoi;\ni,  and  therefore  at  anv 
instant  when  the  local  time  is  obtained  by  observation,  the  lon- 
gitude of  the  ship  is  determined. 

The  local  time  on  shipboard  is  always  found  from  an  altitnde 
of  some  celestial  object,  obser\'ed  with  the  sextant  from  the  set 
horizon.  (Art.  loG.)  The  ccunputation  of  the  hour  angle  i« 
tlun  made  by  (2GH),  and  the  resulting  local  time  is  compared 
dircM-tly  with  the  Greenwich  time  given  by  the  chronometer  at 
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the  inAtant  of  the  observation.  The  data  from  the  Ephemeris 
required  in  computing  the  local  time  are  taken  for  the  Greenwich 
time  given  by  the  chronometer. 

Example. — A  ship  being  about  to  sail  from  Xew  York,  tlie 
master  determined  the  correction  on  Greenwich  time  and  the 
rate  of  his  chronometer  by  ob8er\'ations  on  two  dates,  as  follows: 

1860  April  22,  at  Greenwich  noon,  chron.  correction  =  +  8"  lO'.O 
'*        "     30,  "  "         "  ''  =  +  3    43 .6 

Rate  in  8  days    =       -f  33  .6 
Daily  rate  =       +    4 .2 

On  May  18  following,  about  7*  80"  A.M.,  the  ship  being  in  lati- 
tude 41°  83'  N.,  three  altitudes  of  the  sun's  lower  limb  were 
obser^'ed  from  the  sea  horizon  as  below.  The  correcticm  of  the 
chronometer  on  that  day  is  found  from  the  correction  on  April  30 
by  adding  the  rate  for  18  days.  (It  will  not  usually  be  worth 
while  to  reganl  the  fniction  of  a  day  in  computing  the  total  rate 
at  nea.)  The  reconl  of  the  observation  and  the  w^hole  computa- 
tion may  be  arranged  as  follows : 


IRTiOMaj  18.  ^=41*>88' 
Chronometer                  9*  37"»  21'. 

0  290  40'  10^ 

Barom.  80.82  <». 

"   37    63. 
••   88   20. 

»♦    46    0 
"    50  60 

Therm.  59o  F. 

Mean                        —    9  87    51.8 
Correction                 z~  -f-      4    59.2 

Mean   —  ^  45  40 
Index  corr.  =:  —      110 

Gr.  date  —  May  17,     21   42    50.6 

Dip               =-42 

for  which  time  we  take  from  the 
EphemeriM  the  quantitien 

O'HrJ  -  19°  38' 89" 
Semidiameter       —          15'  50" 

29    40  28 
Semld.         1.:  4.    16  50 
Refraction  —  —      1  42 
Parallax      ^  -f            8 

Equation  of  time  ^  —    8"*  49^.8 

A  :^  29    54  44 
^   .--  41    83    0 
P  r.  70    21  21 

sec.  0.12588 
sec.  0.<»2604 

f  ^  70    54  33 
t  —  h  -.40    59  49 

cos  9.51404 
cos  9.8ir,92 

9.48348 

Apparent  time      —    7*32*   C.S 
Eq.  of  time            _-          3    49.8 

■in  9.74174 

Local  mean  time  Tr=  19  2H    If.. 5 
Or.          *♦       ••         :  21   42    50.5 

Longitude  1=    2  14    34    =  33<»  88'.6  W. 

In  thirt  obson-ation,  the  nun  was  near  the  ]»rime  vertical,  a  iK>Hi. 
tion  mortt  favorable  to  accuracy  (Art.  14l>). 
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The  method  by  equal  altitudes  may  also  be  used  for  finding 
the  time  at  sea  iii  low  latitudes,  as  in  Arts.  158,  159. 

258.  In  order  that  the  longitude  thus  found  shall  be  worthy 
of  confidence,  the  greatest  care  must  be  bestowed  upon  the 
determination  of  the  rate.  As  a  single  chronometer  might 
deviate  very  greatly  without  being  distrusted  by  the  navigator, 
it  is  well  to  have  at  least  three  chronometers,  and  to  take  the 
mean  of  the  longitudes  which  they  severally  give  in  every  case. 

But,  whatever  care  may  have  been  taken  in  determining  the 
rate  on  shore,  the  sea  rate  will  generally  be  found  to  diflfer  from 
it  more  or  less,  as  the  instrument  is  affected  by  the  motion  of  the 
ship ;  and,  since  a  cause  which  accelerates  or  retards  one  chro- 
nometer may  produce  the  same  effect  upon  the  others,  the  agree- 
ment of  even  three  chronometers  is  not  an  absolutely  certain 
proof  of  their  correctness.  The  sea  rate  may  be  found  by 
determining  the  chronometer  correction  at  two  ports  whose 
difference  of  longitude  is  well  known,  although  the  absolute 
longitudes  of  both  ports  may  be  somewhat  uncertain.  For  this 
purpose,  a  "  Table  of  Chronometric  Differences  of  Longitude"  is 
given  in  Rapbr*s  Practice  of  Navigation^  the  use  of  which  is 
illustrated  in  the  following  example. 

Example. — At  St.  Helena,  May  2,  the  correction  of  a  chro- 
nometer on  the  local  time  was  +  0*  23"*  10*.  3.  At  the  Cape  of 
Good  Hope,  May  17,  the  correction  on  the  local  time  was 
—  1*  14"»  28*.6 ;  what  was  the  sea  rate  ? 

We  have 

Corr.  at  St.  Helena,  May  2d  =  +  0*  23"  lO-.S 

Chron.  diif.  of  long,  from  Eaper      =  —  1   36    45  . 

Corr.  for  Cape  of  G.  H.,  May  2d      =  —  1   13    34.7 
"  «  «         "    17th  =  —  1   14    28.6 

Rate  in  16  days  =  —    53  .9 

Daily  sea  rate     =  —      3 .59 

259.  By  lunar  distances. — Chronometers,  however  perfectly 
made,  are  liable  to  derangement,  and  cannot  be  implicitly  relied 
upon  in  a  long  voyage.  The  method  of  lunar  distances  (Arte. 
247-256)  is,  therefore,  employed  as  an  occasional  check  upon  the 
chronometers  even  where  the  latter  are  used  for  finding  the 
longitude  from  day  to  day.     When  there  is  no  chronometer  on 
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board,  the  method  of  lunar  distances  is  the  only  regularly  avail- 
able method  for  finding  the  longitude  at  sea,  at  once  sufficiently 
accurate  and  sufficiently  simple. 

As  a  check  upon  the  chronometer,  the  result  of  a  lunar  distance 
IB  used  as  in  Art.  253. 

In  long  voyages  an  assiduous  observer  may  detennine  the  sea 
rates  of  his  chronometers  with  considerable  precision.  For  this 
puqx>se,  it  is  expedient  to  combine  obser\'ations  taken  at  various 
times  during  a  lunation  in  such  a  manner  as  to  eliminate  as  far 
as  possible  constant  errors  of  the  sextant  and  of  the  obsencr  (Art. 
250).  Suppose  distances  of  the  sun  are  employed  exclusively. 
Let  two  chronometer  corrections  be  found  from  two  nearly  equal 
distances  measured  on  opposite  sides  of  the  sun  on  two  different 
dates,  in  the  first  and  second  half  of  the  lunation  respectively. 
The  mean  of  these  corrections  will  be  the  correction  for  the 
mean  date,  very  nearly  free  from  constant  instrumental  and 
personal  errors.  In  like  manner,  any  number  of  jMirs  of  equal, 
or  nearly  equal,  distances  may  be  combined,  and  a  mean  chro- 
nometer correction  determined  for  a  mean  date  from  all  the 
observations  of  the  lunation.  The  sea  rate  will  be  found  by 
comparing  two  corrections  thus  determined  in  two  ditterent 
lunations.  This  method  has  been  successfully  applied  in  voyages 
between  England  and  India. 

260.  By  the  eclipses  of  Jupiter's  satellites. — An  obsen'ed  ecli[>8e 
of  one  of  Jupiter's  satellites  furnishes  immediately  the  Green- 
wich time  without  any  computiition  (Art.  225.)  But  the  eclipse 
is  not  sufficiently  instantaneous  to  give  great  accuracy;  for,  with 
the  ordiiiary  s[)y-glass  with  which  the  eclipse  may  be  obscr^'ed 
on  board  ship,  the  time  of  the  disappeanince  of  the  satellite  may 
]»rcri'dc  tlic  true  time  of  total  eclijjsc  by  even  a  whole  minute. 
The  time  of  disappeanince  will  also  vary  with  the  clearness  of 
the  atmosphere.  Since,  however,  the  same  causes  which  accele- 
rate the  disappeanince  will  retard  the  reai)i)eanince,  if  both 
]»heiiomena  are  obser\'ed  on  the  same  evening  under  nearly  the 
same  atmospheric  conditions,  the  mean  of  the  two  resulting 
longitudes  will  be  nearly  correct.  Still,  the  method  has  not  the 
advantage  possessed  by  lunar  distances  of  being  almost  always 
available  at  times  suited  to  the  convenience  of  the  navigator. 

2C1.  By  the  moons  altitude. — This  method,  as  given  in  Art  243, 
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is  vertical  to  an  observer  at  the  point  M  of  the  globe  (Fig  82). 
Let  a  small   circle  AA'A"  be  described  on 
the  globe  from  ^  as  a  pole,  with  a  polar  dis-  Fig^2. 

tence  MA  equal  to  the  zenith  distance,  or 
complement  of  the  observed  altitude,  of  the 
sun.  It  is  evident  that  at  all  places  within 
this  circle  an  observer  would  at  the  given 
time  obscr\'e  a  smaller  zenith  distance,  and 
at  all  places  without  this  circle  a  greater 
zenith  distance ;  and  therefore  the  observa- 
tion fully  determines  the  observer  to  be  on 
the  circumference  of  the  small  circle  AA'A'\  If,  then,  the 
navigator  can  project  this  small  circle  upon  an  artificial  globe  or 
a  cliart,  the  knowledge  thai  he  is  upon  this  circle  wUl  be  just  as  valuable 
to  him  in  enabliiig  him  to  avoid  dangers  as  the  knowledge  of  either  his 
lititude  alone  or  his  longitude  alone;  since  one  of  the  latter  elements 
only  determines  a  point  to  be  in  a  certain  circle,  without  fixing 
upon  any  particular  point  of  that  circle. 

The  small  circle  of  the  globe  described  from  the  projection  of 
the  celestial  object  as  a  pole  we  shall  call  a  circle  of  position. 

264.  To  find  the  place  on  the  globe  at  which  the  sun  is  vertical  {or  the 
8un*s  projection  on  the  globe)  at  a  given  Greenwich  time. — The  sun's 
hour  angle  from  the  Greenwich  meridian  is  the  Greenwich 
ai>parent  time.  The  diurnal  motion  of  the  earth  brings  the  sun 
into  the  zenith  of  all  the  places  whose  latitude  is  just  equal  to 
tlie  sun's  deeliiiation.  Hence  the  required  projection  of  the 
»x\u  is  a  pla<'e  whose  longitude  (reckoned  westward  from  Green- 
wich from  0*  to  24*)  is  equal  to  the  Greenwich  apparent  time, 
and  whose  latitude  is  equal  to  the  sun's  declination  at  that  time. 

20').  From  an  altitude  of  the  sun  taken  at  a  given  Greenwich  time^ 
to  find  the  circle  of  ]>osltion  of  the  observer,  by  projection  on  an  artificicd 
globe, — Find  the  Greenwich  apparent  time  and  the  sun*s  declina- 
tion, and  i>ut  tlown  on  the  globe  the  sun's  pmjeetion  by  the 
preceding  article.  From  this  point  as  a  pole,  describe  a  small 
cir<*le  with  a  circular  radius  equal  to  the  tnie  zenith  distance 
deduced  from  the  obser\'ation.  This  will  be  the  required  circle 
of  i)osition. 

2G0.  The  preceding  problem  may  be  extended  to  any  celestial 
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In  practice  it  is  generally  sufficient  to  lay  down  only  two 
points ;  for,  the  approximate  position  of  the  ship  being  known, 
if  L  and  L'  are  two  latitudes  between  which  the  ship  may  be 
a8sume<l  to  be,  her  position  is  known  to  be  on  the  curve  AA' 
Boraewhere  between  A  and  A',  A\nien  the  difterence  between 
L  and  IJ  is  small,  the  arc  AA'  will  appear  on  the  chart  as  a 
straight  line. 

269.  Tiifiiul  the  latitude  and  longitude  of  a  ship  by  circles  of  position 
projected  on  a  Mercator  chart. — First.  Let  the  altitudes  of  two 
objects  be  taken  at  the  same  time.  Assume  two  latitudes  em- 
bracing between  them  the  ship's  probable  position,  and  find  two 
points  of  each  of  their  two  circles  of  position  by  the  preceding 
problem,  and  [project  these  [H)ints  on  the  chart.  Each  pair  of 
points  being  joined  by  a  stniight  line, 
the  intersection  of  the  two  lines  is 
vcrj'  nearly  the  ship's  position.  Thus, 
if  one  object  gives  the  iH)ints  j4.  A' 
(Fig.  34)  corresponding  to  the  lati- 
tu<li»s  7a  //,  and  the  other  object  the 
points  J5,  J5'  corresponding  to  the  same  latitudes,  the  ship's 
{)ositi<)n  is  the  j)oint  C,  the  intersection  of  AA'  and  BB'. 

It  is,  of  course,  not  essential  that  the  same  latitudes  should  be 
used  in  computing  the  i>oints  of  the  two  circles;  but  it  is  more 
convenient,  and  saves  some  logarithms. 

If  greater  accuracy  is  desired,  the  circles  may  be  more  fully 
laid  down  by  three  or  more  points  of  each. 

Sro7td. — The  ahitude  of  the  same  object  may  be  taken  at  two 
difl'erent  times,  and  the  circles  laid  down  as  before ;  the  usual 
reducti*>u  of  the  first  altitude  being  applied  when  the  ship  changes 
her  po>iti<»n  between  the  observati(ms. 

It  is  evident  from  the  nature  of  the  above  projection  that  the 
most  favorable  case  for  the  accurate  determination  of  the  inter- 
ge<'tion  </ is  that  in  which  the  circles  of  position  intersect  at  right 
angles.  Hence  the  two  objects  observed,  or  the  two  positions 
of  the  same  obje<'t,  should,  if  possible,  differ  about  90°  in  azimuth. 
This  iii^rees  with  the  results  of  the  analvtical  discussion  of  the 
metliiMl  of  fin<lini^  the  latitude  bv  two  altitudes.  Art.  1H3. 

If  the  <hronometer  does  not  give  the  true  (ireenwich  time,  the 
only  I'tt'ect  of  the  error  will  be  to  shift  the  point  Ctowanls  the 
east  or  the  west,  without  changing  its  latitude,  unless  the  error  is 
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80  great  as  to  aflfect  sensibly  the  declination  which  is  taken  from 
the  Ephemeris  for  the  time  given  by  the  chronometer.  This  method 
is,  therefore,  a  convenient  substitute  for  the  usual  method  of  find- 
ing the  latitude  at  sea  by  two  altitudes,  a  projection  on  the  sailing 
chart  being  always  sufficient  for  the  purposes  of  the  navigator. 

Instead  of  reducing  the  firet  altitude  for  the  change  of  the  ship's 
position  between  the  observations,  we  may  put  down  the  circle 
of  position  for  each  observation  and  afterwards  shift  one  of  them 

by  a  quantity  due  to  the  ship's  run. 
Thus,  let  the  first  observation  give  the 
position  line  AA'  (Fig.  36),  and  let  Aa 
represent,  in  direction  and  length,  the 
ship*s  course  and  distance  sailed  be- 
tween the  observations.  Draw  <wi' 
parallel  to  AA\  Then,  BB*  being  the  position  line  by  the 
second  observation,  its  intersection  C  with  oa'  is  the  required 
position  of  the  ship  at  the  second  observation. 

270.  If  the  latitude  is  desired  by  computation,  independentlj 
of  the  projection,  it  is  readily  found  as  follows.    Let 

l^y  l^  =  the  longitudes  (of  A  and  B)  found  from  tbo  first  and 
second  altitudes  respectively  with  the  latitude  L, 

l^',  Z/  =  the  longitudes  (of  A'  and  B)  found  from  the  same 
altitudes  with  the  latitude  Jj', 
Xq  =  the  latitude  of  C. 

Prom  Fig.  84  we  have,  by  the  similarity  of  the  triangles  ABC 
midA'B'Gy 

V— V-  li--li=B'Ci  EC 
whence 

(;;  — i/)4.(?^  — ;,)  :  l^-.l^=BB'i  BC  =  L'^L  :  i„-i 

L,=  L+   (^'-^m,-h)  (467) 

W-iD  +  ih-h) 

This  formula  reduces  Sumner's  method  of  "  double  altitudes" 
to  that  given  long  ago  by  Lalande  {Astranomie,  Art  3992,  and 
Abrigi  de  Navigation^  p.  68).  The  distinctive  feature  of  Sumner's 
process,  however,  is  that  a  single  altitude  taken  at  any  time  is 
made  available  for  determining  a  line  of  the  globe  on  which  the 
ship  is  situated. 
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271.  To  find  the  azimuth  of  the  sun  by  a  position  line  projected  on 
ike  ctuirt. — Let  A  A'  (Fig.  36)  be  a  position  line  on 
the  chart,  derived  from  an  observed  altitude  by 
Art  268.  At  any  point  Cof  this  line  draw  CM 
perpendicular  to  AA%  and  let  NCShe  the  meri- 
dian parsing  through  C;  then  SCM  is  evidently 
the  8un*8  azimuth.  The  line  C3I  is,  of  course, 
drawn  on  that  side  of  the  meridian  AS  upon 
which  the  sun  was  known  to  be  at  the  time  of 
the  obsen'ation. 

The  solution  is  but  approximate,  since  ^^' should  be  a  cun-o 
line,  ami  the  azimuth  of  the  normal  CW  would  be  different  for 
different  pointn  of  AA'.  It  is,  however,  quite  accurate  enough 
for  the  pur[)Ose  of  determining  the  variation  of  the  compass  at 
sea,  which  is  the  only  practical  application  of  this  problem. 


CHAPTER  IX. 

THE   MERIDUN  LINE  AND  YARUTION   OF  THE  CX)MPASS. 

272.  The  meridian  line  is  the  intersection  of  the  plane  of  the 
ineridian  with  the  plane  of  the  horizon.  Some  of  the  most  use- 
ful  methods  of  finding  the  direction  of  this  line  will  here  be 
briefly  treated  of;  but  the  full  discussion  of  the  subject  belongs 
to  geodesy. 

273.  /?//  the  meridian  jxissage  of  a  star. — If  the  precise  instant 
when  a  htar  arrives  at  its  greatest  altitude  could  be  accurately 
distiiiiTuished,  the  direction  of  the  star  at  that  instant,  referred 
to  the  horizon,  would  give  the  direction  of  the  meridian  line ;  but 
tlie  altitude  varies  so  slowlv  near  the  meridian  that  this  method 
only  sen-es  to  give  a  first  approximation. 

274.  liy  shadows. — A  goo<l  approximation  may  be  nmde  aa 
followH.  Plant  a  stake  upon  a  level  piece  of  ground,  and  give  it 
a  vertical  position  by  means  of  a  plumb  line.     Describe  one  or 


MERIDIAN   LIKE.  431 

270.  From  the  first  equation  of  (50),  ip  and  b  being  constant, 
we  have 


dA=z  — 


cos  h  tan  q 


and  tlicrefore  an  error  in  the  obsen^ed  altitude  will  have  the 
least  effci't  ui)on  the  computed  azimuth  when  tan  q  is  a  inaxi- 
nuim ;  that  is,  when  the  star  is  on  the  prime  vertical.  There- 
fore, in  the  jiractice  of  the  preceding  method  the  star  should  be 
as  far  from  the  meridian  as  possible. 

277.  JJt/  equal  altitudes  of  a  star. — Observe  the  azimuth  of  a  star 
with  an  altitude  and  azimuth  instrument,  or  a  comi)as8,  when  at 
the  same  altitude  east  and  west  of  the  meridian.  The  mean  of 
the  two  readings  of  the  instrument  is  the  reading  when  its 
Hight  line  is  in  the  direction  of  the  meridian.  This  is  the 
method  of  Article  274,  rendered  accurate  by  the  introduction 
of  jiropcr  instruments  for  obser\'ing  both  the  altitude  and  the 
azimuth. 

278.  If  equal  altitudes  of  the  sun  are  employed,  a  correction 
for  the  change  of  the  sun's  declination  is  necessary,  since  equal 
azimuths  will  no  longer  correspond  to  equal  altitudes.     Let 

A'  —  the  east  azimuth  at  the  first  observation, 
A  *'    west       **  '*        second       •* 

')        tlio  <leolination  at  noon, 
Ao        the  increase  of  declination  from  the  first  to  the  second 
observation, 

then,  by  (1),  we  have,  h  being  the  altitude  in  each  case, 

sin  (<T  —  J  ^ti)  --.  sin  y  sin  h  —  cos  ^  cos  h  cos  A' 
nin  (5  -f-  j  A'))  -  --  nin  ^  sin  h  —  cos  ^  cos  h  cos  -I 

the  <li  Iff  fence  of  which  gives 

2  cos  '/  >\i\  •]  A'^  ---  2  cos  V  cos  h  sin  }  (-1  -j-  ^1')  sin  i  (A  —  -1') 

when<«',  since  aJ  is  but  a  few  minutes,  we  have,  with  sufficient 
accuracv, 

cos  if  cos  h  sin  A 
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D  =  the  apparent  angalar  distance  of  the  Fig.  37. 

8un*8  centre  from  the  terrestrial  point 
=  the  observed  distance  increased  by 

the  sun's  semidiamotery 
7/:=  the  apparent  altitude  of  the  point, 
h!  =  the  sun's  apparent  altitude, 
a  =  the  difference  of  the  azimuth  of  the 

sun  and  the  point, 
A'  =  the  azimuth  of  the  point. 

The  apparent  altitude  A'  will  be  deduced  from  the  true  altitude 
by  ad(liii<^  the  refraction  and  subtracting  the  parallax.  Then  in 
the  triangle  SZO  we  have  given  the  three  sides  ZS  =  90°  —  A', 
ZO  =r--  1*0°  —  7/,  SO  =  2>,  and  hence  the  angle  SZO  =  a  can  be 
found  by  the  formula 

ta„.  J  a  =  «!L(lZl_^)_«iBiil=Zl  (472) 

COS  8  COS  (5  —  D) 

in  which 

Tlien  we  have 

A'  =  A±a  (478) 

and  the  proper  sign  of  a  to  be  used  in  this  equation  must  be 
determined  by  the  position  of  the  sun  with  respect  to  the  object 
at  the  time  of  the  observation. 

If  the  altitude  of  the  sun  is  observed,  wo  can  dinpen-^e  with 
the  computation  of  (471),  and  compute  A  by  the  formula  (468). 
The  chronometer  will  not  then  be  required,  but  an  approximate 
knowliMlire  of  the  local  time  and  the  longitude  is  necerisary  in 
order  to  iin<l  d  from  the  Ephemeris. 

If  the  terrestrial  object  is  very  remote,  it  will  often  suffice  to 

regard  its  altitude  as  zero,  and  then  we  shall  find  that  (472) 

reduces  to 

tan  1  rt  =  |/[tan  J  (2>  +  A')  tan  }  (2>  —  A')]  (474) 

This  method  is  frequently  used  in  hydrographic  Hur\'oying  to 
determine  the  meridian  line  of  the  chart. 

Example. — Fnim  a  certain  point  B  in  a  survey  the  azimuth 
of  a  point  C'is  required  from  the  following  observation: 


rhronoinrter  time         --  4*  12*  12» 
Chrononi.  correction  -■-   --2      0 

Local  iiK-an  time         r     4    10    12 
Kquation  of  time  --   4    10.0 

Local  app.  time,       t  —  4     6      1.1 
Vol.    L— 28 


Altitude  of  C -=  If-r    0O3O'20^ 

Diatsnce  of  the  nearest  limb  of  the 
sun  from  the  point  C  48°  17'  KT 
Semidiameter  Ki    1 

D  v:  48    33  11 
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in  which  A  is  the  azimuth  reckoned  from  the  elevated  pole.  At 
this  instant  the  star's  azimuth  reaches  its  maximum,  and  for  a 
certain  small  interval  of  time  appears  to  he  stationary,  so  that 
the  observer  has  time  to  set  his  instrument  accurately  upon  the 
star. 

In  order  to  he  prepared  for  the  observation,  the  time  of  the 
elongation  must  be  (at  least  approximately)  known.  The  hour 
angle  of  the  star  is  found  by  the  formula 

-      tan  f 

cosf  = ^ 

tan  d 

and  from  t  and  the  star's  right  ascension  the  local  time  is  found, 
Art  55. 

The  pole  star  is  preferred,  on  account  of  its  extremely  slow 
motion. 

If  the  latitude  is  unknown,  the  direction  of  the  meridian  may 
nevertheless  be  obtained  by  observing  the  star  at  both  its  eastern 
and  its  western  greatest  elongations.  The  mean  of  the  readings 
of  the  horizontal  circle  at  the  two  observations  is  the  reading  for 
the  meridian. 

283.  One  of  the  most  refined  methods  of  determining  the 
direction  of  the  meridian  is  that  by  which  the  transit  instrument 
is  adjusted,  or  by  which  its  deviation  from  the  plane  of  the 
meridian  is  measured ;  for  which  see  Vol.  IL 

284.  At  sea,  the  direction  of  the  meridian,  or  the  variation  of 
the  compass,  is  found  with  sufficient  accuracy  by  the  graphic 
process  of  Art.  271. 
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NS.    Let  S%  M'j  be  the  centres  of  the  sun  and  moon  when  at 
their  least  true  distance,  and  put 

p  =  the  moon's  latitude  at  conjunction  =:  8Mj 

I  =:  the  inclination  of  the  moon's  orbit  to  the  ecliptiCi 

;i  =  the  quotient  of  the  moon's  motion  in  longitude  divided 

by  the  sun's, 
J=  the  least  true  distance  =  S'iTf 
r  =  the  angle  8M8'. 

We  may  regard  NMS  as  a  plane  triangle ;  and,  drawing  M'P 
perpencUcular  to  NS^  we  find 

and  hence 

8'P  =  ,9(il  —  1)  tan  r  M'P=  fi  —  il^tan  y  tan/ 

r*  =  /9«  [(^  —  ly  tanV  +  (1  —  ^  tan  Ztan  r)^ 

To  find  the  value  of  ^  for  which  this  expression  becomes  a  mini* 

mum,  we  put  its  derivative  taken  relatively  to  y  equal  to  zero^ 

whence 

;tan7 
tan  r= 

(A  —  l)« -f  A«  tan«  / 
which  substituted  in  the  value  of  I*  reduces  it  to 


ri 


/9*  (A  -  1)« 


(il  — l)»+il»tan»/ 
If  then  we  assume  I'  such  that 

tan  /'  =  — ^  tan  /  (475) 

we  have  for  the  least  true  distance 

I  =  ficoBr  (476) 

The  apparent  dif^tance  of  the  centres  of  the  sun  and  moon  as 
seen  fnmi  the  surface  of  the  earth  may  be  less  than  £  by  the 
difToreiR'o  of  tlie  horizontal  parallaxes  of  the  two  bodies :  so  that 
if  we  put 

r  =  the  moon's  horizontal  parallax, 
r'=  the  sun's  "  •* 
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If  in  this  formula  we  substitute  the  greatest  values  of  r,  5, 
aud  s'j  and  the  least  value  of  ;r',  the  limit 

i9  <  1*>  34'  53" 

is  the  greatest  limit  of  the  moon's  latitude  at  the  time  of  con- 
junction, for  which  an  eclipse  can  occur. 

If  in  (478)  we  suhstitute  the  least  values  of  ;r,  Sj  and  s\  and 
the  greatest  value  of  ;:',  the  limit 

fi<V  23'  16" 

irt  the  least  limit  of  the  moon's  latitude  at  the  time  of  conjunc- 
tion for  which  an  eclipse  can  fail  to  occur. 

Hence  a  solar  eclipse  is  certain  if  at  new  moon  ^<  1°  23'  15", 
impos.^(hlt'  if  ^9>  1®  34'  53",  and  doiibtfal  between  these  limits.  For 
the  doubtful  cases  we  must  apply  (478),  or  for  greater  i>recision 
(477),  using  the  actual  values  of  n*,  ;:',  5,  «',  >l,  and  /  for  the  date. 

Example. — On  July  18,  1860,  the  conjunction  of  the  moon 
and  sun  in  longitude  occurs  at  2*  19*.2  Greenwich  mean  time: 
will  an  eclipse  occur?  We  fiiul  at  this  time,  from  the  Ephemeris, 

/9  =  0<*  33'  18".6 

which,  being  within  the  limit  1°  23'  15",  renders  an  eclipse  cer- 
tain at  this  time. 

Having  thus  found  that  an  eclipse  will  be  visible  in  some  part 
of  the  lartli,  we  can  proceed  to  the  exact  computation  of  the 
pluMionu'non.  The  method  here  adopted  is  a  modified  form  of 
Vessels,*  which  is  at  once  rigorous  in  theory  and  simple  in 
prac-tiro.  For  the  sake  of  clearness,  I  shall  develop  it  in  a  series 
of  problems. 

Fumlnmental  Equations  of  the  TTieory  of  Eclipses. 

288.  To  inctstt'gate  the  condition  of  the  beginning  or  ending  of  a  solar 
eclip'ir  at  a  given  place  on  the  earth's  surface. — The  obser\'er  set»s  the 
limbs  of  the  sun  and  moon  in  aitparent  contact  when  he  is  situated 
in  the  surface  of  a  cone  which  envelops  and  is  in  contact  with 
the  two  bodies.     We  may  have  two  such  cones: 


♦  See  A'fronnmiMfhe  Xachrichten,  Nos.  l')l,  1.V2.  and,  for  the  fuU  derelopmeDt  of  the 
method  with  the  utmost  rij^or,  Beaiil!!  Antmnomttche  Unteriuckungtn,  Vol.  II. 
IlA5i4B!«'fl  dfTelupment,  haiied  upon  the  same  fundamental  equations,  but  theoreti- 
callj  le99  accurate,  way  also  be  conttulted  with  advantage:  it  i«  giren  in  Attronom, 
Sack.,  Nu«.  ;;3U-342. 
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be  a  circle  (tho  fmn  and  moon  being  regarded  as  spherical)  whose 
radiufl,  CD,  we  shall  cali  the  radiits  of  the  shadow  (penunibral  or 
nmbml)  for  that  point.  The  condition  of  the  occurrence  of  one 
of  the  above  phases  to  an  obser\'er  is,  then,  that  the  distance  of 
the  point  of  observation  from  the  axis  of  the  skadoto  is  equal  to  the 
railius  of  the  shadow  for  that  point.  The  problems  which  follow 
will  enable  us  to  translate  this  condition  into  analj-tical  language. 

280.  To  find  for  any  gieen  time  the  position  of  the  axis  of  the 
shadiiic. — The  axis  of  tho  cone  of  shadow  produced  to  the  celes- 
tial spltere  meets  it  in  that  point  in  which  the  mm  would  be 
Itrojected  uimju  tho  Hi>hcrc  by  an  observer  at  the  centre  of  tho 
moon.  Let  0,  Fig.  41,  be  the  centre  of 
the  earth ;  *',  that  of  tlie  sun  ;  M,  that  of  ^'«-  *'■ 

the  moon.  Tlie  line  MS  produced  to 
the  intinito  celestial  sphere  meets  it  in 
the  (.-oninion  vanishing  \Hnut  of  all  lines 
pandli'l  to  -V.S';  that  is,  in  the  point  Z,  in  ^ 

which  the  line  OZ,  drawn  through  the  ' 

centre  of  the  earth  parallel  to  JtlS,  meets 
the  sphere.  Tlie  position  of  tlie  axis  of 
the  cone  will  be  detennincd  by  the  right 
ibH-eni'iori  and  declination  of  the  jioint  Z. 

In  order  to  detennine  the  point  Z,  let  the  positions  of  the  sun 
and  niiion  he  expressed  by  rectangular  co-ordinates  (Art.  32),  of 
whifh  tlie  axis  of  r  is  (he  straight  line  drawn  through  the  centre 
of  the  earth  and  the  equinoctial  points,  the  axis  of  >/  the  inter- 
seition  of  the  planes  of  the  equator  and  solstitial  colure,  and 
the  axis  of  z  the  axis  of  tlie  equator.  Let  x  be  taken  as  positive 
towanln  the  venial  equinox;  //  as  positive  towards  the  point  of 
the  eqiiittor  whose  right  ascension  is  90° ;  z  as  positive  towards 
the  north. 

het 

a.  H.  T  —-  tlio  ri^bt  nscons'ion,  declination,  and  distance  from 
tlie  eciitrc  of  llic  ourtU,  respectively,  of  llio  moun'ii 

a.',  a',  r'  tlie  riiiht  ascension,  declination,  and  distance  from 
the  ccntru  of  tho  earth,  respectively,  of  the  suu's 
centre; 

The  co-onlinates  x,  if,  z  will  be,  by  (41), 
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irhero  the  second  members,  besides  the  right  ascensions  and 
declinations,  involve  only  the  quantity  6,  which  may  be  expressed 
in  terms  of  the  parallaxes  as  follows : 

Let 

r  =r  the  moon's  equatorial  horizontal  parallax, 

jt'izz  the  sun's  "  "  " 

then  we  liave  (Art  89) 

.  r  sin  w' 

f       sin  IT 
If,  further, 

^0=  the  sun's  mean  horizontal  parallax, 

and  t'  is  expressed  in  terms  of  the  sun's  mean  distance  from  the 
earth,  we  have,  as  in  (146), 


and  hence 


-      sm  IT- 
sm  X  =  — r-*- 


h  =  ^y!^  (480) 

r'sinir 


which  is  the  most  convenient  form  for  computing  6,  because  r' 
and  ;:  are  given  in  the  Ephemeris,  and  r^  is  a  constant. 

290.  The  equations  (479)  arc  rigorously  exact,  but  as  6  is  only 
aliout  ,J„  and  a  —  a'  at  the  time  of  an  eclipse  cannot  exceed 
1®  43',  rt  —  aMs  a  small  arc  never  exceeding  17",  which  may  bo 
found  by  a  brief  approximative  process  with  great  precision. 
The  quotient  of  the  first  equation  divided  by  the  second  gives 

.  ,,  h  cos  ^  sec  ^' sin  (a  —  a) 

tan  (a  —  a  )  =  — 


1  —  h  cos  ^  sec  ^'  cos  (a  —  a) 

where  the  denominator  differs  from  unity  by  the  small  quantity 
h  coH  o  Krc  o'  cos  (a  —  a');  and,  since  J  and  J'  are  nearly  equal, 
this  small  difference  may  be  put  equal  to  6,  and  we  may  then 
write  the  formula  thus:* 

a  —  a  = cos  H  sec  d'  (a  —  a) 

1-6 


•  Dercloping  the  formula  for  tan  (a  —  a')  in  serieti,  we  haT© 

&co»*<  nee  r!'»in  Ca  —  o')        6*  con*  f1  »ec*  rf'nin  2  fa  —  o') 
fl  —  o : L  —  Ac. 

sin  1 "  2  sin  V 

where  the  second  term  cannot  exceed  e".04,  and  the  third  term  U  altogether  inap- 
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the  moon,  and  the  observer  be  referred  by  rectangular  co-ordi- 
nates to  three  planes  passing  through  the  centre  of  the  earth,  of 
which  the  plane  of  xy  xhall  always  be  at  right  angles  to  the  axis 
of  the  shadow,  and  will  here  be  called  the  principal  plane  of  rtfcr- 
ence.  Let  the  plane  of  yz  be  the  piano  of  the  declination  eirelo 
passing  through  the  point  Z.  The  plane 
of  X2  will,  of  eourse,  be  at  right  angles  "•■  *'  **"'■ 

to  the  other  two. 

Tlie  axis  of  z  will  then  be  the  line  OZ, 
Fig.  41,  dnkwu  through  the  centre  of  the 

earth  parallel  to  the  axis  of  the  shadow,  '' 

and  will  he  reckoned  as  |)Ortitive  towards  '' 

Z.  The  axis  of  j/  will  be  the  intersection, 
O  r,  of  the  plane  of  the  declination  circle 
tlirongh  Zvhh  the  principal  jilane,  and 
will  l)e   taken   as  positive  towards  the 

north.  The  axis  of  x  will  be  the  intersection,  OX,  of  the  piano 
of  the  equator  with  ttic  principal  plane,  and  will  be  tukeu  as 
positive  towards  that  point,  A',  whose  right  ascension  is  00°  4-  «. 

I^t  M'  and  >V'  be  the  true  plueea  of  the  moon  and  sun  ujiou 
tlie  celestial  sphere,  P  the  north  pole ;  then,  il'  we  put 

x,y,z  =:  the  coordinates  of  the  moon, 

we  have,  by  (Art.  31), 

X  ^^r  cos  WX 
y  ^^r  cos  M'  Y 
z  ^T  cos  WZ 

which,  bv  the  formulre  of  Siiherical  Trigonometry  applied  to  the 
triangles' J/'P.r,  M'PY,  M'PZ,  become 


r  cos  3  Bin  f»-fl) 

r  [fin  i  cos  d  —  cos  8  sin  rf  cos  (o  —  rtl]  J-    (482) 

r  [sin  Saia  d  -\-  cos  i  cos  d  cos  (a 


.-n1]         I 

"  1 

1'  1  (a  — 11  -■-  sin  (H  +  d)  Bin'  K«  —  «)]   >  ( 

i"  J(o  — «)— eo8(a+i/)Bin' J(.o  — <n]  J 


X  —  r  coji  a  hin  (a 

y  =:r[.in(.l-./)c(.»')ra  — 111  ■  •in  (■»  +  ';) Bin" lf«  —  ")]   )■  (J'S*) 


and  if  the  c<iuatoriul  radius  of  the  earth  is  taken  as  tbe  unit  of 


FUNDAMENTAL   EQUATIONS. 


447 


Fig.  42. 


we  have 

To  find  ;ii  we  have  only  to  convert  the  Greenwich  mean  time  T 
into  sidereal  time  and  to  subtract  a. 

By  means  of  the  formulae  (482)  and  (483)  the  co-ordinates  of 
the  moon  and  of  the  place  of  observation  can  be  accurately  com- 
puted for  any  given  time.  Now,  the  co-ordinates  z  and  y  of  the 
moon  are  also  those  of  every  point  of  the  axis  of  the  shadow:  so 
that  if  we  put 

J  =  the  distance  of  the  place  of  observation  from  the  axis 
of  the  shadow, 

we  have,  evidently, 

J«=  (ar  -  e)«  4-  (y  -  ^y  (484) 

[Tlie  co-ordinates  z  and  Z  have  also  been  found,  as  they  will  be 
required  hereafter.] 

292.  The  distance  J  may  be  determined  under  another  form, 
which  we  shall  hereafter  find  useful.  Let  -Jf' , 
Fig.  42,  be  the  apparent  position  of  the  moon's 
centre  in  the  celestial  sphere  as  seen  from  the 
place  of  obsen-ation  ;  P  the  north  pole ;  Z  the 
point  where  the  axis  of  the  cone  of  shadow 
meets  the  sphere,  as  in  Fig.  41 ;  J/p  CJ,  the 
projections  of  the  moon's  centre  and  of  the 
place  of  ob8er\-ation  on  the  principal  plane. 
The  distance  C^M^  is  equal  to  J,  and  is  the 
pnyection  of  the  line  joining  the  place  of 
obser\'ation  and  the  moon's  centre.  The  plane  by  which  this 
line  is  projected  contains  the  axis  of  the  cone  of  shadow,  and 
its  interHcction  with  the  celestial  sphere  is,  therefore,  a  great 
circle  which  passes  through  Z^  and  of  which  ZM'  is  a  portion. 
Ilence  it  follows  that  C',3/,  makes  the  same  angle  with  the  axis 
of  jy  that  M'Z  makes  with  PZ:  so  that  if  we  draw  C^iVand  M^N 
parallel  to  the  axes  of  y  and  x  respectively,  and  put 

Q  =  PZM'  =  NC,M^ 
we  have,  from  the  right  triangle  C^M^Ny 

the  sum  of  the  squares  of  which  gives  again  the  formula  (484). 
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Xow,  taking  the  earth's  equatorial  radius  as  unity,  we  have 

sin/ 
MF=z    (Art.  291) 

c  =  2±— -  (487) 

sin/ 

the  upper  sign  being  used  for  the  penumbra  and  the  lower  for 
the  umbra. 

We  have,  then, 


and  hence 


I  z=z  c  tan/  =  z  tan/  ±:  k  sec/ 
i  =  (c  —  C)  tan/  =  /  —  :  tan/ 


I    (488) 


For  the  penumbral  cone,  c  —  f  is  always  positive,  and  there- 
fore Ij  is  positive  also. 

For  the  umbral  cone,  c  —  ^  \%  negative  when  the  vertex  of 
the  cone  falln  below  the  plane  of  the  observer,  and  in  this  case 
we  have  total  eclipse :  therefore  for  the  case  of  total  eclijwe  we 
shall  have  L  =  {r  —  J)  tan /a  negative  quantity.  It  is  usual  to 
reganl  the  radius  of  the  shadow  as  a  j>08itive  quantity,  and 
therefore  to  change  its  sign  for  this  case ;  but  the  analytical  dis- 
cussion of  our  equations  will  be  more  general  if  we  prescr\'e 
the  nogsitive  sign  of  Ij  as  the  characteri8tic  of  total  eclipse. 

When  the  vertex  of  the  umbral  cone  falls  above  the  plane  of 
the  olMcr\'cr,  L  is  positive,  and  we  have  the  case  of  annular 
oc-lipsc. 

Fur  brevity  we  shall  put 

t  :  -  tan  /  1 

I       ic  V    (489) 

Z:-   l-i:  ) 

204.    Thr  avah/tical  expression  of  the  condition  of  beginning  or 

Cfiffing  of  rrlipse  is 

J.     L 
or,  by  (4>54)  and  (489), 

(.r  -  r/  +  (y  -  r,y .-.  ( /  -  i:)«  (490) 

It  is  tunvcnicnt,  however,  to  substitute  the  two  equations 
(48.3)  for  this  single  one,  after  putting  L  for  J,  so  that 

(/  -  /:)  sin  (?  :  :  .r  -.  ?  1 

V..L.  I.— !» 
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may  be  taken  as  the  conditions  which  determine  the  beginning 
or  ending  of  an  eclipse  at  a  given  place. 

The  equation  (490),  which  is  only  expressed  in  a  different  form 
by  (491),  is  to  be  regarded  as  the  fundamental  equation  of  the 
theory  of  eclipses. 

295.  By  Art.  292,  so  long  as  J  is  regarded  as  a  positive  quan- 
tity, Q  is  the  position  angle  of  the  moon's  centre  at  the  point  Z; 
and  since  the  arc  joining  the  point  Z  and  the  centre  of  the  moon 
also  passes  through  the  centre  of  the  sun,  Q  is  the  common 
position  angle  of  both  bodies. 

Again,  since  in  the  case  of  a  contact  of  the  limbs  the  arc 
joining  the  centres  passes  through  the  point  of  contact,  Q 
will  also  be  the  position  angle  of  this  point  when  all  three 
points — sun's  centre,  moon's  centre,  and  point  of  contact — lie 
on  the  same  side  of  Z.  Li  the  case  of  total  eclipse,  however, 
the  point  of  contact  and  the  moon's  centre  evidently  lie  on 
opi)osite  sides  of  the  point  Z;  and  if  i  —  i^  in  (490)  were  a 
positive  quantity,  the  angle  Q  which  would  satisfy  these  equa- 
tions would  still  be  the  position  angle  of  the  moon*8  centre,  but 
would  diiFer  180°  from  the  position  angle  of  the  point  of  con- 
tact. But,  since  we  shall  preserve  the  negative  sign  of  I  —  ff 
for  totiil  eclipse  (Art.  293),  (and  thereby  give  Q  values  which 
ditfer  180°  fnnn  those  which  follow  from  a  positive  value),  tkt 
angk  Q  will  in  all  cases  be  (he  position  angle  of  the  point  of  contacL 

290.  The  quantities  a,  rf,  a:,  y,  ?,  and  i  may  be  computed  by 
the  formula  (480),  (481),  (482),  (486),  (487),  (488),  for  any  given 
time  at  the  first  meridian,  since  they  are  all  independent  of  the 
l)la(e  of  observation.  In  order  to  facilitate  the  application  of 
the  c({uations  (490)  and  (491),  it  is  therefore  expedient  to  com- 
pute those  general  quantities  for  several  equidistant  instants 
preceding  and  following  the  time  of  conjunction  of  the  euu  and 
moon,  and  to  arrange  them  in  tables  from  which  their  values 
for  any  time  may  be  readily  found  by  interpolation. 

Tlio  <[uantities  x  and  //  do  not  vary  unifonnly ;  and  in  order  to 
obtain  tli(?ir  values  with  accuracv  from  the  tables  for  anv  time, 
we  should  employ  the  second  and  even  the  third  differences  in 
the  interpolation.  This  is  effected  in  the  most  simple  manner 
by  the  following  process.  Let  the  times  for  which  x  and  j^  have 
been   computed  be  denoted  by  T^  -  2*,  7;  —  1*,   T^  T^  +  1*, 


J 
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7^  +  2*,  the  interval  being  one  hour  of  mean  time ;  and  let  the 
teIucb  of  X  and  y  for  these  times  be  denoted  by  x.s,  x.i,  &c., 
y^s>  y-i9  &o.  Let  the  mean  hourly  changes  of  x  and  y  from  the 
epoch  7i  to  any  time  7"  =  7^  +  r  be  denoted  by  x'  and  y'.  Then 
the  values  of  x'  and  y*  for  the  instants  T^  —  2*,  T^  —  1*,  &c.  will 
be  formed  as  in  the  following  scheme,  where  c  denotes  the  third 
difference  of  the  values  of  x  as  found  from  the  series  X— j,  x_i,  &c. 
according  to  the  form  in  Art.  69,  and  the  difference  for  the 
instant  T^  is  found  by  the  first  formula  of  (77).  The  form  for 
computing  y'  is  the  same. 


Time. 

X 

x* 

^-« 

i(X.— X.,) 

r.-i* 

^-I 

^0— X_i 

T. 

^. 

\{x^—x.,)—\c 

T.+  l" 

^l 

^i— ^0 

T,  +  2" 

•T, 

K^.  — J^i) 

If  then  we  require  x  and  y  for  a  time  7*  =  7^  +  r,  we  take 
x^  and  y  from  the  table  .for  this  time,  and  we  have 

y  =  y.  +  y'^ 

297.  Example. — Compute  the  elements  of  the  solar  eclipse  of 
Julv  18,  1860. 

The  moan  Oreonwich  time  of  conjunction  of  the  sun  and 
moon  in  right  asecnnion  is  July  18,  2*  8**  56*.  The  computation 
of  the  clementH  will  therefore  be  made  for  the  Greenwich  hours 
0,  1,  2,  3,  4,  and  5.  For  these  hours  we  take  tlie  following 
quantities  from  the  American  Ephemeris : 

For  the  Moon. 


r 
Greenwich  mean 
time. 

a 

6 

w 

July  1«,  0* 

110^  44'  24".30 

21*»  52'  20".3 

59*  45".80 

1 

117    21   59  .10 

42  32  .8 

47  .13 

117    50  m  .45 

32  36  .4 

48  .44 

3 

118    36  58  .35 

22  81  .2 

49  .72 

4 

110    14  22  .65 

12  17  .2 

50  .98 

^ 

119    51  43  .35 

1  54  .6 

52  .22 
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IV.  The  values  of  a,  d,  Xy  y,  log  t,  and  /,  will  then  be  tabulated 
and  the  difterences  x*  and  y'  formed  according  to  Art.  296. 

I  give  the  computation  for  the  three  hours  1*,  2*,  and  3*, 
m  extaiso. 


I.  Elements  of  (he  point  Z. 


0) 
(2) 


a  —  o' 

iJ— <J' 

log  C08M  tr  ^^  log  r 

ar.  CO.  log  r* 

Constant  log  sin  r. 

log  6 

ar.  CO.  log  (1  —  b) 

log  cos  A 

log  sec  tV 

log  (o  —  o') 

log  («  —  a') 

a  — a' 


(1)  -r  (2) 


log(rf 
log(</ 


a 
d 


log  (1  —  6)  =  log  g 


1* 


— 0«  40*  18''.40 
-f-      45    8  .88 

1.7596999 
9.9980339 
5.01894 
7.87167 
0.001028 
9.96805 
0.02973 
fi3. 88263 
0.75810 


-f 


— O®  5'12".69 
-f   85  88  .80 

1.7595414 
9.9930858 

7.87152 
0.001028 
9.96855 
0.02970 
fi2.49511 
9.86590 


5".  66  -f 


7.87269 

8.48191 

n0.80460 

6".88 

1180  2'18".16 
20  57  28  .04 

9.998977 


0".78  - 


7.37254 

8.32915 

n0.70169 

6".08 

1180  4' 43".  87 
20  56  57  .57 

9.998977 


-hO*  29*  44".  58 
-f   25  55  .45 

1.7598866 
9.9980867 

7.87136 
0.001022 
9.96905 
0.02968 
8.25154 
mO.62265 

4".  19 


7.37238 

3.19185 

fiO.  56428 


3".67 


118«»  7'  r.58 
20  56  32  .08 


9.998978 


II.  Co-ordinates  x,  y,  and  z. 


a  —  a 

6    -  d 

A   :    d 

log  sin  (a  —  or 

log  cos  A I 

log  r  cos  A  sin  (a  —  a)  —  log  z 

X 


log  cos']  (a  —  o) 

log  8in(rf — d) 

log<3)— logrsin(<5-  r/)coM'l(o  —  a) 

i(in*}(a — a) 


log  ■.  4)  --:  log  r  sin  (c5 


log 

log  B'\n(A  -\-d) 
»-</)Bin' j(a — a) 


-0«  40*  19".06 
I-      45     9  .76 
42    39  55  .84 
«8.W)92116 
9.%8()502 
n9.796%17 

—0.626559 


(^)    f  (•*) 


9.99998.'>0 
H.11H4932 
9.87H17H1 
5.53r»;i7HO 
9.8:n(MH.'> 
7.1271264 

(3)  4-0.7:m4<)2 

(4)  i  0.001  ;M0 
y  ,-r0.75(>742 


I 


log 


5i 


lofT   6  I 


log  [5;  —  ^6l] 


log  cos  (A  —d)\ 
logrcosM  --r/icoi»*  j  (o  —  a)' 

log  cos  (A  ♦  r/) 
logrcos(()  *  d)¥\n}\[a      a)^ 


log 


9.0990625 
1.7.V.mi74 
9.HIWU780 
7.1625559 
1.7596364 


-Oo    5'  13".42'-f-0»  29*  48". 77 


-f      85  88  .8.} 
42    29  83  .97 
n7. 1817014 
9.9«W*548l 
fi8.9<>97909 

-0.081244 

9.W»99998 
8.0157434 
9.7752H441 
8.7618394 
9.H21h;235 
5.341*5048 

4-0.51>«MV»3 

-0.000022 

4  0.596075 

9.9999766 
1.7595178 
9.8676H22 
5.8H856:)0 
1.7595176 


25  59  .12 
42  19  3  .28 
7.9381239 
9.96<K)4<.H) 
9.664kV>94 
0.464044 

9.9999920 
7.87H4502 
9.637H287 
5.2741910 
9.8281695 
6.8617470 

4-0.434329 

-0.000727 

-rO.435056 

9.9999876 
1.7593661 
9.8688t»89 
6.9024714 
1.7508601 
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m.  Log  I  aiid/,  for  exterior  contacts.  [Constant  log  =  7.668803] 


log  »■' 

<JJ=l0gBiD. 

log  SfC. 

log  k  C09M. 

!M/]  ^  log  , 


log[i  +  tc 

log  XKUf 

log  le 


=  log{ 


»» 

y 

■> 

0.005B43 

0.005942 

7.C62800 

7.662801 

7.602883 

0.000005 

1. 772140 

1.772189 

2.0fiC%3 

2.0GG904 

2.00C8S6 

7.662&15 

7.»i3869 

7.662M7 

0.729828 

9.729770 

0.53G819 

0.536747, 

0.&3C6a3 

Log  i  and  I  for  interior  contacts.     [Constant  log  =  7,666691] 


Const.  -  1 

og  r"?  =  log  iin/ 

7.060748 
0.000005 

7.G60749 

7.660760 

logtcosec/ 

1.774232 

1.774261 

1.7742M 

log  [2  -  * 

«0.2939S5 

n0.297418 

■•0.801019 

log  fan/ 

7.CO0753 

7.B60764 

7.66076S 

log  ic 

=  log( 

n7.0547.^8 

HT.S58167 

1.7.062674 

-0.009010 

-0.009082 

-O.009176 

I\'.  The  computation  being  made  for  the  other  hours  in  the 
amc  manner,  the  results  are  collected  in  the  following  tables. 


0* 

• 

(f 

Eilerlot  ConUcti. 

■.»«.«.«-.   1 

I 

log* 

I 

kci 

117°  C*  52 

44 

20°  57'  48 

50 

0-536867 

7 

662864 

-0.008960 

7.6607fiS 

1 

118      2  18 

l« 

67  23 

04 

0.63CHI9 

65 

0.00901( 

SI 

•>. 

4  43 

H7 

60  57 

57 

0.630747 

66 

0.000082 

M 

3 

7    9 

5K 

60  82 

OH 

0.63«652 

67 

0.0091 7( 

4 

9  85 

27 

66    G 

5K 

0.53(1538 

68 

0.000291 

M 

5 

12    0 

95 

66  41 

.00 

0.636391 

69 

0.009404 

S7 

For  the  values  of  the  hourly  differences  of  x  and  y,  we  fa^ 
from  the  above,  by  Art.  296, 


J 
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'                 

x' 

logx' 

II 

y' 

1 
1 

0* 

0.545306 

9.730G40 

—  0.160483 

n9.205429 

1 

0.545315 

648 

—  0.160667 

5927 

7*         •> 
j.^  --  - 

0.545310 

644 

1 
ii 

0.160846 

6410 

3 

0.545288 

626 

1' 

II 

—  0.161019 

6877 

4 

0.M5245 

592 

0.161186 

7327 

5 

0.545176 

537 

1 

0.161345 

7756 

and  for  any  given  time  T=  T^  +  r,  wc  have 

X  =r=  —  0.081244  +  oc't 
y  =  +  0.596075  +  y'r 


}    (492) 


Finally,  to  facilitate  the  computation  of  the  hour  angle 
fi  —  a  ://,  —  a>  (Art.  291),  we  prepare  the  values  of  /i,  for  each 
of  the  Greenwich  liours.     Thus,  for  T—  1*,  we  have 

From  the  EphemcriB,  Jul}'  18,  1860, 

Sid.  time  at  mean  noon  i=     7*  46*  4' .03 

Sid.  equivalent  of  1*  mean  t.   =^     1      0     9  .86 

Greenwich  Hid.  time  -:     8    46   13.89 

•*  »*       •*       in  arc,   =  131«  33'  28".35 

-        a   ^niH      2   18  .16 

/ij  -i^    13    31    10  .19 

Thus  we  form  the  following  tahle,  to  which  is  also  added  for 
future  use  the  value  of  the  logarithm  of 

!L  :  .  the  hourly  difference  of  /i,  in  parts  of  the  radius; 

log  ti'  =  log  54002".  15  sin  1" 
z^  9.417986 


f 

/'i 

Hourly  diflf. 

0* 

\^:^y^^ 

31' 

8".0 

1 

13 

31 

10  .2 

2 

2H 

31 

12  .3 

54002'M5 

3     ' 

43 

31 

14  .4 

4 

5s 

31 

16  .6 

L  . 

73 

31 

IH  .7 

I  jipM'ctMl  to  consider  the  j)rincipal  prohlems  relating  to  tlie 
general  prediction  of  eclipses,  in  which  the  preceding  results 
will  Ik-  applied. 


456  SOLAR  ECLIPSES. 

Outline  of  the  Shadow  on  the  Surface  of  the  Earth. 

298.  To  find  the  outline  of  the  moon's  shadow  upon  the  earth  at  a 
given  time. — This  outline  is  the  intersection  of  the  cone  of  shadow 
with  the  earth's  surface ;  or,  it  is  the  curve  on  the  surface  of  the 
earth  from  every  point  of  which  a  contact  of  the  snn'e  and 
moon's  limbs  may  be  observed  at  the  given  time.    Let 

T  =  the  given  time  reckoned  at  the  first  meridian, 

and  let  a,  rf,  a:,  y,  ?,  and  log  i  be  taken  from  the  general  tables 
of  the  eclipse  for  this  time.  Then  the  co-ordinates  $,  iy,  {^  of  any 
place  at  which  a  contact  may  be  observed  at  the  given  time  most 
satisfy  the  conditions  (491), 


}    (498) 


(I  —  iZ)  sin  Q  =  or  —  f 
{l  —  tC)  cos  C  =  y  —  ij 
Let 

^  =  the  hour  angle  of  the  point  Z^ 

w  =  the  west  longitude  of  the  place; 
then  we  have 

and  the  equations  (483)  become 

S  =  p  cos  ^'  sin  *  "J 

ly  =  /9  sin  ^'cos  d  —  p  cos  /  sin  d  cos  ^  >    (494) 

C  =  /»  sin  y'  sin  d  +  /»  cos  ^  cos  d  cos  ^  ) 

The  five  equations  in  (493)  and  (494)  involve  the  six  variables 
f ,  ?y,  ^,  fp'j  &j  and  §,  any  one  of  which  may  be  assumed  arbi- 
trarily (excluding,  of  course,  assumed  values  that  give  impossible 
or  imaginary  results) ;  then  for  each  assumed  value  of  the  aibi- 
trarj'^  quantity  we  shall  have  five  equations,  which  fully  dete^ 
mine  five  unkno^vn  quantities,  and  thereby  one  point  of  the  re- 
quired curve.     I  shall  take  Q  as  the  arbitrary  variable. 

In  the  present  form  of  the  equations  (494),  they  involve  the 
unknown  quantity  p,  which  being  dependent  upon  y'  cannot  be 
determined  until  the  latter  is  found.  This  seems  to  involve  the 
necessity  of  at  first  neglecting  the  compression  of  the  earth,  by 
putting  />  =  1,  and  after  an  approximate  value  of  f '  has  been 
found,  and  thereby  also  the  value  of  />,  repeating  the  computation- 
But,  by  a  simple  transformation  given  by  Bessel,  this  doable 
computation  is  rendered  unnecessary,  and  the  compression  of 


^ 
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the  earth  is  taken  into  account  from  the  beginning.    K  ^  is  the 
geographical  latitude,  we  have  (Art.  82) 

,  cos  0  .      ,         Bin  e>  (1  —  ee) 

^  cos  f  == —^ r-  /9  8mf'  = 


|/(1  —  te  sin*  f )  |/(1  —  ee  sin'  f ) 

in  which 

log  te  =  7.824409  log  |/(1  —  te)  =  9.9985458 

If  we  take  a  new  variable  f^y  such  that 

cos  0 

cos  f .  =  — ; ^ 

|/  (1  —  ee  sm*  ^) 

we  shall  have 

SID  fj  =  |/(1  —  cos«  f,)  =  — _rJLv__.^ 

|/(1  —  ee  sin*  f ) 
or 

cos  fj  =  /»  cos  ^ 

|/(1  —  ee)  sin  ^,  =  /»  sin  f>' 

.                 tan  ^, 
tan  ^  = ' 


l/(l~eef) 
Hence  tlie  equations  (494)  become 

^  =.  cos  f ,  sin  ^ 

iy  =  sin  ^j  008  r/  |/(1  —  e^)  —  COS  f  j  sin  rf  cos  ^ 

C  r:-^  sin  f J  sin  d  |/(1  —  ee)  -j-  cos  f^  cos  d  cos  ^ 

Put 

/>j  sin  rf,  :rr:  sin  //  />,  Bin  d^  =  sin  rf  |/(1  —  ee)  \ 

/>,  cos  </j  -  -  cos  d  1^/(1  —  ee)         ^,  cos  rf,  =  cos  d  )     t'**'*^) 

The  quantities  />p  ^/,,  />„  f/„  may  be  computed  for  tlie  same  times 
as  the  other  (quantities  in  the  tables  of  the  eclipse,  and  hence 
obtained  hy  interpolation  for  the  given  time.  The  factors 
p^  and  ft^  will  be  sensibly  constant  for  the  whole  eclipse.  Wo 
now  have 

^  —  cos  ^j  sin  * 

ij       />,  sin  ^j  cos  d^  —  p^  cos  f  j  sin  J,  cos  ^ 
Z  —  Pj  sin  f J  cos  (/,  +  />,  cos  f,  cos  c/,  cos  d 
Let  us  put 


ly,  =  _ 


Pi 
and  assume  ^p  so  that 
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or,  which  is  equivalent,  let  us  take  the  system 

$  =  cos  ^,  sin  ^ 

Tj^  =  Bin  ^j  cos  rf,  —  cos  s^i  sin  rf,  cos  i>  y    ("^^T) 

Cj  =  sin  ^,  sin  cZj  +  cos  ^^  cos  d^  cos  ^ 

The  quantity  Ci  differs  so  little  from  ^  that  we  may  in  practice 
substitute  cue  for  the  other  in  the  small  term  2^ ;  but  if  theo- 
retical accuracy  is  desired  we  can  readily  find  f  when  fi  is 
known ;  for  the  second  and  third  of  (497)  give 

cos  ^j  cos  »?  =  —  Tjj  sin  d^  +  C,  cos  d^ 
sin  s^i  =       '^i  cos  d^  +  C^  sin  d^ 

which  substituted  in  the  value  of  ^  give 

:  =  p^:^  cos  (d^  -  d,)  -  p,  7j^  Bin  (<f,  -  d,)  (498) 

Our  problem  now  takes  the  following  form.    "We  have  first 
the  three  equations 

(I  —  i:,)  sin(2  =  a;  —  e  ) 

(l-i:^)cosQ  =  y  -p,7i^  >   (499) 

which  for  each  assumed  value  of  Q  determme  f ,  ly^,  and  f  i.  Then 

we  have 

cos  s^i  sin  t^  =       $  "^ 

cos  ^j  cos  ^  =  —  ijj  sin  d^  +  C,  cos  cf,  V   (590) 

Bin fj=       i^j  cos  d^  +  ^1  sin  d,  J 

which  determine  ^j  and  i>.     Then  the  latitude  and  longitude  of 
a  point  of  the  required  outline  are  found  by  the  equations 

tan9.  =  J^^i-  a,  =  pL-e  (501) 

V'(l  —  ee) 

To  solve  (499),  let  ^  and  y  be  found  by  the  equations 

sin  /9  sin  ^^  =  j:  —  Z  sin  Q  =  a 

.    a              y       l<^o%Q       .  f  ^^^ 

sm  ^  cos  r  = ^  =  ft 


then  we  have 


f  =  sin  /9  sin  y  -f  iC,  sin  Q 
7)^  =  sin  /9  cos  y  +  iT,  COS  Q 
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where  we  liave  omitted  p^  as  a  divisor  of  the  small  term  Z^,  cos  (?, 
since  we  have  very  nearly  p^  =  1.  Substituting  these  values  in 
the  last  equation  of  (499),  we  find 

:,»=  co8»/9  —  2i:,  sin  ^  C08  ((2  —  r)  — '  Om)' 

Neglecting  the  terms  involving  i*  as  practically  insensible,  this 
gives 

Cj  =  ±  [cos  fS  —  I  sin  /5  cos  ( (2  —  r)] 

In  order  to  remove  the  ambiguity  of  the  double  sign,  let  us  put 

Z  =s  the  zenith  distance  of  the  point  Z(Art.  289); 
then,  since  (>  =  /i  —  a  is  the  hour  angle  of  this  point,  we  have 

cos  ^  -^  sin  f  sin  d  +  cos  f  cos  d  cos  ^ 
which  by  means  of  the  preceding  equations  is  reduced  to 

cos  Z  :=.:,/,/!"  ^-  (503) 

sin  ^^ 

Ilcnec  cos  Z  and  ^i  have  the  same  sign. 

But,  in  order  that  the  eclii)so  may  be  visible  from  a  point  on 

the  earth's  surface,  we  must,  in  general,  have  J?  less  than  90°; 

that  is,  cos  Z  must  be  positive,  and  therefore  ^j  must  be  taken 

only  with  the  positive  sign.     The  negative  sign  would  give  a 

Bccond  point  on  the  surface  of  the  earth  from  which,  if  the  earth 

were  not  opaque,  the  same  phase  of  the  eclipse  would  also  ])e 

observed  at  the  given  time.     In  fact,  every  element  of  the  cone 

of  shadow  whii'h  intcrsei'ts  the  earth's  surface  at  all,  intersects 

it  in  two  points,  and  our  solution  gives  both  points. 

If  we  put 

^        (cos  ((?-,_) 

sin  r  ^      ^ 

we  have 

Z^  T=  COS  ,3  —  sin  ,3  sin  c 

r)r,  with  sufficient  accuracy, 

:,    :  cos  0?  +  c)  (505) 

Thus,  ^i  and  y  iM'ing  determined  ])y  (o02),  ^,  is  determined  by 
(.V^i  and  (o^)'}):  hence  also  z  and  j;,  by  the  equations 
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Fiud  (i'  and  f  by  the  equations 

sin  /5'  sin  /  =  a  -f-  ipx  cos  W  +  *  +  «')  sin  Q  ==  f 

.     ^,         /       ,    .    ?>,  cos  0?  +  c  +  c')  cosO 
Bin  )?'  cos  y=  b  +  ^ ^^^—^ — -^- — ^  =  Ji. 

Pi 

then  we  have,  rigorously, 

Ci=co8/9' 

and  tliesc  vahies  of  f,  j^p  and  ^j  may  then  be  substituted  in  (500), 
whicli  can  be  adapted  for  logarithmic  computation  as  before.* 

300.  It  remains  to  be  determined  whether  the  eclipse  is  begin- 
ning or  ending  at  the  places  thus  found.  A  point  on  the  earth's 
surface  which  at  a  given  time  T  is  upon  the  surface  of  the  cono 
of  shadow  will  at  the  next  consecutive  instant  T  -{-  dT  be 
itithin  or  xrithont  the  cone  according  as  the  eclipse  is  beginning  or 
dicing  at  the  time  T;  the  former  or  the  latter,  according  as  the 
distance  J  --  V[{x  —  c)'  +  (y  —  "^jY]  becomes  at  the  time  T  +  dT 
less  or  greater  than  the  radius  of  the  shadow  I  —  i  ^.  In  the  case 
of  total  eclipse  /  —  ?^  is  a  negative  quantity,  but  by  comparing 
J*  with  (/  —  i^y  we  shall  obtain  the  required  criterion  for  all 
cases ;  and,  therefore,  the  criterion  of  beginning  or  aiding,  either 
of  partial  or  of  total  eclipse,  will  be  the  negative  or  positive  value 
of  the  diiierential  coefficient,  relatively  to  the  time,  of  the 
quantitv 

or  the  negative  or  positive  value  of  the  quantity 

^.IT      dTl  \dT      (irj  \dT         dTI 

♦  In  thifi  problem,  an  well  as  in  mo»t  of  the  Bubsequcnt  ones,  I  h»TC  not  followed 
BK<ii»rL'*(  tni'thiMN  of  solution,  which,  being  mathematically  rigoroun,  though  as 
ftimple  af*  Kuch  methodti  can  pn^nibly  be,  arc  too  laborious  for  the  practical  purposes 
of  mere  pnHlictiun.  As  a  refined  and  exhaustive  distiuinition  upon  the  whole  theory, 
nK!i«.ri/«»  Analtfur  tier  Fin*Urm9»e^  in  his  Antrotwrniufhe  t'ntcrturhunffen,  stands  alone. 
On  thf*  other  hand,  the  approximate  solutions  heretofore  in  common  use  are  mostly 
quite  iniperf<>ct ;  the  compression  of  the  earth,  as  well  as  the  augmentation  of  the 
moon'««  Heniidiameter,  being  neglecte<l,  or  only  taken  into  account  by  repeating  the 
trhoU  coiiipiitation,  which  renders  them  as  laborious  as  a  rigorous  and  direct  method. 
1  hare  eiitleavoreil  to  remedy  this,  by  so  arranging  the  successire  approximations, 
when  th«*>4'  are  necettAsry,  that  only  a  small  part  of  the  whole  computation  is  to  be 
repeated,  and  by  taking  the  compression  of  the  earth  into  account,  in  all  cases,  fk'om 
the  commencement  of  the  comjMitation.  In  this  manner,  eren  the  first  approziffiA- 
tions  by  my  method  are  rendered  more  accurate  than  the  common  methods. 
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where  we  omit  the  insensible  variation  of  u    For  brevity,  let  U8 

write  x'j  y,  ^^'  for-r^,  -7^,  &c.  and  denote  the  above  quanti^ 

by  P;  then,  after  substituting  the  values  of  a:  —  f  =  (Z  —  i^)  sin  §, 
y  —  71  =  {I  —  i^)  cos  Qj  we  have 

P  =  i  [(0/  —  f)  sin  C  +  (y  —  V)  cos  C  —  (Z'—  iCO] 

in  which  L=  I  —  if.     K  we  put 

P'  =  (a/  —  e')  Bin  (2  +  (/  —  12')  cos  C  —  (Z'  —  tC)        (510) 


we  shall  have 


P=LP* 


The  quantity  P  will  be  positive  or  negative  according  as  L  and 
P'  have  like  signs  or  diflferent  signs. 

For  exterior  contacts,  and  for  interior  contacts  in  annular 
eclipse,  L  is  positive  (Art.  298),  and  hence  for  these  cases  the  eclipse 
is  beginning  or  ending  according  as  P'  is  negative  or  positive  ;  but  for 
total  eclipse,  L  being  negative,  we  have  beginning  or  ending 
according  as  P'  is  positive  or  negative. 

We  must  now  develop  the  quantity  P\  Taking  one  hour  as 
the  unit  of  time,  a;',  y ,  l\  f ',  tj\  C'»  will  denote  the  hourly  changes 
of  the  several  quantities.  The  first  three  of  these  may  be 
derived  from  the  general  tables  of  the  eclipse  for  the  given  time; 
but  f ',  r/y  f '  are  obtained  by  diflFerentiating  the  equations  (494), 
in  which  the  latitude  and  longitude  of  the  point  on  the  earth's 
surface  are  to  be  taken  as  constant.     Since  1?  =  ft —  oi,  we  shall 

have  ~p=  =  --pj^ ;  and  hence,  putting 


^'  =  ^  Bin  1" 
dT 


(f'=  — sinl" 
dT 


we  find 


e'= 


fip  cos  f'coB  »^  =  fi  ( —  iy  sin  (i  -f  f  ^^^  d) 
y  [ —  y  9,m  d  -{•  ti  cos  d  -\-  (I  —  iC)  sin  d  cos  Ql 
i^  ^  sin  cf  —  J'C 

II  {x  sin  d  —  (^  —  i'r)  sin  d  sin  Q]  —  d'C 
—  /x'^  cos  d  +  d'y^ 
=  y!  [—a;  cos  d  -^  {}  —  iX)  cos  d  sin  C]  +  d'  [y  —  (? 


V  = 


C'  = 


—  I'C)  cos  Q] 
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Subfltituting  these  values  in  (510),  aud  neglecting  terms  involving 
t*  and  id'  as  insensible,  we  have 

P'  =  a'— feos  C4-  (/sinQ  — C0*'co8<f  sinQ  — <f' cos  Q) 

in  which  a\  b'j  and  c\  denote  the  following  quantities: 

a'=  —  F  —  /a' ix  cos  d  ^ 

6'=— y'+M'^rsind  V(511) 

(f  =      of  -J-  /jl' y  s\n  d  -^  fi'  il  cos  d  ) 

The  values  of  these  quantities  may  be  computed  for  the  same 
times  as  the  other  quantities  in  the  eclipse  tables,  and  their 
values  for  any  given  time  will  then  be  readily  found  by  interpo- 
lation. For  any  assumed  value  of  Q^  therefore,  and  with  the 
value  of  ^  found  by  (509),  the  value  of  P'  may  be  computed,  and 
its  sign  will  determine  whether  the  eclipse  is  beginning  or 
ending.  In  most  cases,  a  mere  inspection  of  the  tabulated  values 
of  a\  h\  and  c',  combined  with  a  consideration  of  the  value  of 
Q^  will  suffice  to  determine  the  sign  of  P' ;  but  when  the  place 
is  near  the  northern  or  southern  limits  of  the  shadow,  an  accu- 
rate computation  of  P'  will  be  necessary;  and,  since  other  appli- 
cations of  this  quantity  will  be  made  hereafter,  it  will  be  proper 
to  give  it  a  more  convenient  form  for  logarithmic  computation. 
Put 

€COSE=(/  /C0sP=iEi'C08d  J^      "^ 

then  we  have 

P'^/i'+esin  (Q  — ^)  — c/sin(Q  — P)  (518) 

Since  a'  and  Pare  both  very  small  quantities,  and  a  very  precise 
computation  of  P'  will  neldom  be  necessary  when  itn  algebraic 
Hign  in  alone  required,  it  will  be  sufficient  in  most  cases  to  neglect 
these  (]iinntities,  and  also  to  put  ^,  for  f ,  and  then  we  shall  have 
the  fiillowing  simple  criterion  for  the  case  of  partial  or  annular 
ecliprjc : 

If    e  8in  (Q  —  E)  <^  C,/  sin  Q,  the  eclipso  is  beginning. 
If    e  H\n  {Q  —  E)  >  C,/  sin  Q,  the  eclipse  is  ending. 

For  total  eclipse,  reverse  these  conditions. 

301.  In  ordtT  to  farilitate  the  application  of  the  preceding  aa 
well  as  the  suhso(pient  i)roblemR,  it  is  expedient  to  prepare  the 
values  of  </,,  log  p^y  d^  log  />„  «',  b\  c',  e,  ^,/,  P,  and  to  arrange 
them  in  tables. 
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For  our  example  of  the  eclipse  of  July  18,  1860,  with  the 
values  of  d  given  on  p.  454,  we  fomi  the  following  table  by  the 
equations  (495) : 


rf. 

log/"! 

•i. 

logp, 

0» 

21°  1'  39".5 

9.9987324 

20"  53'  58".0 

9.9998143 

1 

1  14  .0 

23 

53  32  .6 

45 

2 

0  48  .5 

22 

53  7  .3 

46 

3 

0  22  .9 

21 

52  41  .8 

47 

4 

20  59  57  .4 

20 

52  16  .4 

48 

5 

59  31  .8 

19 

61  50  .9 

60 

The  values  of  x',  y ,  and  i',  required  in  (511),  derived  also  from 
the  eclipse  tables  on  p.  454,  by  the  method  of  Art.  75,  are  as 
follows : 


3f 

V' 

r 

0» 

+  0.545277 

—  0.160108 

—  0.000038 

1 

5312 

0486 

061 

2 

6310 

0846 

084 

3 

6256 

1188 

107 

4 

6134 

1512 

180 

5 

4928 

1818 

154 

Hence,  by  (511)  we  find  the  values  of  a',  6',  (/  to  be  as  follows. 
The  values  for  interior  contacts  are  seldom  required. 


0* 

1 

2 
3 
4 
5 


For  exterior  contacts. 


a' 


4-  0.001 85« 
-f  0.000766 
+  0.000176 

—  0.000416 

—  O.OOIOOT) 

—  0.001595 


6' 


-f-  0.050342  -h 
-j-  0.101816|-f 
-h  0.1 53241' -f- 
-f  0.204612' 4- 
-f  0.256925  + 
-|-0.30717l'-h 


Tor  Interior  eontacta. 


0.631779  ;-j-  0.001860 
0.616776j,-f-  0.000762 
0.601711  '+0.000176 
0.586571  I— 0.000418 


0.571342| 
0.556010. 


—  0.001000 

—  0.001686 


+ 
+ 
+ 

+ 


0.050842 
0.101816 
0.158241 
0.204612 
0.265925 
0.807171 


+  cesiitt 
+  asieiti 

+  0.601097 
4.a586M7 
4.a570W8 

+  o.566ra 


The  values  of  e,  E^  /,  F^  for  exterior  caiiiactSy  deduced  ftor& 
these  values  of  b'  and  c',  and  from  d'=  —  25".5  sin  1",  by  (512^ 

are  as  follows: 
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£ 

log« 

F 

log/ 

0» 

4°  33'  21" 

9.801939 

Qo  y  44/. 

9.388244 

1 

9  22  25 

.795965 

it 

264 

2 

14  17  17 

.793034 

ti 

285 

3 

19  13  48 

.793255 

(( 

305 

4 

24  7  46 

.796604 

a 

326 

5 

28  55  7 

,.802923 

u 

347 

802.  To  illustrate  the  preceding  formulae,  let  us  find  some 
points  of  the  outline  of  the  penumhra  on  the  earth's  surface  at 
the  time  T=  2*  8"  12'.    For  this  time,  we  have 

x  =  ~  0.00672  log  p^  =    9.99873  log  i  =  7.66287 

y  =  +  0.57409  (/j=  20<>   0'  45" 

/  =  +  0.53673  Aij=30   34  13 

Let  u.s  find  the  points  for  Q  =  50°  and  Q  =  300°.  The  com- 
putation  may  be  arranged  as  follows : 


By  (502) : 


Henco  by  (504) : 


By  (rm)  : 

By  (507) :  lo^ 

log 


a  =  sin  /9  sin  y 
b  =1^  sin  /5  cos  y 

r 

By  (50.'))  :     log  C,  =  log  cos  (/3  +  t) 

iTisin  Q 
I :,  COS  Q 

e 

7j^  ■=  log  r  HJn  C 

^^  =z  log  c  cos  C 

logc 

r 

C+d 
--:  log  cos  f'-j  HJn  «y 

=  log  COS  ^,  COS  ^ 

log  tan  ^ 
log  cos  fj 

log  HJII    ^j 

log  tun  f  J 
log  tan  f 

9 

Vol.  I.-30 


By  r50S ') :      log  * 

log  C  VVH  i^C  +  tl^) 


log  c  sin  (('  +  d^)  = 


60» 


—  0.41788 
+  0.22975 

—  61°  11' 52" 
28   28  52 
—     5  43 
28   23    9 
9.94437 

+  0.00310 
+  0.002r>0 

—  0.41478 
+  0.23235 

9.3r>614 
9.94437 
9.95901 
14°  47'  39" 
35  48  24 

W9.617S2 
9.86S03 

n9.74979 
9.92764 
9.72620 
9.79856 
9.99S55 
9.S0(H)1 

—  29°  20'  20" 
59  54  33 
32  15  33 


8OO0 


+  0.45815 
+  0.30662 
5<5°  12'  27" 
83  27  20 
—  6  59 
33  20  21 
9.92191 
—  0.00333 
+  0.00192 
+  0.454S2 
+  0.30H54 
9.4S931 
9.92191 
9.949()7 
20°  16'  12" 
41  16  57 
9.657S4 
9.82558 
9.83232 
9.90805 
9.76906 
9.86101 
9.99855 
9.86246 
34°  12' 15" 
856  21  58 
86  4  30 
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m  we  put  X  =  M  —  Y,  WQ  liave 


\L  4wip  J 


(517) 


r  --  uV  ±  X 


licli  ^X  may  always  be  taken  less  than  90°,  but  the  d()ul)le 
must  ])e  used  to  obtain  the  two  points  on  the  surface  of 
urth  whicli  satisfy  the  conditions  at  tlie  given  time, 
this  formuhi,  yn,  3T,  and  I  are  accurately  known  for  the 
.  time,  but  })  is  unknown.  It  is  evident,  however,  from 
and  (/>ir>),  that  we  have  nearly />  —  1,  and  this  value  may 
H»d  in  (r>l 7)  for  a  first  approximation.  To  obtain  a  more 
L»t  value  of  ;-,  let  us  j>ut  c  ~-  sin  f;  then,  by  (514),  we  have 
?os  y'y  and,  conse(picntly,  since  jj=  p^r^^j 


e  we  have 


p  sin  y  r=  sin  / 
p  COS/'  =  /»,  cos  / 

tan  /  =  pi^  tan  ^ 


sin/      /),  cos/  }    (^^^) 

sin  y  cos  y 

rith  this  value  of  p  the  second  computation  of  (517)  will 
1  very  exact  value  of;'.     AVith  this  second  value  of  y  a  still 
corrcrt  value  of  p  could  be  found;  but  the  second  approxi- 
►n  is  alwavs  sutHeient. 

th  the  second  value  of  y,  therefore,  we  find  the  final  value 
bv  the  lormulu 

tan  /  :  -  /)j  tan  y 

hen,  substitutinii^  the  values  f  ^~-  sin  y\  jr^  rz=  cos  y'^  ^,  ^^  0,  in 
we   have,  for  tindintj  the   latitude  and  longitude  of  the 
red  points,  the  forniuhe 

cos  f ,  sin  ^  =z       sin  / 
cos  v**,  cos  *^  --  —  cos  y'  sin  fl^ 
sin  y-j  i^       cos  /  cos  //, 


(519) 


tan  cr, 
at  '  -  n  —  ^  tan  9>  =  —    —   ' 


1  U-*0     ^ 


the  second  a]>|»roxiination,  we  must  compute  X  and  y  by 
separately  tor  each  place. 
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304.  The  sun  is  rising  or  setting  at  the  given  time  at  the 
places  thus  determined,  according  as  i>  (which  is  the  hour  ang^e 
of  the  point  Z)  is  between  180°  and  360°  or  between  0°  and  180^. 

To  determine  whether  the  eclipse  is  beginning  or  ending,  we 
may  have  recourse  to  the  sign  of  P'  (513);  and  it  will  usually  be 
sufficient  for  the  present  problem  to  put  both  a'  and  ^  =  0  in 
that  expression,,  and  then  the  eclipse '  is  beginning  or  ending 
according  as  sin  (§  —  !^)  is  negative  or  positive.  Now,  by  (516), 
we  find 

Hence,  for  points  in  the  rising  or  setting  limits, 

If.   m  sin  (Jf — E)  <  ^  sin  (j^  —  E),  the  eclipse  is  beginning, 
If    m  sin  (itf"^  J^)  >  p  sin  (/  —  E),  the  eclipse  is  ending. 

305.  In  order  to  apply  the  preceding  method  of  determining 
the  rising  and  setting  limits,  it  is  necessary  first  to  find  the 
extreme  times  between  which  the  time  T  is  to  be  assumed,  or 
those  limits  of  T  between  which  the  solution  is  possible.  The 
t,wo  solutions  given  by  (517). must  reduce  to  a  single  one  when 
the  surface  of  the  cone  of  shadow  has  but  a  single  point  in 
common  with  the  earth's  surface, — i.e.  in  the  case  of  tangency  of 
the  cone  and  the  terrestrial  spheroid.  Now,  tlie  two  solutions 
reduce  to  one  only  when  X  =  0,  and  both  values  of  /'become  =  M; 
but  if  7  =  0,  the  numerator  of  the  value  of  sin  ^X  must  also  be 
zero;  and  hence  the  points  of  contact  are  determined  by  the 
conditions 

?  +  m  —  p  =  0  and  I  —  m  ^  p  =  6 

or  by  the  conditions 

m=p  -{-  I  and  m=p  —  I 

There  may  be  four  cases  of  contact,  two  of  exterior  and  two  of 
interior  contact.  The  two  exterior  contacts  are  the  first  and  last, 
or  the  beginning  and  the  end  of  the  eclipse  generally;  the  axis  of  the 
shadow  is  then  without  the  earth,  and  therefore  we  must  have 

for  these  cases  m  =  \/3^+  y^  ='P  +  I' 

The  first- interior  contact  corresponds  to  the  last  point  on  the 
earth's  surface  where  the  eclipse  ends  at  sunrise;  the  second, 
to  the  first  point  where  it  begins  at  sunset.    But  these  interior 
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contacts  can  occur  only  when  the  whole  of  the  shadow  on  the 
principal  plane  falls  within  the  earth,  and  for  these  cases,  there- 
fore, we  must  have  m  =  />  —  l. 

For  the  be^nning  and  end  generally  we  have,  therefore,  by 

(515), 

(p  +  I)  Bin  M  =  X 

(p  +  I)  co%M=ztf 
Let  T  be  the  time  when  these  conditions  are  satisfied,  and  put 

T=  T.  +  T 

in  which  7^  is  the  epoch  of  the  eclipse  tables,  for  which  the 
values  of  z  and  y  are  x^  and  j/^.  Then,  x'  and  }/'  being  the  mean 
hourly  changes  of  x  and  jf  for  the  time  Ty  we  have 


}    (520) 


X  =  X^  -{-  TX^ 

Putting 

m,  sin  M^=z  x^  n  sin  JV  =  x' 

m^  cos  ilf,  =  y,  n  cos  J\r=  / 

the  above  conditions  become 

(/>  +  I)  sin  M=  m^%\iiM^'\-r  .n sin  N 

(P  +  Ocos  M=m^coBM^  +  T,nc(m  N 
Tirhence 

ip  +  l)8m  (ilf— J\0  =  m^Bin  (Jlf,  — iT) 

(/>  +  0  008  (Jf  —  iVT)  ==  m^cos  (JIT.  —  -AT)  +  nr 
so  that,  if  we  put  3/  —  iV  =  -4^,  we  have 

Bin  4  ^  m,8in(.lf,-jr) 

p  +  l 

^  =  £±Jco84-^cos(Jf.-i\r)  i  (521) 

r=  T.  +  T 

in  whicn  cos  ^^  ^^^Y  ^>c  taken  with  either  the  negative  or  the 
positive   Mp^n;   and   it   in  evident  that  the   first  will   give   the 
I>e.iriniiin^  and  the  second  the  end  of  the  eclipse  generally. 
For  the  two  interior  contacts  we  have 

;-'  }    (522) 

r  rzi    '         _  e08  4 •-  C08  (Jf  —  X) 
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JPiraL — ^To  find  the  beginning  and  ending  on  the  earth  gene- 
nlljj  we  have  for  the  assumed  epoch  T^  =  2*,  page  455, 


m^  sin  3/p  =  ar.  =  —  0.081244 
w^  cos  Jf,  =  yo  =  +  0.596075 

which  give 

log  m^  =  9.77980 
M^  =  352^  14'  19" 

log  Jii,sin  (Jfo  —  J^  =  n9.78988 


n  sin  JV^=  af=  +  0.5453 
n  cos  N=  tf=  —  0.1608 


log  n  =  9.75474 
N=  \W  25'.8 


n 


cos  (jr.  —  JV)  =  —  0.4278 


For  a  first  approximation,  taking  ;>  =  1,  we  find,  by  (521), 


p  +  l  =  1.5866 


log  sin  f 


=      n9.55528 
cos  f  =  T    2*.5246 


m. 


3;«::>cos(if.— i\0  =  +    2.4278 


n 

Approx.  beginning  7\ 
«        end  T, 


28».9027    (July  17) 
4.9519    (July  18) 


Taking  cos  if/  negative  for  beginning  and  positive  for  ending, 
we  have  then,  by  (518)  and  (523), 


log  tan  Y 

log  A 
log  tan  / 

log  Bin  / 

log  Rin  ^ 

log/> 

P 
I 


For  tlie  above  computed  times  we  further  find 


Beginning. 

End. 

200<*  55'.4 

339<>  4'.6 

807  21.2 

85  80.4 

n0.11782 

1.10466 

9.99878 

9.99878 

n0.11605 

1.10389 

9.S9985 

9.99865,6 

9.90032 

9.99866,3 

9.99958 

9.99999 

0.99892 

0.99998 

0.53687 

0.53640 

1.53579 

1.53688 

log  y 
log/ 


log  n  Bin  N 

log  n  COB  N 

logn 

N 


9.73664 

0.78654 

n9.20543 

n9.20773 

9.75468 

9.75477 

106**  23'  67" 

106*  29' «" 

•• 
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For  a  second  approximation,  therefore,  recomputing  (521),  wc 
now  find 


and  by  (518) : 


log  sin  V 

log  cos  V 

T 

log  tan  Y^ 


n9.55316 

n9.97032 
23».9099 
200^  66'  27" 
307    20  24 

n0.11626 


n9.55269 
9.97039 
4*.9587 
3390    4' 68" 
86    84    4 
1.10936 


Then,  for  the  latitude  and  longitude  of  the  points,  we  have, 


by  (519), 


AH 


—  ^  = 


9 


21< 
367 
264 
102 

34 


1' 
10 


41" 
2 


38  62 
31  10 

38  40 


20«  6y  33" 

72    64    8 

91    36  43 

341    18  26 

4      9  49 


Therefore  the  eclipse  begins  on  the  earth  generally  on  July  17, 
28*  64'*.6  Greenwich  mean  time,  in  west  longitude  102®  31'  10" 
and  latitude  84°  38'  40",  and  ends  July  18,  4*  57*.6  in  longitude 
841°  18'  25"  and  latitude  4°  9'  49". 

It  is  evident  that  for  practical  purposes  the  .first  approximation, 
which  gives  the  times  within  half  a  minute,  is  quite  sufficient, 
especially  since  the  effect  of  refraction  has  not  yet  been  taken 
into  account     (See  Art.  327.) 

Seamdly. — ^We  now  pass  to  the  computation  of  the  curve  which 
contains  all  the  points  where  the  eclipse  begins  or  ends  at  sun- 
rise or  sunset.  In  the  present  example,  this  curve  extends 
through. the  whole  eclipse,  since  we  have  tti^  sin  {M^ —  JV)  >  1  —  I: 
hence  the  required  points  will  be  found  for  Greenwich  times 
assumed  between  July  17,  23*.91  and  July  18, 4*,96.  Let  us  take 
the  series 

T,  0»,  0*.2,  0».4,  0».6,  0\8 4».6,  4\8 

The  computation  being  carried  on  for  all  the  points  at  once,  the 
regular  progression  of  the  corresponding  numbers  for  the  suc- 
cessive times  furnishes  at  each  step  a  verification  of  its  corrects 
ness.  To  illustrate  the  use  of  the  formulae,  I  ^ve  the  computa- 
tion for  T=  2*.0  nearly  in  full.  For  this  time,  we  find,  from 
p.  454  and  p.  464, 


x  =  m  sin  Jf  =  —  0.08124 
y  =  m  cos  -If  =  -j-  0.69608 


I  =  0.63676 


df,  =  21*>  0' 49" 
log  p^  =  9.99873 
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and  hence 
M  =  352«  14'  21"  log  m  =  9.77931  m  =  0.60160 

Then,  by  (517),  taking  p  =  1,  we  have 

ar.  CO.  log  Amp  9.61863 

/  +  m  — ;>  =  0.18835 log  9.14098 

l^m+p  =  0.93515 log  9.97088 

X  =  26<'  49^  log  sin*  i  X  8.73049 

With  this  first  approximate  value  of  X  we  find  the  value  otp  for 
each  of  the  two  points,  by  (518),  as  follows : 


M±X=r 

log  tan  / 

log  />,  tan  Y  =  log  tan  / 

log  a L  =  log  p 

®    cosy  ^^ 

P 


19*>3' 

9.53820 

9.53698 

9.99887 
0.99740 


825<>  25 
9.83849 
9.83722 

9.99914 

0.99802 


Bepeating  (517)  with  these  values  of  p : 


ar.  CO.  log  4  mp 
\og(l  +  m^p) 
log  (/  —  m  +  /)) 

log  sin' }  X 

±X 

M±x  =  r 

log  tan  / 
log  tan  / 

Hence,  by  (519), 

For  r=  2*.  (p.  455),       ^ 

/*!  —  *  =  • 

9 
Local  app.  time  =  ^  in  time, 


9.61976 
9.14907 
9.9G967 


8.73850 
+  27^    4'   4" 
19    18  25 

9.54321 


9.61949 
9.14715 
9.96996 


8.73660 
—  27*   0^26" 
325   18  55 
n9.84148 
n9.84021 


185<>45'    4" 
28    31  12 

252    46    8 

61    52  35 

9*     8-.0 
SniiMt. 


242*  36'  45" 
28    31  12 

145  54  27 
60  13  46 
16*  10-.45 

Sanrite. 


To  find  whether  the  eclipse  is  beginning  or  ending  at  these 
points,  we  have,  from  p.  465,  and  by  Art.  304, 


lop  m  Bin  (AT 
log/)  sin    (j 


E 

A') 


14*>  17' 
110.3588 

8.9406 
Beginning. 


119.3588 

JI9.8770 
Ending. 


In  the  same  manner  are  foiuid  the  results  ^ven  in  the  following 
table: 
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SOLAR  ECLIPSE,  July  18,  1860.~RISINa  AND  SETTING  LIMITS.— (CWmnerf.) 


OrMOwieh 
If  MB  Tim«. 

lAtitnde. 
* 

Long.  W.  from 
Orecnwioh. 

u 

Local 
App.  Time. 

8».0 
.2 
.4 
.6 

.8 

+  62»  48' 
58    44 
54   42 
50    85 
46    21 

265*>  87' 
277    27 
286    49 
294    47 
801    58 

9*  11-.  6 
8  86  .8 
8   10  .8 
7  51  .0 
7  84  .6 

Ends  at  Sansot 

((                  ii 
II                      ic 

4.0 
2 
.4 

.6 

.8 

41    55 
87    10 
81    67 
25    55 
18    11 

808    26 
814    40 
820    48 
826   48 
888    18 

7  20  .8 
7     7  .4 
6  55  .2 
6  42  .9 

6  28  .9 

CI                              11 

ti                   a 
il                      u 
ti                  <i 
Ii                   It 

TIicsc  points  being  projected  upon  a  chart  (see  p.  504),  the 
whole  cur\'e  may  be  accurately  traced  through  them.  It  will  be 
seen  that  the  method  of  assuming  a  series  of  equidistant  times 
gives  more  points  in  those  portions  of  the  curve  where  the 
curvature  is  greatest  than  in  other  portions,  thus  facilitating  the 
accurutc  delineation  of  the  curve.  This  advantage  appears  to 
have  been  overlooked  by  those  who  have  preferred  methods 
(such,  for  example,  as  IIan6en*s)  in  which  a  series  of  equidbtant 
latitudes  is  assumed. 

808.  The  preceding  computations  have  been  made  for  the 
penumbni ;  but  we  may  employ  the  same  method  to  determine 
the  rising  and  setting  limits  of  total  or  annular  eclipse  by 
employing  in  the  fonnulie  the  value  of  /  for  interior  contacts. 
Tliese  limiti),  however,  embrace  so  small  a  portion  of  the  earth's 
surface  that  they  are  practically  of  little  interest 
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809.  To  find  the  curve  on  which  the  maximum  of  the  ecUpse  is  seen 
at  siomsc  or  sunset, — Wlien  a  point  of  the  earth*8  surface  whoto 
co-onlinat08  are  c,  jy,  and  (^  is  not  on  the  surface  of  the  cone  of 
shadow,  hut  at  a  dirttiuice  J  from  tlie  axis  of  the  cone,  we  have 
the  conditions  (485), 

J  cos  Q  =  y  —  II  ) 
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The  amount  of  obscuration  depends  upon  the  distance  by 
which  the  place  is  immersed  within  the  shadow,  that  is,  upon  the 
distance  L —  J,  i  being  the  radius  of  the  shadow  on  the  parallel 
plane  at  the  distance  ^  from  the  principal  plane.  For  the 
maximum  of  the  eclipse,  therefore,  we  have  the  condition 

dL         dA 


dT        dT 

Differentiating  the  above  equations  relatively  to  the  time,  and 
denoting  the  derivatives  of  x,  y,  &c.  by  accents,  as  in  Art.  800, 
we  have 

^^  sin  Q  — Jco8$.— ^  =  j/— r 


dT  ^    dT 

^^  cos  §  +  J  sin  Q.  -^  =  y'—  jf 


which  give 


dT        "'   '  ^    dT 

dJ 


=  (a/—  f')  sin  Q  +  (y'—  V)  cos  Q 


dT 
The  equation  L=l  —  i^  gives 

dT 
and,  therefore, 

I'—  ,:'_  (a/—  e')  sin  ^  —  (y  —  ,')  cos C  =  0         (525) 

or,  by  (510), 

P'  =  0  (526) 

This  is,  therefore,  the  general  condition  which  characterizes 
the  maximum  of  the  eclipse  at  a  given  time.  In  the  present 
problem  we  have  also  the  condition  that  the  sun  is  in  the  horizon^ 
for  which  we  may,  as  in  Art.  303,  substitute  the  condition  Ci=fl- 
Since,  however,  the  instant  of  greatest  obscuration  is  not  subject 
to  any  nice  observation,  a  very  precise*  solution  of  the  problem 
is  quite  unimportant,  and  we  may  be  satisfied  with  the  approxi- 
mate solution  obtained  by  supposing  ^  =  0^  and  at  the  same 
time  neglecting  the  small  quantity  a'  in  P'.  The  condition 
(o26)  will  then  be  satisfied  when  in  (513)  we  have 

sin  (Q  —  E)  =  0 
that  is,  when 

Q  =  E  or  Q  =  180«  +  E 
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Hence,  for  any  ^ven  time,  the  conditions  (524)  become 

±  J  sin  ^  =  a:  —  $ 
db  J  cos£  =  y  — II 

which  with  the  condition 

mast  determine  the  required  points  of  our  curve.  The  angle  E 
is  here  known  for  the  given  time,  being  directly  obtained  from 
its  tabulated  values,  but  J  is  unknown.  Putting,  as  in  the 
preceding  problem. 


we  have 


whence 


fncosM=y  pcoBr=^^ 

:t  J  sin  £  =  m  sin  Jf — p  sin  j^ 
±  J  cosJS  =  m  cos3f  —  p  cosy 

0  =  m  sin  (3f  —  E)  — p  sin  (f  —  E) 
±A=meoB {M  —  £)  —  ;>  cos (y  —  E) 


Therefore,  putting  'J'  =  y  —  J?,  we  have 

m  sin  (M  —  E) 

sin  4  = ^ - 

P 

Hh  J  =  m  cos  {M  —  E)  —  />  cos  4 


(627) 


The  first  of  these  equations  will  give  two  values  of  4^,  since  we 
may  take  cos  4"  ^^^th  the  positive  or  the  negative  sign ;  but,  as 
only  those  places  satisfy  the  problem  which  are  actually  within 
the  shadow,  we  must  have  J  <  ^  or,  at  least,  J  not  greater  than  L 
That  value  of  t^^  which  would  give  J>  /  must,  therefore,  be 
excluded :  so  that  in  general  we  shall  have  at  a  given  time  but 
one  sohition. 

It  will  be  quite  accurate  enough,  considering  the  degree  of 
precision  above  assigned,  to  employ  in  (527)  a  mean  value  of  p, 
or,  since  p  falls  between  /?,  and  unity,  to  take  logp  =  }log  />|. 
But,  if  we  wish  a  more  correct  value,  we  have  only  to  take 

Yz=^  +  E  (628) 

and  then  find  ;>  as  in  (518) ;  after  which  (527)  must  be  recom« 
puted. 
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In  the  compntation  of  the  rising  and  setting  limits,  the 
quantity  m  sin  {31— E)  was  less  than  unity  only  from  T=  0*.6 
to  T=  4*.2:  so  that  the  present  curve  may  be  computed  for  the 
series  of  times  0*.6,  0*.8  .....  4*.0,  4*.2.  For  an  approximate 
computation  we  may  take  log  p  =  Jlog  pi=  9.9994,  and  employ 
only  four  decimal  places  in  the  logarithms  throughout 

The  computation  for  7^=  2*  is  as  follows.  For  this  time  we 
have  already  found  (p.  473) 


Hence,  by  (527), 


loiT  m 

E 

M-^E 

logm  sin(Jf  —  E) 

log/> 

log  sin  ^ 

log  cos  4 

log  »  cos  4 

log  m  cos  (3/  —  E) 

m  cos  {M  — -  E) 
pcos  4 

J 


9.7793 
852°  14'.4 
14    17.3 
337    57.1 
n9  3538 
9.9994 


n9.3544 
9.9SS6 
9.98S0 
9.74G3 


+  0.5575 
+  0.9727 


0.4152 


Here,  if  cos  i^  were  taken  with  the  negative  sign  we  should 
find  J  =  1.5302,  which  is  greater  than  I.  Taking  it,  tliercforo, 
with  the  positive  sign  only,  we  have 


log  /),  =  9.9987 


with  which  we  find,  by  (519), 


4 

—  13°    4'.3 

4  +  ^     r 

+    1    13. 

log  tan  x 

8.3271 

log  tun  / 

8.3258 

S 

170°  .3r.2 

A*i 

28    81.2 

211    54 

9 

09      1 

=  tJ  in  time 

11MG-.5 

SuDBet. 

To  oxpres-*  the  degree  of  obscuration  according  to  (529*)  we 
have,  taking  the  mean  values  of/  and  /i  (p.  454), 


/  ---       0.5306 

/^    ,  _  0.0092 

/  +  /^  ^       0.5274 


I—  J  =  0.1214 

B  =  '■''''  =  0.23 
0.5274 


In  the  same  manner  all  the  following  results  are  obtained : 
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SOLAR  ECLIPSE,  July  18,  I860.— CURVE  OF  MAXIMUM  OF  THE  ECLIPSE 

IN  THE  HORIZON. 


Greenwich 
Mean  T. 

Latitude. 
0 

Long.  W.  from 
Greenwich. 

App.  Local 
Time. 

Degree  of 
OtwounMion. 

0».6 

0  .8 
1.0 

1  .2 
1  .4 

+  24°  44' 
37  47 
47  3 
54  31 
60  38 

107°  41' 
117  47 
127  49 
139   1 
152  24 

17*  19-3 
16  50  .9 
16  22  .8 
15  50  .0 
15  8  .5 

0.80 
.76 
.97 
.74 
.66 

1  .6 

1  .8 
2.0 

2  .2 
2  .4 

65  20 

68  16 

69  1 
67  34 
64  20 

169   0 
189  16 
211  54 
233  32 
251  42 

14  14  .1 
13  5  .0 
11  46  .5 
10  31  .9 
9  31  .8 

.41 
.81 
.28 
.18 
.17 

2  .6 

2  .8 
3.0 

3  .2 
3  .4 

59  55 
54  41 
48  52 
42  35 
35  49 

266  11 
277  50 
287  31 
295  56 
303  30 

8  45  .3 
8  10  .8 
7  44  .0 
7  22  .4 
7  4  .1 

.17 
.21 

.28 
.87 
.50 

3  .6 
3  .8 
4.0 
4.2 

28  28 

20  21 

+  11  2 

0  45 

310  33 
317  22 
324  15 
331  14 

6  47  .9 
6  82  .6 
6  17  .2 
6  1  .1 

.67 
.89 
.87 
.48 

Northern  and  Southern  Limiting  Curves. 

311.  To  find  the  northern  and  southern  limits  of  the  eclipse  on  the 
earths  surface. — These  limits  are  the  curves  in  which  are  situated 
all  the  points  of  the  surface  of  the  earth  from  which  only  a  single 
contact  of  the  discs  of  the  sun  and  moon  can  be  observed,  the 
moon  appearing  to  pass  either  wholly  south  or  wholly  north  of 
the  sun.  They  may  also  he  defined  as  curves  to  which  the  out- 
line of  the  shadow  is  at  all  times  in  contact  during  its  progress 
across  the  earth. 

The  solution  of  this  problem  is  derived  from  the  consideration 
that  the  simple  contact  is  here  the  maximum  of  the  eclipse,  so 
that  we  must  have,  as  in  (52G), 


P'  =  0 


and  consequently,  by  (513), 


a'  +  e  sin  (Q  —  -E)  =  C/sin  {Q  —  F) 


(680) 
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For  any  given  time  T^  therefore,  we  are  to  find  that  point  of 
the  outline  of  the  shadow  on  the  surface  of  the  earth  for  which 
the  vahic  of  Q  and  its  corresponding  ^  satisfy  this  equation. 
This  can  be  eftected  only  indirectly,  or  by  successive  approxima- 
tions. For  this  purpose,  we  must  know  at  the  outset  an  approxi- 
mate value  of  Q;  and  therefore,  before  proceeding  any  further, 
we  mu8t  show  Iiow  such  an  approximate  value  may  be  found. 

We  can  readily  determine  sufficiently  narrow  limits  between 
which  Q  may  be  assumed.  For  this  puri)08e,  neglecting  a'  in 
(530),  as  well  as  -F,  which  are  always  very  small,  we  have, 
approximately, 

«8in(<2  — -E0  =  C/8in  Q 

The  extreme  values  of  f  are  C  =  0  and  C  =  !•    The  first  gives 
%m{Q  —  E)  =  0,  and  therefore  for  a  first  limit  we  have 

Q  =  E  or  Q  =  180^  -f  E 

Tlie  second  gives 

e  sin  (<2  —  -E)  =/  sin  <2 


whence 


rut 


tan  (<2  —  1 1;)  =  ^r^  tan  J  JE? 

e  A-  f 
tan  4  =z  --^•-  tan  \  E 

e-f 


then  the  equation  tan  {Q  —  \E)  =^  tan  i^  gives  for  our  second 
limits 

Q=\E+^  or  <2  =  180«-|.  iiS:+4 

To  compute  -^  readily,  put 

tan  y  =  — 

then  '  )    (^1) 

tan  4  =  tan  (45^  +  v)  tan  \  E 

and  Q  is  to  be  assumcMl 

between  E  and  }  £"  +  4 
or  between  180°  +  E  and  180°  -f.  }  £  +  4 

Vol,  L— 31 
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order  to  reduce  x  to  zero,  we  have,  by  differentiating  this  equation, 

I       ^^  '        a' +c8in(Q  — Jt^)J    A         Al 

in  which  A  is  the  reciprocal  of  the  moduhis  of  common  logarithms. 
In  this  differential  equation  we  may  neglect  a'  without  sensibly 
affecting  the  rate  of  approximation.     If  then  we  put 

^  ZdQ 

we  shall  have 

dQ=  ^* 


cot  (<2  —  E)  —  cot  (C  ^  F)  +  g 

This  value  of  dQ  is  yet  to  be  reduced  to  seconds  by  multiplying 
it  bv  co^ec  1"  or  2015205". 

To  find  g^  we  may  take,  as  a  sufficiently  exact  expression  for 
computing  dQ^ 

dZ, 

:.  dQ 

and  by  differentiating  (502)  (omitting  the  faictor  /)„  which  will 
not  8cnsibly  affect  g\ 

C08  /9  sin  Y  d,3  +  Hin  ^5  cos  y  dy  =  —  /  cos  Q  dQ 
cos  /5  cos  Y  d,i  —  sin  ,3  sin  y  dy  =       I  sin  Q  dQ 

whence,  by  eliminating  dy, 

d,3       ^^^Q-zll 
dQ  coH^ 

By  (505)  a  sufficiently  exact  value  of  ^j  for  our  present  pur- 
pose is 

C,  -TC08/9 
whciue 

d:,  .     .//.? 

*  =  —  sm  ,5 

dQ  dQ 

^  =  /  sin  ,3f  sec*  ^  sin  ( (?  —  ;')  (5:J2) 

Puttintr,  finallv, 

G  =  cot  («?  -  rj-  cot  (<?-/-)  =  -r--^'"'  ^J--T\-—aa^, 

Bin  (<2  —  A  j  Bin  (C  — /■') 
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we  have 

dQ  =  l±^l^_^1-  (534) 

(^  +  9 

in  which  5.67664  is  the  logarithm  of  ^  X  206265". 

When  the  true  value  of  Q  has  thus  been  found,  the  corre- 
sponding latitude  and  longitude  on  the  earth's  surface  are  found 
as  in  Art.  298. 

312.  The  preceding  solution  of  this  problem  (which  is  com- 
monly regarded  as  one  of  the  most  intricate  problems  in  the 
theory  of  eclipses)  is  verj'  precise,  and  the  successive  approxi- 
mations converge  rapidly  to  the  final  result.  For  practical  pur- 
poses, however,  an  extremely  precise  determination  of  the  limit- 
ing curv'cs  of  the  penumbra  is  of  little  importance,  since  no 
vahiable  observations  are  made  near  these  limits.  I  shall,  there- 
fore, now  show  how  the  process  may  be  abridged  without  making 
p.    ^3  any  important  sacrifice  of  accuracy. 

In  the  first  place,  it  is  to  be  observed 
tliat  great  precision  in  the  angle  Q 
is  unnecessary.     If  L3fj  Fig.  43,  is 
the  limiting  curve  which  is  tangent 
at  A  to  the  shadow  whose  axis  is  at 
^    (7,  and  if  Q  is  in  error  by  tlie  quan- 
tity A  CA\  the  point  determined  will  be  (nearly)  A'  instead  of  A. 
Now,  although  A'  may  be  at  some  distance  from  Ay  it  is  e\'ident 
that  it  will  still  be  at  a  proportionally  small  distance  fix>m  the 
limiting  curve.     In  fact,  we   may  admit  an   error  of  several 
minutes  in  the  value  of  Q  without  sensibly  removing  the  computed 
point  from  the  cur\'e.     The  equation  (530),  which  determines  Q^ 
may,  therefore,  without  practical  error  be  written   under  the 
ap})roximate  form 

e%m{Q  —  E)  =  !:je\nQ 

and  in  this  we  may  employ  for  J*,  the  value 

Cj  =  cos  p 

Hence,  having  found  ^9  from  (502)  by  employing  the  first  assumed 
value  of  Q^  we  then  have 

Bin  (Q  —  E)  __  f  cos  ? 
sin  Q  ^ 


^ 
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whence 

e  — /cos  iS 

by  wliich  a  second  and  more  correct  value  of  Q  can  be  found. 
This  equation  \nil  be  readily  computed  under  the  following  form : 

tan  v'  =r  ^  cos  i3  ) 

«  y   (535) 

Uu(Q—iE)  =  tan  (45^  +  y')  tan  1 JS  j 

The  vahie  of  Q  thus  determined  may  be  regarded  as  final,  and 
wo  may  then  proceed  to  compute  the  latitude  and  hmgitude  by 
the  equations  (502)  to  (508).  In  this  approximate  method,  loga- 
rithmic of  four  decimal  places  will  be  found  quite  sufficient. 

813.  For  the  computation  of  a  series  of  pointR  by  the  preceding 
method,  it  in  nece.ssarv  first  to  determine  the  extreme  times 
between  which  the  sohition  is  possible.  It  is  evident  that  the 
first  and  hist  points  of  the  cur%'e  are  those  for  whieh  ^^=^  0,  and, 
consequently,  Q  —  A\  or  ^  =  180®  +  E.  It  is  easily  seen  that 
these  i^oints  are  also  the  first  and  last  ]K)ints  of  the  curve  of 
maximum  in  the  horizon  (Art  309),  and,  therefore,  the  limiting 
times  are  here  the  same  as  for  that  curve.  If,  however,  we  wish 
to  determine  these  limiting  times  independently  (that  is,  when 
tlie  rising  an<l  setting  limits  have  not  been  jireviously  computAl), 
th**  following  a[»proximative  process  will  give  them  with  all  the 
pn.'<-ision  necessary. 

Since  Q    -  E,  or  —  180°  +  E,  we  have,  at  the  required  time, 

e==rq;/8in^  1    (536) 

Tf  ~:  y  z^  I  COS  h  ) 

together  with  the  condition  (514),  for  which  we  may  here  employ 

r4    r/.  :  1 

If  wc  put  7  =  sin  X-  this  condition  gives  r^  --■  cos  y.     We  have, 

by  (512), 

8111   h  =     -  cos  h  :^  ~ 

e  e 

and  we  may  licn»  regard  e  as  constant.  Let  the  required  time 
lie  tlcnotcd  by  7'  7',  -f-  r,  7|,  heing  an  assumed  time  near  the 
iiruldle  of  the  cilipst'.     Let  ///,  i*/,  be  the  values  of  b'  and  c'  for 
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the  time  T^y  and  denote  their  hourly  changes  by  6''  and  c" ;  then 
we  have,  for  the  time  Tj 


and 


hence,  E^  being  the  tabulated  value  of  E  for  the  time  T^ 

V                                                  if* 
sm  -E  =  sin  JSi,  4-  —  T  cos  -B  =  cos  JE,  H r 


If,  also,  ar^,  y^  are  the  values  of  x  and  y  for  the  time  T^  zf  and/ 
their  hourly  changes,  we  have 

and  the  equations  (536)  become 

sin  T'  =  Xj,  hF  i  sin  j&o  +  ( -^  ^^  —  ^"  ]^ 

cos r  =  y©  H=^  ^  cos  J^o  +  (y  ^  ~  ^' ) ^ 

Let  m,  J!f,  w,  JV,  be  determined  by  the  equations 

m  sin  ^  =  a:^,  q=  Z  sin  E^ 
m  cos  M=y^^  I  cos  JS",, 

»sinjy=a/T~6"  \   (537) 

n  cos  JV=  y' q= -— c" 

in  which  the  upper  sign  is  to  be  used  for  the  southern  and  the 
lower  sign  for  the  northern  limit ;  then,  from  the  equations 

Bin  ^  ==  m  sin  3f  -f  n  sin  JV.  r 

COST'  =  ^^  <508 M  -^  n  cos  JV .  t 
we  derive 

sin  (/  —  N)  =  m  sin  (^M  —  iV^ 

cos  O'  —  -AT)  =  m  cos  (Jtf"  —  N)  +  nr 
Hence,  putting  y  —  N='4^y 

sin  4  =  m  sin  (Jtf"  —  JV^ 

cos  4       m  cos  {M  —  N)  i    .^v 

n  n  ' 

It  is  evident  that  cos  4^  is  to  be  taken  with  the  positive  sign  for 
the  first  point  and  with  the  negative  sign  for  the  last  point  of 
the  curve. 
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To  find  the  latitude  and  longitude  of  the  extreme  points,  wo 
take  Y  —  N+  i^,  tan  f  =  p^  tan  ;*,  and  proceed  by  (519). 

Example. — To  find  the  southern  limit  of  the  eclipse  of  July 
18,  18t>0. 

First.  To  find  the  extreme  times. — Taking  7^=  2*,  we  have, 
from  our  tables,  pp.  454,  455,  and  pp.  464,  465, 


x^  =  —  0.0812 

yo  =  +  0.5961 

/  =       0.5367 

W  IT 

9.7977 


E^  =       U^  IV 


a:'  =  +  0.5452 
y  =  —  0.1610 

b"  =  +  0.0514 
c"  =  —  0.0151 


log  e  = 

whore  we  take  mean  values  of  a:',  y',  &c.     From  these  we  find 
by  (537),  taking  the  upper  signs  in  the  formulse, 


log  m  =  9.3554 
log  It  =  9.7182 


Hence,  by  (538), 

log  sin  (M  —  N)  =  n8.7283 
log  sin  4  ==  n8.0887 
log  cos  4  =    0.0000 


J»f=  289*82' 

^^=106    28 

M—N^ISS     .4 

log  cos  (.If  —  iV)  =  n9.9994 
m  cos  ( Jf  —  i\r) 


n 


=  +  0*.488 

n 

r=  — 1  .480 
or  r  =  +  2  .346 

There f[»ro,  for  the  first  and  last  points  of  the  curve  wo  have, 
rcHpectivcIy,  the  times 

T;  =  2»  —  1».480  =  0*.520 
T,  =  2   +2  .846  =  4  .346 

To  fin<l  the  latitude  and  longitude  of  the  extreme  points  corre- 
Bpon<lini;  to  these  times,  we  have 


log  p,  --- 


4 

Fint  Point. 

LMt  Point. 

180<»  42* 

—      0*42' 

r-y+^ 

287    10 

105    42 

log  tan  y 

n0.5102 

nO.5492 

^  9.99S7 

log  tan  / 

n0.5089 

nO.5479 

''. 

2P  r.4 

20*  59'.8 

t'l 

6    19.2 

68    42.7 
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Hence,  by  (519), 

w 

102<>  40' 

339<'30' 

9 

16     5 

—    14    47 

Second.  To  find  a  series  of  points  on  the  curve. — ^We  begin  by 
computing  the  limits  of  Q  for  the  hours  0*,  1*,  2*,  3*,  4*,  5*.  Thus, 
for  0*  we  have,  from  the  table  p.  465,  and  by  (531), 


T 

0* 

log/ 

9.3882 

loge 

9.8019 

log  tan  V 

9.5863 

y 

21°    5'.6 

iE 

2    16.7 

log  tan  (45**  +  v) 

0.3533 

log  tan  i  E 

8.5997 

log  tan  ^ 

8.9530 

4' 

5<»    7'.7 

i-^+4 

7   24.4 

For  the  southern  limiting  curve  Q  falls  between  E and  \E+  ^, 
t.6.,  for  0*,  between  4°  38'  and  7°  24'.  In  the  same  manner  we 
form  the  other  numbers  of  the  following  table : 


T 

Lower  limit  of  Q. 

Upper  limit  of  Q. 

0» 

4°  83' 

7»24' 

1 

9    22 

15    18 

2 

14    17 

24    13 

3 

19    14 

30    53 

4 

24      8 

38     4 

5 

28    55 

44    86 

The  points  of  the  curve  are  to  be  computed  for  times  between 
0*.520  and  4*. 346,  and  we   shall,  therefore,  assume  for  T  the 

series  0*.6,  0*.8,  1\0 4\0,  4\2,  which,  with  the  extreme 

points  above  computed,  will  embrace  the  whole  curve. 

Instead  of  determining  Q  for  each  of  these  times  by  the 
method  of  Art.  812,  it  will  be  sufficient  to  determine  it  for  the 
hours  1*,  2*,  3*,  4*,  and,  hence,  to  infer  its  values  for  the  inte^ 
vening  times.     Thus,  for  7"=  1*,  assuming  Q  =  12®,  which  is  ft 
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mean  between  its  two  limiting  values,  we  proceed  by  the  eqna^ 
tions  (502),  for  which  we  can  here  use 


sin  ^  sin  ;^  =  X  —  I  sin  Q 
sin  fi  cos^  =  y  —  /  cos  Q 


follows : 


For  7;=  P.  (  X 

—  0.6266 

log  cos /9 

9.7896 

b 

+  0.9170 
0.5368 

iog4 

0.5928 

Aasumo  Q 

120 

log  tan  1/ 

9.8319 

a  —  X  —  /  sin  Q 

—  0.7382 

• 

120    7'.1 

6  —  y  —  /  cos  § 

+  0.8920 

iE 

4   41.2 

log  a       log  sin  /9  sin  y 

n9.8682 

log  tan(45°+  •) 

0.1894 

log  b  =  log  sin  fi  cos  y 

9.5933 

tan  iE 

8.9137 

log  Bin  /9 

9.9221 

UaiQ  —  iE) 

9.1081 

Q-iE 

7"  18'.6 

Q 

11    54.7 

We  thus  find, 

for  T—     1* 

2* 

8» 

4» 

Q  -  110  55', 

22°  20^, 

S0»  16',           82" 

17'. 

From  thcrtc  numbera  wo  obtain  by  simple  interpolation  suffi- 
ciently exact  values  of  Q  for  our  whole  series  of  points.  And 
Biiu'o  it  irt  plain  from  Art.  312,  that  even  an  error  of  half  a 
decree  in  Q  will  not  remove  the  computed  point  from  the  true 
curve  by  any  important  amount,  we  may  be  content  to  employ 
the  following  neries  of  values  as  final : 


I 


0*6  '     «*' 

0 .«  !  10 
1 .0    12 

1  .2      14 
1  .4      16 


T 

Q 

T 

Q 

28<» 

1*.6 

1H« 

2*.6 

1  .8 

20 

2.8 

29 

2.0 

0'7 

3  .0 

30 

0  »>      o± 

3.2 

30 

2.4 

26 

3.4 

31 

3».6  !  31<' 

3  .8  I  82 

4  .0  I  82 

4  .2     82  .5 


For  each  time  7^  we  now  take  r,  ?/,  and  /,  from  the  tables  of 
the  edipso,  and,  with  the  value  of  Q  for  the  same  time,  deters 
mine  the  required  point  on  the  outline  of  the  shadow  by  the 
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complete  equations  (502)  to  (508)  inclusive,  the  use  of  which  has 
already  been  exemplified  in  Art.  802.  Employing  only  four 
decimal  places  in  the  logarithms,  we  shall  find  that  the  curve 
may  be  traced  through  the  points  given  in  the  following  table: 

SOLAR  ECLIPSE,  July  18,  I860.— SOUTHERN  LIMIT. 


Greenwich 
Mean  Time. 

Latitude. 

* 

Iiong.  W.  from 
Greenwich. 

o 

0».520 

+  i6'»  y 

102"  40' 

0.6 

21   82 

88   81 

0.8 

25     6 

76  37 

1.0 

26   86 

69     2 

1.2 

27   17 

63     9 

1.4 

27   27 

58   14 

1.6 

27   15 

53   57 

1.8 

26  47 

50     9 

2.0 

26     4 

46  43 

2.2 

25     9 

48   88 

2.4 

24     8 

40   34 

2.6 

22   48 

87  45 

2.8 

21     5 

34   88 

3.0 

19     9 

81   25 

8.2 

16  41 

27   50 

8.4 

14   14 

24  39 

8.6 

11     9 

20   44 

3.8 

8     5 

16   55 

4.0 

+    4     3 

11   46 

4.2 

0   89 

5   17 

4.346 

—  14   47 

839   80 

814.  We  have  applied  the  preceding  method  only  to  the  deter- 
mination of  the  extreme  limits  of  the  penumbra,  which  may  be 
designated  as  the  extreme  limits  of  partial  eclipse.  The  same 
method  will  determine  the  northern  and  southern  limits  of  total 
or  annular  eclipse,  by  employing  the  value  of  I  for  the  total 
shadow — ^that  is,  for  interior  contacts.  The  latter  are,  indeed, 
more  important,  practically,  than  the  former,  and  therefore  iu 
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•pccial  00808  Bomewlmt  greater  precision  might  be  desired  than 

has  been  observed  in  the  preceding  example.    In  any  such  case, 

recourse  may  be  had  to  the  rigorous  method  of  Art.  811.    Since 

the  limits  of  total  or  annular  eclipse  often  include  but  a  very 

narrow  belt  of   the    earth's    surface,   extending  nearly  equal 

distances   north   and   south  of  the   curve  of   central   eclipse, 

they  may  be  derived,  with  suficient  accuracy  for  most  purposes, 

from  this  cun-e,  by  a  method  which  will  be  given  in  Art.  820. 

The  curve  upon  which  any  given  degree  of  obscuration  can 

be  ob8er^'ed  may  also  be  computed  by  the  preceding  method.   It 

is  only  necessary  to  substitute  J  for  /,  and  to  give  J  a  value  cor- 

re8iM>n<ling  to  D  according  to  the  equation  (529).   All  the  curves 

thus  found  begin  and  end  upon  the  curve  of  maximum  in  the 

horizon. 

Curve  of  Central  Eclipse. 

815.  To  fi^id  the  curve  of  central  eclipse  upon  the  surface  of  the 
earth. — This  curve  contains  all  those  points  of  the  surface  of  the 
earth  through  which  the  axis  of  the  cone  of  shadow  passes.  The 
problem  becomes  the  same  as  that  of  Art.  298  upon  the  suppo- 
sition that  the  shadow  is  reduced  to  a  point — ^that  is,  when 
/  —  i^  —  0,  and,  consequently,  by  (498), 

f  =  x  71  =y 

Hence,  putting 

the  equations  (502)  to  (508)  are  reduced  to  the  following  ex- 
tremely 8imple  ones,  which  are  rigorously  exact: 

sin  /9  sin  ^  =  X 
sin  ^  cos  r  =  ^i 
c  sin  C  =  y, 
c  cos  (.'  =  cos  fi 
cos  f ,  sin  ^  =  X  \   (539) 

cos  v>j  cos  d  =  c  cos  (C  +  <f,) 
Bin  f ,  =  c  sin  (C  +  rfj) 

tan  ^  =  —  --1-y^  •  =  /i^—  * 

y{l^ee) 

It  will  be  convenient  to  prepare  the  values  of  y,  for  the  prin- 
cipal hours  of  the  eclipse;  and  then  for  any  given  time  7*  taking 
the  values  of  A  //p  f/p  //p  from  the  eclipse  tables,  these  equations 
detenniiic  a  point  of  the  curve. 
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816.  The  extreme  times  between  which  the  solution  is  possible, 
or  the  beginning  and  end  of  central  eclipse  upon  the  earth,  are 
found  as  follows.  At  these  instants  the  aids  of  the  shadow 
is  tangent  to  the  earth's  surface,  and  the  central  eclipse  is 
observed  at  sunrise  and  sunset  respectively.  Hence,  ^  being  the 
zenith  distance  of  the  point  Z,  we  have  cos  ^  =  0,  or,  by  (503), 
Ci=  0,  whence,  by  (499), 

or 

which  is  equivalent  to  putting  sin  j9  =  1,  or  cos  j9  =  0,  in  the 
first  two  equations  of  (589),  so  that  we  have 

sin  r  =  ^j  cos  Y  ^^Vi 

Let  x'  and  y/  denote  the  mean  hourly  changes  of  z  and  y^  com- 
puted by  the  method  of  Art.  296.  Let  the  required  time  of 
beginning  or  ending  be  denoted  by  2"=  ?{,+  ^>  ^o  heing  au 
arbitrarily  assumed  epoch ;  then,  if  (x)  and  {y^  are  the  values  of 
X  and  y^  taken  for  the  time  TJ^,  we  have  for  the  time  T, 

sin  Y  =z  (jx)  -\-  xfr 
cos  r  =  (y,)  +  y/r 


|(540) 


Let  m,  J!f,  w,  Ny  be  determined  by  the  equations 

m  sin  ilf  =  (x)  n  sin  i\7'  =  a/ 

mco8Jf=(yi)  ncosN=:y^' 

then,  from  the  equations 

Bin  ^^  =  m  sin  -3f  4-  »^  sin  JV".  r 
cos  Y  =  m  cos  M  -]-  n  cos  iV.  r 

we  deduce,  in  the  usual  manner, 

sin  (y  —  iV^)  =  m  sin  (Jf —  JV^ 

cos  (/  —  N)  =  m  cos  ( Jf  —  N)  +  nr 

or,  putting  4*  =  T  — -^  *^®  solution  is 

sin  4  =  m  sin  {M —  N) 

cos  4       m  COB  (itf"  —  N)  I   /f^i\ 

n  n 
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where  cos  '^  is  to  be  taken  with  the  negative  sign  for  the 
beginning  and  with  the  positive  sign  for  the  end. 

To  find  the  latitude  and  longitude  of  the  extreme  points  cor- 
responding to  these  times,  we  have,  in  (589),  cos  ^  =  0,  sin  ^  =  1, 
and,  therefore,  C=  90°,  e  =  cos  7*:  hence,  taking  y=N+  1//, 

cos  f ,  sin  ^  =       sin  ^ 

cos  f  I  cos  d  =  —  cos  /  sin  d^ 

sin  f  1=      cos  y  cos  d^  K    (642) 

tan  <p,  ^ 

tan  0  = * —  w  =  a.  —  # 

|/(1  -  ee)  '^ 

817.  To  find  the  duration  of  total  or  annular  eclipse  at  any  point  of 
the  atrre  of  central  eclipse. — This  is  readily  obtained  from  numbers 
which  occur  in  the  previous  computations.  Let  T=  the  time 
of  central  eclipse,  I  =  the  duration  of  total  or  annular  eclipse, 
then  T'=  Tqi  ^tis  the  time  of  beginning  or  end.  Let  x  and 
y  be  the  moon*s  co-ordinates  for  the  time  T;  f  and  tj  those  of 
the  point  on  the  earth  at  this  time  ;  x',  y',  f ',  jy',  the  hourly  in- 
crements of  these  quantities ;  then,  at  the  time  T'  we  have,  by 

(491), 

(I  -  iC)  sinQ  =  xq:  iaft^(S^  itt) 

(/  —  iC)  cos  C  =  y  T  iy't  —  (iy  q:  i  VO 

But  we  here  have  x  =  f ,  y  =  jy,  and  we  may  put  {^  =  {^j  =  cos  ^, 
whence 

(/ -  I  cos /9)  sin  C  =  =P  (x'  — e')-^ 
(/  —  I  cos  iS)  cos  C  =  =F  (y  —  'j')  - 

For  the  values  of  6'  and  jy'  we  have,  with  sufficient  precision, 
since  t  is  very  small, 

f '  =-•  fi  ( —  y  cos  d  +  COB  fi  sin  d) 
iy'=  /I'x  sin  </ 

Ilencc,  by  (oil)  and  (512),  we  find,  very  nearly, 

y  —  f '=(/  —  ;*'  cos  J  cos  /9  =  (/  — /  cos  |9 

If,  therefore,  we  i>ut 

X  =  /  —  I  cos  ^  a  =  (/  — /  cos  i9  (548) 
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we  have 

i  Bin  O  =  —  i  cos  O  =  — 

2  2 

where  we  omit  the  double  sign,  since  it  is  only  the  numerical 
value  of  i  that  is  required.  Hence,  we  have,  for  finding  <,  the 
equations 

tane  =  ^  ,^7200XsinQ 

the  last  equation  being  multiplied  by  3600,  so  that  it  now  gives 
i  in  seconds. 

The  value  of  cos  j8  is  to  be  taken  from  the  computation  of  the 
central  curve  for  the  given  time  T,  and  i,  log  £,  log/,  c\  6',  from 
our  eclipse  tables. 

318.  To  find  where  the  central  eclipse  occurs  at  noon. — ^In  thifl  case 
we  have,  evidently,  x  =  0,  and  hence,  in  (539), 

sin  p  =  y^  (545) 

by  which  ^  is  to  be  found  from  the  value  oiy^  which  corresponds 
to  the  time  when  x  =  0.  We  then  have  (7  =  ^8,  c  =  1,  i?  =  0, 
and  therefore  the  required  point  is  found  by  the  formulae 

^^=p-{-d^  w=fi^  (546) 

in  which  d^  and  /jt^  are  taken  for  the  time  when  x  =  0. 

819.  The  formulse  (539),  (545),  and  (546)  are  not  only  extremely 
simple,  but  also  entirely  rigorous,  and  have  this  advantage  over 
the  methods  commonly  given,  that  they  require  no  repetition  to 
take  into  account  the  true  figure  of  the  earth.  It  may  be 
observed  here  that  the  accurate  computation  of  the  central  curve 
is  of  far  greater  practical  importance  than  that  of  the  limiting 
curves  before  treated  of. 

The  formulae  (541)  must  be  computed  twice  if  we  wish  to 
obtain  the  times  of  beginning  and  end  with  the  greatest  pos- 
sible precision ;  for,  these  times  being  unknown,  we  shall  have 
at  first  to  employ  the  values  of  oc'  and  y'  for  the  middle  of  the 
eclipse,  and  then  to  take  their  values  for  the  times  obtained  by 
the  first  computation  of  the  formulae.  "With  these  new  values  a 
second  computation  will  give  the  exact  times. 
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Example. — To  compute  the  curve  of  central  and  total  eclipse 
in  the  eclipse  of  July  18,  1860. 

It  is  convenient  first  to  prepare  the  values  of  yj  =  —  for  the 

principal  liours  of  the  eclipse,  as  well  as  its  mean  hourly  differ- 
ences. A\lth  the  value  log  />!=  9.99873  we  form,  from  the  values 
of  y  given  in  the  table  p.  454,  the  following  table : 


Or.  T. 

yi 

y,' 

0» 

+  0.91972 

—  0.16096 

1 

.75896 

114 

2 

.59782 

132 

3 

.43633 

149 

4 

.27450 

166 

5 

.11237 

182 

To  find  the  times  of  begiiming  and  end  we  may  assume  7^=  2*; 
and  for  this  time  we  have 


(x  )  =  m  sin  M  =  —  0.08124 
(y,)  =  m  cos -If  =  +  0.59782 
whence     log  m  =       9.78054 

M  =       3520  15'  40" 


j:'  =  n  Bin  A^=  -f  0.5458 
y/  =  n  cos  iNT  =  —  0.1613 
log  n  =r=       9.7548 
N  =^       106**  28'.7 


Employing  but  four  decimal  places  in  the  logarithms  for  a  first 
approximation,  we  find,  by  (541), 


m  cos  (J/"  —  iV) 


n 


=  +  0*.435 


COR  4 
n 


-:L  =  :;:  1.468 


r^  =  —  1  .033 
T,  _:  +  1  .903 

Approximate  time  of  beginning  =  2*  —  1*.033 

end  =2+1  .903 


4( 


=  0*.967 
=  3.903 


Taking  now  x/  and  y/  for  these  times  respectively,  and  re- 
peating the  computation,  we  have 


496 


SOLAR  ECLIPSES. 


a/  =  n  flin  J\r 

y^  =  n  cos  N 

log  n 

N 

m  cos  (3f  —  N) 


n 


cos  4 


n 


+ 


Beginning. 

End. 

+  0.54531 

+  0.54525 

—  0.16118 

—  0.16164 

9.75482 

9.75489 

106»  27'  42" 

106°  30'  45" 

+  0*4355 

+  0».4357 

—  1  .4686 

+  1.4685 

0  .9669 

3.9042 

213°  21'  88" 

826°  87'  3r 

• 

For  the  latitude  and  longitude  of  the  points  of  beginning  and 
end,  we  now  take  y  =  iV  +  '^,  and  with  the  values  of  d^  and 
fi^  (pp.  465,  464)  for  the  above  computed  times,  we  have 


=  JV+  + 
d. 

Beginning. 

End. 

r 

819°  50'  20" 
21      1   15 
13      1   28 

73°  8'  25" 
21    0    0 
57   5    3 

whence,  by  (542), 


9 


to 


Local  App.  Time  =  t^ 


45«  36'  22" 
126     3     6 
16*  27"'.9 


15^  45'  34" 
320   53    9 

6*  24-8 


For  the  series  of  points  on  the  curve  we  take  the  times  1*.0, 

1\2,   1\4 3\6,   3\8,  which    are    embraced  within  fte 

extreme  times  above  found,  and  proceed  by  (589),    Thus,  for 
2*.0  we  have 


T 
a:  =  sin  ^  sin  y 

y^  =  sin  /5  cos  y 

log  sin  p 

log  cos  fi  =  logc  cos  C 

log  y^  =  log  c  sin  C 

logc 

C 

d. 


2». 
—  0.08124 

+  0.59782 

9.78054 

9.90173 

9.77657 

9.99856 

86«  51'  21" 

21     0  49 
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logcca8(C+</,) 
logo  sin  (C+c/j) 


'  log  coe  f ,  sin  ^ 

:  log  COS  f ,  COS  t^ 

log  sin  ^, 
AS 

App.  Time  =  ^  in  time, 


57*>  52^  10" 
118.90977 
9.72485 
9.92686 
851*>  ir  18" 
28    81  12 
87    18  59 
57    89  20 
28»  25-  8'.8 


For  the  duration  of  totality  at  this  point,  we  take  from  pp.  454, 
464,  465, 

I  =  —  0.009082  b'=  +  0.1582 

log  I  =      7.6608  ^  =  +  0.6011 

log/=      9.8883 

and  hence,  with  log  cos  ^  =  9.9017  above  found,  we  obtain,  by 
(543), 

i  =  —  0.012784  a  =  +  0.4061 

and,  by  (544),  disregarding  the  negative  sign  of  L^ 

t  =  211'.8  =  8-  81'.8 

For  the  i>lace  where  the  central  eclipse  occurs  at  noon,  we  find 
that  X    -  0  at  the  time  T=  2*.  149,  at  which  time  we  have 


yj  =  sin  fi 

+  0.57378 

? 

35<>    0^53" 

<h 

21      0  45 

fi 

56      1  38 

9 

56     6  57 

/!.=  «• 

80    45  18 

Tlie  wliolo  ourve  may  be  traced  through  the  points  given  in  the 
following  table: 
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SOLAR  ECLIPSE,  July  18,  I860.— CURVE  OF  CENTRAL  AKD  TOTAL  ECLIPSE. 


Oreenwioh 

Latitude. 

Long.  W.  from 
Orecnwich. 

App.  Local 
Time. 

Duration  of 

Mean  Tim*. 

^ 

0 

* 

Totalitj. 

0».967 

450 

'  36'.4 

126" 

'    3'.1 

16*  27-.9 

1.0 

50 

87.8 

118 

11.6 

17  21  .3 

2" 

'    1'.5 

1.2 

57 

16.2 

89 

14.6 

19     9  .1 

2 

86.1 

1.4 

59 

29.1 

72 

62.8 

20  26  .6 

2 

66.8 

1.6 

59 

55.1 

59 

5.2 

21   38  .7 

8 

11.4 

1.8 

69 

11.6 

47 

16.6 

22  33  .0 

3 

23.1 

2.0 

67 

89.3 

87 

14.0 

28  26  .1 

8 

31.3 

2.149 

56 

7.0 

80 

45.3 

0     0  .0 

3 

34.7 

2.2 

55 

31.5 

28 

42.6 

0  11  .2 

3 

36.2 

2.4 

52 

56.9 

21 

26.1 

0  62  .4 

3 

38.0 

2.6 

50 

0.9 

15 

3.9 

1  29  .8 

3 

36.4 

2.8 

46 

46.3 

9 

21.8 

2     4  .6 

3 

32.0 

8.0 

48 

18.6 

4 

2.2 

2  37  .9 

3 

24.6 

3.2 

39 

20.7 

368 

47.1 

8  10  .9 

3 

14.4 

3.4 

85 

1.6 

353 

12.5 

8  46  .3 

3 

1.1 

3.6 

80 

1.6 

346 

36.4 

4  23  .7 

2 

43.5 

3.8 

23 

28.6 

336 

44.1 

5  15  .1 

2 

18.5 

8.904 

15 

45.6 

320 

63.2 

6  24  .8 

Northern  and  Southern  Limits  of  Total  or  Annular  Eclipse. 

320.  To  find  the  northern  and  southern  limiis  of  total  or  annular 
eclipse. — As  already  remarked  in  Art.  314,  these  limits  may  be 
rigorously  determined  by  the  method  of  Art.  811,  by  taking 
I  =  the  radius  of  the  umbra  {i.e.  for  interior  contacts) ;  but  I  here 
propose  to  deduce  them  from  the  previously  computed  curve  of  1 
central  eclipse.  This  radius  I  is  assumed  to  be  so'  small  that  we 
may  neglect  its  square,  which  can  seldom  exceed  .0003,  and  this 
degree  of  approximation  will  in  the  greater  number  of  cases 
suffice  to  determine  points  on  the  limits  within  2'  or  3',  which  is 
practically  quite  accurate  enough. 

The  two  limiting  curves  of  total  or  annular  eclipse,  then,  lie 
so  near  to  the  central  curve  that  the  value  ^^  =  cos  j9,  for  a  given 
time  r,  already  found  in  the  computation  of  the  latter  curve, 
may  be  used  for  the  former  in  the  approximate  equation  which 
determines  Q.  We  can,  therefore,  immediately  find  Q  by  (535),— t-^ 
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tan  y'  =  —  COB  ;9  1 

e  \  (647) 

tan  (C  —  \E)  =  tan  (46<>  +  /)  tan  \E  ) 

where  /,  €,  and  E  are  to  be  taken  from  the  eclipse  tables  for  the 
time  T. 

The  co-onlinates  of  the  point  on  the  central  curve  correspond- 
ing to  the  time  T  being  f  =  x  and  y^  =  rj^  (Art.  815),  those  for 
a  j>oint  on  the  limiting  curve  may  be  denoted  by  x  +  ^^  RmJ 
yi  +  ^^!fv  These  being  substituted  for  f  and  ij^  in  the  equations 
(499),  we  have 

rfx  =  —  (;  —  i:,)  sin  Q  rfyj=  —  (/  —  i:^)  cosQ 

where  in  the  expression  for  rfy,  we  omit  the  divisor  /o„  as  not 
api»reciably  changing  the  value  of  so  small  a  term. 

Let  f  p  <?,  €0  be  taken  from  the  computation  of  the  central 
curve  for  the  time  T^  and  let  y,  +  rff  p  «  +  dm^  be  the  cor- 
re»pon<ling  vuIuch  of  tp^  and  oi  for  the  point  on  the  limit  for 
the  pume  time.  Then,  by  difterentiating  (500),  obser>'ing  that 
d9  --  —  iJai,  we  have 

cofl  f  J  cos  ^  dta  -\'  sin  f ,  sin  *  df^  =  —  dx 
cos  f  J  sin  *  {/o»  —  sin  f  ^  cos  *  r/^,  =  —  (/y,  sin  d^  +  rfC,  cos  d^ 

cos  f  j^/f ,  =       </yj  cos  (/j  +  (/C,  sin  </, 

whence,  by  eliminating  r/^j  and  substituting  ^,  for  its  value  given 
by  the  third  ecjuation  of  (497),  we  find 

C,  <*08  f  J  //o#  ^r  —  dx  (cos  f ,  cos  r/j  -f  sin  f  i  cos  i>  sin  (/,) 

—  </yj  sin  v*!  8in  »^ 
C,//fjr=  —  </x    sin  d  sin  J,  -f  ^(y,  cos  ^ 

Hence,  substituting  cos  ^i  for  ^„ 

,  I  -     i  cos  ,5  ,     .     ^    .       ,  .      «  ^N 

ftto       -  -  (cos  *  sin  ^  sm  ^/,  +  sm  d  cos  (2)  tan  ^, 

/   -  /  cos  ,'i    .    ^  , 

-j —      — sm  Q  cos  </j 

cos  ,3r 

/  -"^  /  cos  ^ 
'V,  '    <  >\n  (^  t<h\  Q  sin  //,  —  cos  ^  cos  (?) 

cos  ^i 
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These  values  are  yet  to  be  divided  by  sin  1'  to  reduce  them  to 
minutes  of  arc.    It  will  be  convenient  to  put 


V  = i'  = 


sin  1'  Bin  1' 


,       I  —  I  cos  i?         V         .- 
cos /9  sin  r       C08/9 


(548) 


in  which  ?',  t',  and  X  will  be  expressed  in  minutes. 

We  may  in  practice  substitute  df  for  d^p  within  the  limits  of 
accuracy  we  have  adopted ;  for  we  find,  from  the  equations  on 
p.  457, 

,               d0,         cos*  0         -     1  —  ee  sin'  9 
dip  = u 1-  =  d<p^ 

l/(l — ee)  cos'^j  |/(1 — ee) 

where  the  multiplier  of  rfy?i  cannot  differ  more  from  unity  than 
|/(1  —  ee)  does, — Le,  not  more  than  0.00335:  so  that  the  substitu-. 
tion  of  one  for  the  other  will  never  produce  an  error  of  1'  so  long 
as  dfy^  is  less  than  5^. 

Finally,  adapting  the  values  of  dw  and  dip  for  logarithmic 
computation,  by  putting 

A  sin  JS^  =  cos  Q 
h  cos  ^  =  sin  Q  sin  d^ 
we  have  ^  (M9) 

d(a  =  X[h  cos  (t>  —  JI)  tan  f  ^  +  si^  Q  ^o?  d^"] 
d<p  =  Xh  sin  i^  —  H) 

The  formulse  (547)  give  two  values  of  Q  differing  180°.  The 
second  value  will  evidently  give  the  same  numerical  values  of 
do)  and  df>,  but  with  opposite  signs ;  and  therefore  we  may  com- 
pute the  equations  (549)  with  only  the  acute  value  of  §,  and  then 
the  longitude  and  latitude  of  a  point  on  one  of  the  limits  are 

Of  -j-  diif,  f  -^  dip 

and  those  of  a  point  on  the  other  limit  are 

a»  —  dtOj  ip  —  dtp 

The  first  of  these  limits  will  be  the  northern  in  the  case  of 
total  eclipse,  but  the  southern  in  the  case  of  annular  eclipse, 
observing  always  to  take  I  with  the  negative  sign  for  total  eclipse, 
as  it  comes  out  by  the  formulse  (487)  and  (489). 
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It  is  evident  that  this  approximate  method  is  not  accurate 
when  COS  ^9  is  very  small,  that  is,  near  the  extreme  points  of  the 
carves;  and  it  fails  wholly  for  these  points  themselves,  since 
cos  (i  is  then  zero  and  the  value  of  X  becomes  infinite.  Tliese 
extreme  points,  however,  are  determined  directly  in  a  very 
simple  manner  by  the  formulae  (586),  (587),  (588),  combined  with 
(519),  by  employing  in  (586)  and  (587)  the  value  of  I  for  interior 
contacts;  and  it  is  with  these  formulae,  therefore,  that  the  com- 
putation of  the  limits  of  total  or  annular  eclipse  should  be  com- 
menced. 

Example. — ^Find  the  northern  and  southern  limits  of  total 
eclipnc  in  the  eclipse  of  July  18,  1860. 

First  To  find  the  extreme  points. — The  values  of  6'  and  c'  for 
exterior  contacts,  from  which  tlie  values  of  E  on  p.  465  are 
derivc<l,  ditt*er  so  little  from  those  for  interior  contacts  that  in 
practice,  unless  extreme  precision  is  required,  we  may  dispense 
with  the  computation  of  the  latter.  For  our  present  example, 
therefore,  taking  the  value  of  Eiov  7^=  2*  and  the  mean  value 
of  log  f,  as  in  the  computation  of  the  extreme  points  of  the 
southern  limit  for  the  penumbra,  p.  487,  together  with 

/  =  —  0.0091 
we  find,  by  (586)  and  (537),  for  the  northern  limit, 


log  m  =  9.7x54 
log  n  =  9.7558 

and  for  the  southern  limit, 

\off  m  =  9.7731 
log  n  =  9.7542 


Hence,  by  (538), 


Northern  Limit. 


4 
T 


First  Point. 

213°  r>4'.3 
0-.976 


I^dl  Point. 


32G°    5'.7 
3».892 


M  =  352*  33'.6 

N  =  im  2r.O 


M 


351  o  55'.0 
106    27.0 


Southern  Limit. 


Firflit  Point. 


212°39'.0 
0V951 


Last  Point. 


827*»  2r.O 
8*.917 


Takin*?  f  -  X-^  >/.,  and  the  values  of  <f^  and  ;i,  for  these  times 
risjKftively,  with  log  p^  =  0.9087,  we  find,  by  (518)  and  (519), 
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log  tan  ■/ 
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r 

320°  21'.3 

72»  32'.7 

819°    6'.0 

73°  48 .0 

r' 

n9.9170 

0.5012 

n9.9868 

0.5355 

d. 

21»    1'.2 

21'>    O'.O 

21°    1'.2 

21°    CO 

« 

246    81.7 

96    26.7 

247    26.7 

95    57.7 

fl 

13      9.6 

56    54.1 

12   47.1 

67    16.6 

m 

126    37.9 

320   27.4 

125    20.4 

821    18.9 

f 

46     7.7 

16    21.6 

45     2.8 

15    11.4 

Second,  To  find  a  series  of  points  between  these  extremes,  by 
the  aid  of  the  curve  of  central  eclipse,  we  assume  the  same  series 
of  times  as  in  the  computation  of  that  curve,  and  proceed  by 
(547),  (548),  and  (549) ;  to  illustrate  the  use  of  which  I  add  the 
computation  for  2"  =  2*  in  full.  From  the  computation,  p.  496, 
we  have 


For  r— 2» 

'                log  cos  /9 

9.9017 

log  tan  f  ^ 

0.1970 

* 

851°  17'.2 

d^ 

21      0.8 

w 

87    14.0 

? 

57    39.8 

Then,  by  (547),                                 By  (548), 

(p.  465)  log:^ 

9.5953 

I 

log  I 

—  0.009082 
n7.9582 

log  cos  p 

9.9017 

log  I' 

nl.9945 

log  tan  v' 

9.4970 

log! 

7.6608 

/ 

17°  26'.0 

log  i' 

1.1971 

iE 

7      8.7 

t' 

15'.74 

log  tan  (45^  +  v') 

0.2823 

Tsec/} 

—  89 .14 

log  tan  }  E 

9.0982 

I 

—  54.88 

log  tan  ((2— J  i^) 

9.3805 

Q-IE 

13°  30'.3 

Q 

20    39.0 

Ilence,  by  (549), 

log 

;  cos  Q      log  h  sin  H 

9.9712 

log  sin  ^ 

>  sin  dj^      log  h  cos  H 

9.1020 

log  A 

9.9751 

H 

82°  18'.2 

»  —  E 

268  59 .( 

) 
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logi 
log  A 

log  C08  («  —  if ) 

log  tao  fi 

log  (1) 

logi 
log  BinQ  cos  <f, 

log  (2) 

(1) 
(2) 


nl.7394 
9.9751 

n8.2490 
0.1970 


0.1605 


nl.7394 
9.5175 


nl.2569 
+   1'.45 
— 18 .07 


- 16 .62 


log  A 
log  A 

log  Bin  (^—iO 

log  (ff 

df 


nl.7394 

9.9751 

n9.9999 


1.7144 
+  61'.8 


Uenee,  for  tlie  time  r=  2*,  we  have  the  two  pointSy 


01  ±z  dut 
f  zt  d^ 


N.  Limit. 


86^  67.'4 
58    31.1 


8.  Limit 


37**  30'.6 
56   47.5 


SOLAR  ECLIPSE,  July  18,  18C0. 
Xorthem  Limit  of  Total  EcUpte,  Southern  LimU  ef  lUal  Eclipte, 


Gr.  T. 


(>*.97G 
1  .0 
1  .2 
1  .4 
1  .6 
1  .8 


Latitude. 

Longitude. 

^ 

O 

4<)^    S' 

1260  3g. 

5U    18 

116    27 

57    47 

90    57 

i\i)    Vi 

74      0 

60    46 

59    40 

60      4 

47    23 

2  .0 

•>    o 

»d     •art 

2  4 
2.6 

2  .H 


5s 

5(1 
47 


:U 

21 

4:j 

48 
24 


86 
28 
20 
14 

8 


8.0 
8.2 
8  .4 
8  .6 
8.H 

3  .Sl»2 


48  47 

81>  49 

85  25 

80  IS 

28  81 

16  22 


3 
857 
852 
845 
885 
820 


57 
9 
40 
12 
44 

1 
43 

W 
28 

s 

27 


Latitude. 

Longitude. 

Or.  T. 

^ 

u 

0*.951 

450    8' 

125«>  20' 

1.0 

50    57 

109    56 

1.2 

56   45 

87    33 

1.4 

5ft    45 

71    46 

1.6 

59     4 

5ft    81 

1  .8 

5ft    19 

47    11 

2.0 

56    48 

37    31 

2.2 

54    42 

29    16 

2.4 

52    11 

22    10 

2.6 

49    19 

15    56 

2  .8 

46      9 

10    39 

3.0 

42    41 

5      8 

3.2 

3ft    52 

359    51 

3.4 

34    8ft 

354    20 

3  .6 

29    45 

347    48 

3  .ft 

23    26 

338    20 

3  .917 

15    11 

321    19 
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821.  The  curveB  above  computed  are  all  exhibited  in  the  fol- 
lowing chart. 
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For  the  conBtruction  of  such  charts,  on  even  a  much  lai;ger 
Bcale,  the  degree  of  accuracy  witli  which  our  computations 
have  been  made  ia  far  greater  than  is  necessary,  and  many 
abridgments  may  be  made  which  will  readily  occur  to  the 
akilful  computer.* 


*  For  s  ^Bphic  method  of  confltracting  eclipee  ch&rU,  sm  h  p*p«r  bj  Mr. 
Chaunckt  Wbioht,  Proceedings  of  the  Am.  Association  for  the  Adr.  of  Seienoe,  Sth 
meetiDg  (1854),  p,  6&. 


PREDICTION   FOR  A   GIVBN   PLACE.  506 

Prediction  of  a  Solar  Eclipse  for  a  Given  Place. 

322.  To  compute  the  time  of  the  occurrence  of  a  givai  phase  of  a 
solar  eclipse  for  a  given  place, — The  given  phase  is  expressed  by  a 
given  value  of  J,  and  we  are  to  find  the  time  when  this  value 
and  the  co-ordinates  of  tlie  given  place  satisfy  the  conditions 
(485).     This  can  only  be  done  by  successive  approximations. 

Let  it  be  proposed  to  find  the  time  of  beginning  or  ending  of 
the  eclipse  at  the  place.  The  phase  is  then  J  =  I  —  ?^,  and  we 
must  satisfy  the  equations  (493).  Let  7^  be  an  assumed  time, 
and  T—  T^o  +  ^  *'^^  required  time.  Let  ar,  ?/,  x',  y',  rf,  Ij  log  i,  be 
taken  from  the  eclipse  tables  (p.  454)  for  the  time  T^.  Assuming 
that  r  and  //  vary  uniformly,  their  values  at  the  time  T  are 
r  +  x't  and  ij  +  y'r.  The  co-ordinates  of  the  place  at  the  time 
7i  are  found  by  (483)  or  (483*),  in  which  fi  is  tiie  sidereal  time 
at  the  place.     Putting 

^  =z  /A  —  a  =  fi^  —  » 

in  which  w  is  the  west  longitude  of  the  place  and  /ii,  may  be  taken 
from  the  table  (p.  455)  for  the  time  7^,  the  formulie  become 

^  sin  jB  =  ^  sin  /  S  =  p  cos  f '  sin  *  "^ 

A  cos  jB  =  />  cos  f>'  cos  1^      iy  —  yl  sin  (B  —  d)  V  (550) 

C=^C08(^  — Cf)  J 

Let  f ',  1^'  denote  the  hourly  increments  of  f  and  i;;  tlien,  assuming 
that  these  increments  also  are  uniform,  the  values  of  the  co-onli- 
nates  at  the  time  T  are  c  ^  f 'r  and  tj  +  jj'r.  The  values  of  c' 
and  3j'  are  found  by  the  formuhe  (p.  4G2) 

P      ft'  p  cos  ^'  cos  ^ 

r/      //^  H\n  d  —  d': 

in  which  //'  and  fZ'  are  the  hourly  changes  of  fi  and  d  multiplied 
]>y  sin  1".  The  rate  of  approximation  will  not  be  sensibly 
affcctc<l  by  omitting  the  small  term  d'^,  and  the  fonnulw  for  c' 
and  r/  may  then  be  written  as  follows: 

r  =  //  A  cos  B  r/  =  ;i'$  Bin  d  (551) 

Ptit 

L  -.1-  i: 

tht»n,  netrh'cting  t^ie  variation  of  this  quantity  in  the  first  ap- 
proximation, the  conditions  (4U:])  become,  for  the  time  T^ 

L  cos  Q  :-:  y  —  r^  ^  {if  —r/)r 


I  (552) 
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Let  the  auxiliaries  m,  M^  n,  and  iVbe  determined  by  the  equa- 
tions 

m  sin  M:=  x  —  f  n  sin  J\r=  of —  f ' 

m  cos  Jf  =y  —  ly  ncoBN  =  y'  —  if 

then,  from  the  equations 

i  sin  Q  =  m  sin  -3f  +  n  sin  JV".  r 

i  cos  Q  =  m  cos  Jf  +  w  cos  If.  v 
we  deduce 

i  sin  (C  —  ^0  =  »i  sin  {M  —  N) 

i  cos  (Q  —  -Y)  =  m  COS  {M  —  N)  -{-  nr 

Hence,  putting  a//  =  Q  —  N^we  have 

m  sin  ( Jf  —  in 

Bin  4  = ^^ < 

Xcos4> m  cos  (Jtf —  JV^ 

n  » 


(563) 


by  which  r  is  found.  Since  the  first  of  these  equations  does  not 
determine  the  sign  of  cos  i^j  the  latter  may  be  taken  with  either 
the  positive  or  the  negative  sign.    "We  thus  obtain  two  values 

of  T=  Tq  +  T,  the  first  given  by  the  negative  sign  of  

being  the  time  of  beginning,  and  the  second  given  by  the  posi- 
tive sign  being  the  time  of  ending  of  the  eclipse  at  the  place. 

For  a  second  approximation,  let  each  of  the  computed  times 
(or  two  times  nearly  equal  to  them)  be  taken  as  the  assumed 
time  T^^  and  compute  the  equations  (550),  (551),  (552),  (553)  for 
beginning  and  end  separately. 

.  The  fii*st  approximation  may  be  in  error  several  minutes,  but 
the  second  -v^ill  always  be  correct  within  a  few  seconds,  and, 
therefore,  quite  as  accurate  as  can  be  required ;  for  a  perfect 
prediction  cannot  be  attained  in  the  present  state  of  the  Ephe- 
merides. 

The  formula  for  r  may  also  be  expressed  as  follows : 

m  sin  ( Jf  —  N  —  4) 

n  sin  4» 

which  in  the  second  approximation  will  be  more  convenient 
than  the  former  expression ;  but  when  sin  t^  is  very  small  it  will 
not  be  so  precise. 
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If  we  put 

t  =  the  local  mean  time  of  beginning  or  end, 
we  have 

823.  The  prediction  for  a  given  place  being  made  for  the 
purpose  of  preparing  to  observe  the  ecli]>8e,  it  ia  necessary  also 
to  know  the  point  of  the  sun's  limb  at  which  the  first  contact  is 
to  take  place,  in  order  to  direct  the  attention  to  that  point.  This 
is  given  at  once  by  the  value  of 

which  is  the  angular  distance  of  the  point  of  contact  reckoned 
from  the  north  point  of  the  sun's  limb  towards  the  east  (Art.  295). 

The  simplest  method  of  distinguishing  the  point  of  contact  ou 
the  8un*8  limb  is  (as  Bessel  suggested)  by  a  thread  in  the  eye-piece 
of  the  telescope,  arranged  so  that  it  can  be  revolved  and  made 
tangent  to  the  sun's  limb  at  the  point.  The  observer  then,  by  a 
slow  motion  of  the  instrument,  keeps  the  limb  very  nearly  in 
contact  with  the  thread  until  the  eclipse  begins.  The  position 
of  the  thread  is  indicated  by  a  small  graduated  circle  on  the  rim 
of  the  eye-piece,  as  in  the  common  position  micrometer. 

This  metho<l  is  applicable  whatever  may  be  the  kind  of 
mounting  of  the  telescope.  Nevertheless,  if  the  instrument  is 
arranged  with  motion  in  altitude  and  azimuth,  it  will  be  conve- 
nient to  know  the  angle  of  the  point  of  contact  from  the  vertex 
of  the  Hun'ri  limb,  which  is  that  point  of  the  limb  which  is  nearest 
to  the  zenith.  The  diritance  of  the  vertex  from  the  north  point 
of  the  limb  is  equal  to  the  parallactic  angle  which  being  hero 
denoted  by  /-,  is  found,  according  to  Art.  15,  by  the  fonnulie 

^  8in  ^  =  cos  ^  sin  * 

p  cos  y  =  sin  ^  cos  d  —  cos  f  sin  d  cos  ^ 

(where  we  have  put  p  for  sin  ^  and  9  for  the  sun's  hour  angle). 
As  y  is  not  rci^uircd  with  \{:ry  great  accuracy,  we  may  here  take 
[see  (414)] 

p  B\n  y  =  S  p  cos  T  =  ^1 

in  whicli  c  and  jj  are  the  values  of  the  co-ordinates  of  the  place 
at  the  instant  of  contact.  But,  if  c  and  r^  denote  tlie  values  at  the 
time  7'^^  we  must  take 

pBin/  =zS  +  c'r  pcosr  =  T^  +  ij'r  (554) 
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in  which  we  employ  the  values  of  f ,  7,  f ',  5',  and  r  fttmished  by 
the  last  approximation.    We  then  have 

Angular  distance  of  the  point  of  contact  from  \=  Q  —  T  ff=iVi\ 

the  Tertex  towards  the  east,  j  z=  ^-\-  ^  —  y     ^      ' 

824.  To  find  the  instant  of  maximum  obscuration  for  a  ffiven  place^ 
and  the  degree  of  obscuration. — At  the  instant  of  greatest  obscura- 
tion the  distance  A  of  the  axis  of  the  shadow  from  the  place  of 
observation  is  a  minimum.*  If  we  denote  the  required  time  by 
T^=T^+  Tj,  the  equations  of  Art.  322  determine  r^  for  a  given 
value  of  A  if  we  substitute  J  for  L.  Denoting  the  value  of 
§  —  iVfor  this  case  by  i/zj,  we  have,  therefore, 

A  sin  4^  =  m  sin  {M  —  N) 

A  cos  4»j  =  VI  cos  (M  —  N)  '\-  nr^ 

the  sum  of  the  squares  of  which  gives 

J«  =  m* sin«  [M—N)  +  [w  cos  (ikf  —  JNT)  +  nrj* 

Since  m  and  M  are  computed  for  the  time  T^  and  N  is  sensibly 
constant,  the  term  m'  sin^  {M—  N)  is  constant,  and  therefore  i 
is  a  minimum  when  the  last  term  is  zero,  that  is,  when 

_      mcos(i^— JV^ 
^1— ^ {^ 

which  quantity  is  already  known  from  the  computation  of  (553). 
We  have,  also, 

J=  d:  f  m  sin  (ilf  —  iVO  =  ±  i  sm4  (557) 

m  which  the  sign  is  to  be  so  taken  as  to  make  A  positive.  The 
degree  of  obscuration  is  then  given  by  the  formula  (Art  310), 


i  +  A 


in  which  D  is  expressed  in  fractional  parts  of  the  sun's  diameter, 
and  L  and  L^  are  the  radii  of  the  penumbra  and  umbra  (the 

*  More  strictly,  L  —  J  is  a  maximum,  as  in  Art.  809 ;  but  we  here  neglect  the 
BmaU  yariation  of  L.  The  rigorous  solution  of  the  problem  majr  be  obtained  from 
the  condition  (526)  P'  =  0 ;  but  the  above  approximation  is  sufficient  in  practice. 
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latter  being  negative)  for  the  place  of  obBerration.    From  (-488) 
we  find,  by  putting  8ec/=  1, 

and  hence 

D  =    ^^^  ^668) 

in  which  *  =  0.2728. 

If  we  neglect  the  augmentation  of  the  moon's  diameter,  or, 
which  la  equivalent,  the  i9mall  difierence  between  L  and  {,  and 

put 

I 


we  have  '    ^     '^ 

D  =  c  q:  c  sin  4 

where  the  lower  sign  is  to  be  used  when  sin  i^  is  negative,  so 
that  D  U  always  the  numerical  difierence  of  c  and  t  sin  t^.  In  this 
form  e  nuiy  be  computed  for  the  eclipse  generally,  and  4"  ^iH  be 
derived  from  the  computation  for  the  penumbra  for  the  given 
place.  A  preference  should  be  given  to  the  value  of  4  found 
from  the  computation  for  the  time  nearest  to  that  of  greatest 
obscunitiou,  which  is  usually  that  used  in  the  first  approximation 
of  Art.  322. 

Example. — ^Find  the  time  of  beginning  and  end,  &c.,  of  the 
eclipse  of  July  18,  18(50,  at  Cambridge,  Mass. 
The  latitude  and  longitude  are 

^  =  42^  22'  40"  w  =  7V  r  25" 

For  this  latitude  we  find,  by  the  aid  of  Table  HL,  or  by  the 
fonnulic  (87), 

log  p  sin  f'  =  0.82644  log  />  cos  f '  =  9.86912 

AVith  the  aid  of  the  chart,  p.  504,  we  estimate  the  time  of  the 
middle  of  the  et'lipse  at  Cambridge  to  be  not  far  from  1*.  Hence, 
takiii;;  7^—1*  for  our  first  approximation,  we  take  fortius  tune, 
from  the  eclipse  tiibles,  p.  454, 

X  rr  -  0.0266  ^-^  -¥  0.64r>8  /  =  0.6868 

y   =  -  0. 7.-i«57  y  -^  —  0.  \fm  log  I  =  7.662S7 

rf_       20**  07.4  /ii=       18<»81'.2  log/i'=  9.417W 
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Hence,  by  (650)  and  (551), 


ft^^a—9—       802«28'.8 

logC—      9.7858 

B—        69  24.6 

t(==      0.0028 

f  —  —  0.6246 

Z  —  l  —  i;—      0.6840 

37  =  +  0.4844 

• 

^'—  +  0.1088 

V'  =  —  0.0686 

I,  by  (552)  and  (553), 

f»BinJf  =  2  —  f=:  —  0.0020 

n  sin  JV—  Jt*—  1'—  +  0.4415 

i»  cos  if  — y  —  ^  —  +  0.2723 

ncosA'  — y*      ^— -    0.1020 

logm—       9.4860 

log  n  —       9.6662 

M  —       869*>  34^7 

JV^     108®0'.6 

M      -y—      266  34.1 
log  sin  4,  —     n9.6966 

«cos(ir      AT                j^ 

log  008  4  =       9.9887 

^  •••+...:;=  1.028 
n 

- 

r  —  0.888 
^       lor+   1.168 

Approximate  time  of  beginning  —  0*.117 

"             "        end            =2.168 

Taking  then  for  a  second  approximation  T^  =  0*.12  for  begin- 
ning, and  Tq=  2*.16  for  end,  we  shall  find* 


X 

y 

of 

d 

I 

logC 


Beginning, 

End. 

0M2 

2M6 

— 1.10642 

+  0.00601 

+  0.89783 

+  0.57034 

+  0.54528 

+  0.54530 

0.16016 

0.16090 

20'>  57'  45" 

20"  56'  63" 

0    19    8 

80    56  13 

0.53686 

0.53673 

289°  ir  43" 

319°  47'  48" 

—  0.69868 

—  0.47755 

+  0.53915 

+  0.42423 

9.66935 

9.88504 

+  0.06868 

+  0.14793 

—  0.06544 

—  0.04470 

♦  The  Talues  of  jb'  and  y'  here  employed  are  not  those  giren  in  the  table  p.  ^ 
but  their  actual  Talues  for  the  time  TJ,,  as  giyen  in  the  table  of  z"  and  /  o^  ^ 
464. 
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Jf  — 


i: 

L 

m  sin  M 

m  cosM 

log  m 

M 

n  sin  ^^ 

n  cosiV 

logn 

N 

4 

r 


{ 


Beginning. 

End. 

0.00215 

0.00858 

0.53471 

0.58320 

—  0.40774 

+  0.48356 

+  0.85868 

+  0.14611 

9.78484 

9.70842 

811»  2ff  16" 

78»  11'  16" 

+  0.48160 

+  0.89787 

—  0.09471 

—  0.11620 

9.69098 

9.61702 

101»    7' 82" 

106O  18'   0" 

210    12  44 

826    53  15 

210   44    0 

828    49  56 

—          81'  16" 

—     1»  56'  41" 

+  0».0197 

+  0».080O 

0».1397 

2.2400 

0»  8"  23' 

2»  14-  24' 

4  44    80 

4  44    80 

19  23    53 

21  29    54 

July  17. 

July  17. 

81 1'  51'  82" 

75'»    7' 56" 

Local  timo,         t< 

igloofPt.of  Contact  from  \ 
North  Pt.  of  the  sun  =  V 
C-.V+4  i 

thinl  approximation,  commencing  with  the  last  computed 
rie!«,  changes  thorn  hy  only  a  fraction  of  a  second. 
To  find  the  anguhir  distance  of  the  ]»oint  of  contact  from  the 
'kx  of  the  sun's  limb,  we  have  from  the  second  approximation, 

(.>>4)  and  (•>•">•'>), 


e  + 

p  sin 

• 

r  1 

1 

^y    1- 

r/r  = 

p  cos 

r' 
r 

iglc  from  vertex  - 

^Q- 

1 

r 

Beginning. 


End. 


—  0.0974 
+  0.5379 
307°  38'.8 
4    12.7 


—  0.4058 
+  0.4200 
312°  4'.5 
123    3.4 


The  time  of  trroatcst  obs<'uration  is  best  found  from  the  first 
proximation,  which  gives,  by  (oo6)j 
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y.  =      1*. 


n  *        ' 


T,  =         1M40 

=         1*  8- 24*. 

io=  4  44    30 

Local  time  of  max.  obscur.  =  t  =  20  23    54 

For  the  amount  of  greatest  obscuration  we  have,  also,  from 
the  first  approximation,  by  (557)  and  (558), 

i  =  0.5340  logi^    9.7275 

k  =  0.2723  log  sin  4  =  ii9.6955 


X  — A-   =0.2617  logJ=    9.4230 

2  (i  —  A)  =  0.5234  J=    0.2649 

i  — J=    0.2691 

I>  =  '-^=  0.514 
0.5234 

Or,  by  (559),  taking  as  constant  the  value  of  e  found  by  employ- 
ing the  mean  value  I  =  0.5367,  i.e. 

€  =  1.015 
we  have 

c  sin  4  =  —  0.503 

D  =       0.512 
which  is  quite  accurate  enough. 

325.  Prediction  for  a  given  place  by  ilue  method  of  the  Amerkoh 
Ephemeris. — This  method  is  based  upon  a  transformation  of 
Bessel's  formula  suggested  by  T.  Henry  Safford,  Jr.,  and,  with 
the  aid  of  the  extended  tables  in  the  Ephemeris,  is  somewhat 
more  convenient  than  the  preceding.  The  fundamental  equ*- 
tion  (490)  gives,  by  transposition, 

(X  _  0*=  (Z  -  C  tan/)«  -  (y -  ly)' 

the  second  member  of  which  may  be  resolved  into  the  f&ctors 

fc=(Z-Ctan/)  +  (y~iy) 

c  =  (Z  — :tan/)  — (y— r^) 
or,  by  (494), 

6  =  Z  -)-  y  —  /E>  sin  ^'  (cos  d  -^  %m  d  tan/) 

4*  p  cos  <f'  (sin  //  —  cos d  tan/)  cos  * 

c  =  Z  —  y  +  /»  8>n  9"'  (cos  d  —  sin  (/  tan/) 

—  p  cos  ip'  (sin  d  +  cos d  tan/)  00s  # 
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f  we  put 

A=x  B  =  l  +  y  C=  —  l  +  y 

E  =  C08  d  '\-  sin  d  tan/  =  cos  (d  — /)  sec/ 
F  =  cos  d  —  sin  rf  tan/  =  cos  (d  +/)  sec/ 
G  =  Hin  d  —  cos  d  tan/  =  sin  (</  — /)  sec/ 
H  =  8in  d  +  cos  d  tan/=  sin  ((i  +/)sec/ 

ill  of  wliich  are  independent  of  the  place  of  observation  and  are 
given  in  the  Ephemeris  for  each  solar  eclipse,  for  successive 
times  at  the  Washington  meridian,  we  shall  then  have  to  com- 
pute for  the  place 


a=  X  —  S  =  A  —  p  cos  ^  sin  ^ 

b  =  B  —  J5^  ^  sin  f '  +  G  p  cos  f '  cos  * 

c  =  —  C  -\-  F  pBin  f' —  Hp  cos  f'  cos  ^ 


(560) 


and  the  fundamental  equation  becomes 

a  =  i/bc 

We  have  here,  as  before,  i?  =  /ii  —  ai;  and  the  value  of  /ij  is 
also  given  in  the  Ephemeris  for  the  Washington  meridian. 

If  now  for  any  assumed  time  T^  we  take  from  the  Ephemeris 
the  values  of  these  auxiliaries,  and,  after  computing  a,  6,  and  c 
by  (500),  find  that  a  diflfers  from  \/b€y  the  assumed  time  requires 
to  be  corrected;  and  the  correction  is  found  by  the  following 
process.     Put 

m   =   \/b€y 

a',  b\  w!  =  the  changes  of  m,  a,  6,  in  one  second, 

r  =  the  required  correction  of  the  assumed  time; 

then  at  the  time  of  beginning  or  ending  of  the  eclipse  we  must 
have 

a  '\'  a'r  z=m  -\'  m'r 
whence 

m  —  a 

To  find  a'  we  have,  by  diflferentiating  the  value  of  a  and  de- 
noting the  derivatives  by  accents, 

a'  =  A'  —  AiV  cos  f'  cos  *  (561) 

Vol.  L— 33 
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in  which  fi'  denotes  the  change  of  fi^  in  one  second,  and  is  the 
same  as  the  fx'  of  our  fonner  method  divided  by  3600. 

To  find  m'  we  have,  following  the  same  notation,  and  neglect- 
ing the  small  changes  of  E^  JP,  6r,  H^  i,  and/, 

B'=       \f=C' 

V  =      B'-^/i'G p  cos  ^' Bine 

d  =  —  C  +  ym  p  cos  f'  sin  * 

Since /is  small,  we  may  in  these  approximate  expressions  put 
G  =  Hy  and  hence 

V=  —  d=  B'—  ti'Gp  cos  ^  sin  *  (561*) 

Now,  from  the  formula  w?  =  bcj  we  derive 

2  mm'=cb'+  h(f=  (c  —  b)V 

which,  if  we  assume 

becomes 

m'=  —  b'cotQ 


and  therefore  r  is  found  by  the  formula 

wi  —  a 


a'  +  b'  cot  Q 


(568) 


The  Ephemeris  gives  also  the  values  of  A%  -B',  and  C,  whidi 
are  the  changes  of  J.,  B,  and  C  in  one  second.  These  changes 
being  very  small,  the  unit  adopted  in  expressing  ihem  is  .000001; 
so  that  the  above  value  of  r,  as  also  the  value  of /I'in  (561), 
must  be  multiplied  by  10^  The  formulae  (560-563)  then  agree 
with  those  given  in  the  explanation  appended  to  the  Ephemeris. 

It  is  easily  seen  that  Q  here  denotes  the  same  angle  as  in  the 
preceding  articles ;  for  we  have  at  the  instant  of  contact 

tan  Q  = = == 

m        b  —  c      y  —  1} 

Examples  of  the  application  of  this  method  are  ^ven  in  every 

volume  of  the  American  Ephemeris. 
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826.  Tlie  preceding  articles  embrace  all  that  is  important  in 
relation  to  the  prediction  of  solar  eclipses.  Since  absolute  rigor 
is  not  required  in  mere  predictions,  I  have  thus  far  said  nothing 
of  the  ettect  of  refraction,  which,  though  extremely  small,  must 
be  treated  of  before  we  proceed  to  the  application  of  observed 
eclipses,  where  the  greatest  possible  degree  of  precision  is  to  be 
Bought. 


CORRECTION   FOR  ATMOSPHERIC   REFRACTION   IN  ECLIPSES. 

827.  That  the  refraction  varies  for  bodies  at  different  distances 
from  the  earth  has  already  been  noticed  in  Art.  106 ;  but  the 
difference  is  so  small  that  it  is  disregarded  in  all  problems  in 
which  the  absolute  position  of  a  single  body  is  considered. 
Here,  however,  where  two  points  at  very  different  distances  from 
the  earth  are  obser\'ed  in  apparent  contact,  it  is  worth  while  to 
inquire  how  far  the  diftei-enee  in  question  may  afiect  our  results. 

Let  SMDA,  Fig.  44,  be  the  path 
of  the  my  of  light  from  the  sun's 
limb  to  the  observer  at  -4,  which 
tou<*hos  the  moon's  limb  at  M ;  SMB 
the  straight  line  which  coincides  with 
this  path  between  *S'and  J/,  but  when 
pro<luced  intersects  the  vertical  line 
of  the  observer  in  B.  It  is  evident 
that  tlio  observer  at  A  sees  an  ai>- 
parcnt  contact  of  the  limbs  at  the 
instant  when  an  observer  at  B  would 
see  a  true  contact  if  there  were  no 
refraction.  Ilcnce,  if  we  substitute 
the  |K»iiit  B  for  the  point  A  in  the 
formuhi  of  the  eclipse,  we  shall  fully  take  into  account  the  effect 
of  refraction. 

For  tlic  purpose  of  determining  the  position  of  the  point  B, 
whose  di-itancc  fi-om  -^-l  is  very  small,  it  will  suftiee  to  regjird  the 
earth  as  a  sphere  with  the  nidius  ft  -  -  CA.  It  is  one  of  the  pro- 
pcrtiis  of  the  path  of  a  ray  of  light  in  the  atmosphere  that  the 
pn)diiet  7/isiii  /  is  constant  (Art.  108),  q  denoting  the  normal  to 
any  intinitesiinal  stratum  of  the  atmosphere  at  the  point  in  which 
the  ray  interse<'ts  the  stratum,  //  the  in<le-X  of  refraction  of  that 
stratum,  and  i  the  angle  which  the  ray  makes  with  the  nonnal. 
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logC 

Correction  of  logs. 

of  ^.  17, ;. 

0.0 
9.9 
9.8 
9.7 
9.6 

0.0000000 
.0000001 
.0000002 
.0000005 
.0000008 

9.5 
9.4 
9.3 
9.2 
9.1 

0.0000014 
.0000023 
.0000035 
.0000054 
.0000081 

9.0 
8.9 
8.8 
8.7 
8.6 

8.5 

0.0000119 
.0000167 
.0000225 
.0000292 
.0000367 

0.0000446 

log( 

Corrcetion  of  logs, 
of  f,  »,  f. 

8.5 
8.4 
8.8 
8.2 
8.1 

0.0000446 
.0000525 
.0000602 
.0000672 
.0000734 

8.0 
7.9 
7.8 
7.7 
7.6 

0.0000788 
.0000835 
.0000875 
.0000909 
.0000937 

7.4 
7.2 
7J0 
6.5 
6.0 

0.0000978 
.0001006 
.0001023 
.0001044 
.0001051 

—  00 

0.0001054 

The  numbers  in  this  table  oorrefipond  to  that  fltate  of  the  at- 
moRphere  for  wliicli  the  refraction  table  (Table  II.)  is  computed; 
that  is,  for  the  case  in  which  the  factors  |9  and  y  of  tliat  table  are 
ea(*h  -  1.  For  any  ot)ier  case  the  tabular  logarithm  is  to  be 
varied  in  proportion  to  fi  and  y. 

It  is  evident  from  this  table  that  the  effect  of  refraction  will 
mostly  be  very  small,  for  so  long  as  the  zenith  distance  of  the 
moon  is  less  than  70°  we  have  log  ^>  9.53,  and  the  tabular 
corr(M*tion  less  than  .000001.  From  the  zenith  distance  70®  to 
00°  the  correction  increa.ses  rapidly,  and  should  not  be  neglected. 

CORRECTION    FOR   THE   HEIGHT   OF  THE   OBSERVER   ADOVE   THE 

LEVEL   OF   THE   SEA. 

32><.  If  s'  is  the  height  of  the  obser^•er  above  the  level  of  the 
sea,  it  is  only  necessary  to  put  p  +  s'  for/*  in  thegenend  formulie 
of  tlio  cdipsi';  and  this  will  be  accomplished  by  adding  to  log  J, 

log  jr,  and  log  ^  the  value  of  log  I  1  H — I,  %vhich  is  (J/ being 

the  modulus  of  common  logarithms) 


-"[;-'(?)'+H 


I3ut  .v'  is  always  so  small  in  comparison  with  p  that  we  may 
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approximate  value  of  a>,  and  will  be  sufficiently  precise  unless 
the  lon^tiide  in  very-  greatly  in  error. 

The  quantiticH  /  and  i  change  so  slowly  that  their  values 
taken  for  the  approximate  time  t  +  (o  will  not  differ  sensibly 
from  the  true  ones.  For  the  same  reason,  the  quantities  a  and  d 
taken  for  this  time  will  be  sufficiently  precise:  so  that,  the  latitude 
being  given,  the  co-ordinates  f ,  jy,  {^  of  the  place  of  ob8er\'ation 
may  be  correctly  found  by  tlie  formulee  (483).  Since,  then,  at 
the  instant  of  contact  the  equation  (490)  or  (491)  must  be  exactly 
satisfied,  we  have,  putting  L=l  —  iZ^ 


i  sin  <2  =  ar,  —  ?  +  x'r 
i  cos  Q  =  y,  —  1?  +  yr 


}    (567) 


in  which  r  is  the  only  unknown  quantity.    Let  the  auxiliaries 
m,  J/,  n,  N  be  determined  by  the  equations 


m  sin  M=  x^  —  (  n  sin  JV=r  jr' 

mcosJtf'=y^ — ly  nco8JV=y' 


}    (508) 


then,  from  tlie  equations 

Z  sin  Q  =  m  sin  M  +  nfAn  N  .r 
L  cos  Q  =  m  cos  Jf  -}-  n  cos  N .  t 

by  putting  ^^  =  ^  —  JV,  we  obtain 

m  sin  {M  —  W) 

_  X cos 4       mco8(3f  —  iT) 
n  n 

m  sin  {M  —  JV  -—  4) 
^  sin  4 


(509) 


where  the  second  form  for  r  will  be  the  more  convenient  except 

when  Aw  ^  is  very  small.     As  in  the  similar  fonnula*  (•'>o3),  the 

aii;rh^  ^  must  be  so  taken  that  I4  cos  1^  shall  be  negative  for 

first  cniitaets  and  iK)sitive  for  last  contacts,  remembering  that  in 

the  case  of  total  eclipse  h  is  a  negative  quantity. 

Having  found  r,  the  longitude  becomes  known  by  (560),  which 

gives 

•  =  r.  —  e  +  r  (570) 
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Computing  f '  and  yf  by  the  formula  (551),  op,  in  this  case,  by 
^'  =z ii'p  cfM  f^ CQ%(ji  —  a)  V=^  a'?  sin  d 

and  putting 

n'  sin  ir=  3f—  f  n'cos  N'=  \/—  V 

the  above  expression  becomes 

Hence,  when  h  is  positive,  that  is,  for  exterior  contacts  and 
interior  contacts  in  annular  eclipse,  ^  must  be  so  taken  that 
cos  (N —N'  +  '^)  shall  be  negative  for  first  and  positive  for  last 
contact.  That  is,  for  first  contact  '4'  rmist  be  taken  between 
N'—N  +  90°  and  N'—N+  270° ;  and  for  last  contact  beUceen 
A'  —  JV  +  90°  anrf  iV'  —  JV  —  90°.  For  total  eclipse,  invert  these 
conditionfl. 

In  Art.  322,  we  have  JV=iV',  and  hence  the  rule  given  for 
the  case  there  considered  is  always  correct 

331.   To  investigate  the  correction  of  the  longitude  found  from  an 
observed  solar  eclipse j  for  errors  in  the  elements  of  the  computation. 
Let 

Ajr,  Ay,  aL  =  the  corrections  of  or,  y,  and  Lj  respectively, 

for  errors  of  the  Ephemeris, 
Ac,  Aiy  :  -  the  corrections  of  ^  and  iy  for  errors  in  p  and  f', 
Ar  -_  :  the  resulting  correction  of  t. 

The  ri'latioii  between  those  corrections,  Hupposing  them  very 
ftniall,  will  1)0  obtained  by  diftorontiating  the  valuoK  of // sin  Q 
and  I  J  cos  Q  of  the  preceding  article,  by  which  we  obtain 

a/>  sin  Q  +  L  c()h(?a(?  —  ax  —  Ac  +  -^a* 
A L  cos  Q  —  A  sin  Q  aQ  =  Ay  —  aij  +  y'  at 

wlioro  Ar  and  a^,  being  taken  to  denote  the  commotions  of 
J'  r„  r'r  antl  //  -  //,,+  ^r,  inolude  the  corrections  of  r'  and  y'. 
Siihstituting  in  those  equations  n  sin  N  for  x'  and  n  cos  N  for 
//',  and  oliniinating  A(i>,  we  find 

A  A       Ta./-  —  AC)  sin  Q  \-  (^y  —  Aig)  cosQ  +  n  cos(Q  —  X).^t 

and  substituting  for  Q  its  value  X-\-  ^J/, 

Ar     -  —  (  A.r  -    Ac;  —  (Ay  —  Aij) ^  + 


n  cos  4  cos  4  n  cos  4 


which  formi 
the  axis  of 
gives  the  val 
earth  at  this 
tics  7\  and  X 
in  their  sini] 
ration  t  +  w 

X  Bin  if. 


and  if  An,  e 
account  of  ei 

&x  sin  ^ 
—  ArcosA 

These  exprci 
Ay  to  functii 
constant  qua 
Wo  procc 
and  Aij.  Til 
upon  the  c-or 
for  tlie  latit 
since  it  is  ea 
calculation  i 
on  the  sun's 
Kjihenterirt; 
we  have  (Ar 

1 
whence,  by  < 


or,  putting 


where  we  ha 
IB  either  one 
according  as 
take  A  =  3€Q 

333.  The  I 
to  an  cx|)re8e 
all  congtantB 
the  same  val 
the  obsen-ati 
ation  ia  iicc< 
tion  between 
so  that  we  m 
tudea,  hut  ah 

Since  a  7",, 
determine  th 
thia  time  we 


The  gei>en 

where 

X=  co»i  sin 

From  these  t 


whence 

A/  .ID  .V  +  4, 


—  ir  col  .V  +  &i 

and  tor  the  ti 
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whence,  by  elimiaating  AiV,* 

:^  = ^^  (680) 

f^  tan  7c 

Since  A(a  —  a),  a(^  —  rf),  Ar  will  in  practice  be  expressed  in 
seconds  of  arc,  we  should  substitute  for  them  a  (a  — -  «)  sin  1", 
A(d  —  (I)  sin  1'',  AT  sin  V  in  the  above  expressions ;  but  if  we  at 
the  same  time  put  r  sin  1^'  for  sin  it  and  tan  tTj  the  factor  sin  1'' 
will  disappear. 

To  develop  aL,  we  may  neglect  the  error  of  the  small  term  t f 
and  assume  aZ^  =  aZ.     We   have    from   (486)  and  (488),  by 

neglecting  the  small  term  k  sin  tt^  and  putting  ^  =  1,  z  =  -: j 

the  following  approximate  expression  for  /; 

rsinir 
which  gives 

Ai  =  Al  =  4^±A*-^.^  (681) 

Substituting  the  values  of  aT^,  ax,  ati,  and  a{  given  by  (579), 
(580),  and  (581),  in  (577),  and  putting 

the  formula  becomes,  finally, 

^u  —  —v[      sin  iV COS  dLA(a  —  a)  -f-  cot  iV.A(iJ  —  d)'\ 

-f  V  [  -  COB  ^Vcot  d.A(a  ~  a)  +  tin  iV.A(d  —  d)"]  tan  4 


-f  il      >  :!:  fr  AAr  I  f  eo  4 

-f  vL  (r  -f.  w  —  Ti)  —  11U114 ;-te«4|Air 


4-  I 


[1    33r     /.    I               mx            .         .          r            .1        5  COi  rf  COS  (*V  4-  4)1       . 
133  [«(/  +  «— r,)  — »tan4  — ^•ec4]  — ^- ^  — —^  I  irA#i 
001 4  J 

(582) 


where  the  negative  sign  of  taA-  is  to  be  used  for  interior  contacts. 
It  is  easily  seen  that  taA  represents  very  nearly  the  correction 


*  The  nnirlo  .Vis  independent  of  errors  la  w,  tinct  Un  JVsss  •?:  to  thai  wt mlglU 

hATc  taken  A.V  ^0. 
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whore  the  uumcrala  may  bo  assumed  to  express  the  order  in 
which  the  contacts  are  obsen^ed ;  [1]  and  [4]  behig  exterior,  and 
[2]  and  [3]  interior.  In  a  partial  eclipse  we  should  hi^-e  but  the 
l8t  and  4th  of  these  equations. 

Since  exterior  contacts  cannot  (in  most  cases)  be  observed  ivith 
as  much  precision  as  interior  ones,  let  us  assign  different  weights 
to  the  obt^ervations,  and  denote  them  hy  p^^p^p^p^y  respectively. 
Combining  the  four  equations  according  to  the  method  of  least 
8((uares,  we  fonu  the  two  normal  equations 

[p  ]fl~  [pa  ]*-[;>•  ]=0 
Ipa"]  Q  —  [part]  *  —  Ipam]  =  0 

where  the  rectangular  brackets  are  used  as  symbols  of  summa- 
tion.   From  these,  by  eliminating  J?,  and  putting 

we  find 

Pa+  Q  =  0  (585) 

from  wliich  the  value  of  &  would  bo  determined  with  the  weight 
P.  But  the  computation  of  Q  under  this  form  is  inconvenient. 
By  developing  the  quantities  P  and  Q,  observing  that  [i>aa]  = 

p  =-.  z*!/*.'^^!  -  «i''4-;>i  Pt  (fl|  —  <»i)*  -f  Pi  P4  («!  —  fl,)' 

Pi  4-  Pi  4  P%  -r  Pi 

4-  €} '*» ^."iZLH*^-'  ^>  P* ^"^  ~  ••^' ■*■  ^«  f «iftJZ_?iI* 

Pi  -r  Pt  4  P9  4  Pa 

Q  -Pi  P^^"i  -  "iU^i  —  ^t) -^  Pi  Pt  ("i  —  U)  (^—  ^)  -f  Pt  Pa  (<»i  ^ "a^  (<■»!  —  *^a) 

Pi  -rPt-iPt  -f  >« 

_..  r^Ps  M,  •  ^>H<^,  ~-»,)4-/>,/>4  ^^,  —  fli)  (s  -  ^a)  -f  PtPi  (<>§  -  ^4^  ("^  -  "4) 

^  Pi-\  Pt  -1  */*•  4  iP4 

Tlii'so  tonus  hIiow  that  if  we  subtract  each  of  the  equations  [1], 
[-]•  ['^]  *»'<*"i  ^*i^*''*  ^>f  th<we  that  follow  it  in  the  group,  whereby 
we  obtain  the  nix  equations 

(a,  —  a,)  *  +  i,^  —  •,  =  0 
(",  —  a.)  *  +  «,  —  «,  =  0 

(^,  —  fl*)  *  +  %  —  •4  =  0 
(a,  —  a, )  J>  +  «,  —  4»,  =  0 

(a.  —  aj  *  +  «,  —  np^  =  0 
(«•  -  «4)  *  +  «.  -  -4  =  0 

V.,i..  I.-.14 
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that  is,  it  18  simply  the  snm  of  all  the  individaal  equations  in  d 
formed  for  the  places  severally. 

The  same  reasoning  is  applicable  to  any  of  the  terms  which 
follow  the  term  in  i?  in  (584) ;  so  that  if  we  suppose  all  the  terms 
to  be  retained,  this  process  gives  an  equation  in  d^  for  each  place, 
in  which  besides  the  term  P9  there  will  be  terms  in  aA-,  a//",  &c., 
and  from  all  the  equations,  by  addition,  a  final  normal  equation 
(ntill  called  the  equation  in  d)  as  before.  In  the  same  manner, 
final  normal  equations  in  aA:,  a^T,  kc.  will  be  formed.  Thus  we 
shall  obtain  five  normal  equations  involving  the  five  unknown 
quantities  i9,  aA',  a//,  Ar,  a^^,  which  are  then  determined  by 
solving  the  equations  in  the  usual  manner.  But,  unless  the 
eclipse  has  been  observed  at  places  widely  distant  in  longitude, 
it  will  not  be  ))os8ible  to  determine  satisfactorily  the  value  of 
AT,  much  less  that  of  ^ee.  It  will  be  advisable  to  retain  these 
tenns  in  our  equations,  however,  in  order  to  show  what  effect  an 
error  in  r  or  ee  may  produce  upon  the  resulting  longitudes. 

When  «?,  &c.  have  been  found,  we  find  i?,  i?',  tc.  from  the 
equations  [1],  [2]  . . . .  [5],  [6]  . . . .  The  final  value  of  Q  will  be 
the  mean  of  its  values  [1  —  4]  taken  with  regard  to  the  weights ; 
an<I  HO  of  Q'^  &c.  Uence  we  shall  know  the  several  diffcraices 
of  longitude 


w 


'  —  «"  =  fl  —  C,  •'  —  •'"  =  fl  —  fl",  Ac. 


If  one  of  the  longitudes,  as  for  instance  a>',  is  previously 
kn(»wn,  we  have 

and  hence  all  the  longitudes  become  known. 

Finally,  from  the  values  of  ^  and  <9  the  corrections  of  the 
Ki>li('iiiiTiH  in  right  ascension  and  declination  are  obtained  by 
tliu  t'onuuUfc 

coH  dA(a  —  fl)  =  sin  JV.  ^  —  cos  JV .  ^  )     (hM\ 

AC')  —  J)  =  cos^V. r  +  sin  X.^  )     ^      ^ 

tlil't.  AVlicn  only  two  places  of  observation  are  considered,  one 
of  wlii«h  is  known,  it  will  be  sufficiently  accurate  to  deduce  y 
and  />  tVoiii  the  ()hsi»r\*ations  at  the  known  place  (disregarding 
tlh*  otlirr  cornvtions),  and  to  employ  their  values  in  finding  the 
l<Mi;ritu<lc  i)f  the  other  place. 
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and  y^  for  the  time  t  +  oi.    Compute  the  aoxiliarieB  m,  If,  &c. 
by  the  formulfle* 

m%iii  M  =  x^  —  (  nfin  N=zxf 

mco8-Sf=y^  — 17  n  coBN^if' 

Bm  4  = ^-- ^ 

where  '4'  is  (in  general)  to  be  so  taken  that  L  eos  1^  shall  be 

negative  for  a  firHt  and  positive  for  a  Uist  contact  (but  in  certain 

exceptional  cases  of  rare  occurrence  see  Art  830). 

Then 

hL  cos  ^       Amcos(3f —  N) 

n  n 

or,  when  sin  t//  is  not  very  small, 

__Am  sin(Jf-- JV— 4) 
^  sin  4 

If  tlie  local  mean  time  /  was  observed,  take  A  ==  8600  in  these 
formuhe,  and  then  the  (uncorrected)  longitude  is  found  by  the 
equation 

If  the  local  sidereal  time  ft  was  observed,  take  A  =  8609.856, 
in  the  preceding  fomiulfc ;  then,  /^  being  the  sidereal  time  at  the 
iirnt  meridian  corresponding  to  7^  we  have 

^  =  f^  —  f^  +  T 

The  lon^tudcH  thus  found  will  be  the  true  ones  only  when 
all  tlic  elcniciitH  of  the  computation  are  correct 

IV.  To  form  the  equations  of  condition  for  the  correction  of 
t1icsi>  loiiiritudcs,  when  the  eclipse  has  beicn  observed  at  a  suffi- 
v'wut  iininlKT  of  places,  compute  the  time  T^  of  nearest  approach, 
and  the  ininiiiiuni  <listance  x,  by  the  formuhe 

r,  -  7;~l(j-,sin.V+y.cos.V) 

»  ■■-  —  j\ Cos  y  -f  y^  sin  y 


*  T!h*  vftliu'*  of  .V  nnil  log:  »  beinjf  nearlj  eoDiitanI,  it  will  be  expedient,  where 
III  iiiy  oh<'«rviitioii<«  are  to  l>c  reiliicetl,  to  compute  them  for  the  seTeral  iotegnl  hours 
til  tlio  tir«t  ineriilifiD,  and  to  deduce  Uieir  Taluet  for  an/  giren  time  hy  timplt 

iiiti'r|tulatiun. 
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For  these  places  we  have  given — 

Lat.  f 
Washington,    +  88<*  58'  80".25 
Konigsbcrg,      -f  ^    ^^  ^^  -^ 


Long,  u 
+  6»    8-  11'.2 
—  1  22      0.4 


The  longitudes  are  reckoned  from  Greenwich.  That  of 
Eonigsberg  will  be  assumed  as  correct,  while  that  of  Washington 
will  be  reganled  as  an  approximate  value  which  it  is  proposed 
to  correct  by  these  observations. 

I.  The  mean  Greenwich  time  of  conjunction  of  the  sun  and 
moon  in  right  ascension  being,  July  28,  2*  21"  2'.6,  the  general 
eclipse  tables  will  be  constructed  for  the  Greenwich  hours  0*,  1*, 
2*,  8*,  4*,  and  5*  of  July  28.  For  these  times  we  find  the  follow- 
ing  quantities  from  the  Nautical  Almanac : 

For  the  Moon.* 


Oreenwicb  mMW 
tint*. 

a 

i 

IT 

•  July  28,  0» 

125'»40'  6".75 

+  20"   8'80".00 

eO*  27".30 

1 

126   19    9  .41 

19  58    9.S6 

28  .41 

2 

126  58  10  .80 

19  62  89  .99 

29  .49 

8 

127  87  10  .82 

19  47    1  .92 

80  .54 

4 

128   16    9  .87 

19  41  15  .21 

81  .56 

5 

128   55    6  .36 

19   85  19  .89 

82  .56 

For  the  Sun. 


Greenwich  mean 
time. 

a' 

& 

logf' 

July  2H,  0* 

127?   6*   5".25 

+ 19«»  5'  24".70 

0.006578 

1 

8  82  .63 

4  50  .28 

76 

•> 

10  59  .99 

4  15  .74 

74 

3 

13  27  .34 

8  41  .21 

72 

4 

15  54  .67 

8    6  .64 

70 

5 

18  21  .99 

2  32  .05 

67 

*  The  iiiooirn  a  and  <)  in  the  Xaut.  Aim.  are  direellj  computed  onlj  for  everj  Booa 
and  midnight  and  interpolated  for  each  hour.  I  hare  not  uaed  thtte  interpolated 
▼alueii,  luit  have  interpolated  anew  to  fifth  differences.  The  niooo*!  parallax  hat 
been  iliiiiini^htHl  hy  (/'.3  aceordlog  to  Mr.  Adami'i  Table  in  the  Appendix  to  th« 

j\*fju/.  Aim.  fur  Iti-iO. 
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A* 
ft  (in  are) 

For  I  +  «,    a 

"  1/ 

;«— a 

log  sin  (fi  —  a) 

log  oot  (;« —  a) 

logf 

log  A  lin  B 

log  .4  eos  B 

B 

B—d 

\o%A 

log  tin  (B  —  d) 

log  coi(/?  —  d) 

log  9 


Ut  Est.  Coat. 


8*  88«  10».8 
2   16    10.4 
12     0    46.44 
\W  11'  86".6 
127    11  40.1 
19     8  50  .8 
52    69  56  .5 
9.902848 
9.779478 
9.664082 
+  0.462862 

0.909898 

9.542112 

66»  47'  82".2 

47    48  82  .4 

9.946544 

9.869192 

9.827809 

9.815786 

+  0.654289 


lit  iBt  OoBt. 


For  t  -f  (J, 


«( 


•« 


log :  9.774858 

log  i  7.608248 

/  '  -f  0.633956 

i:  -f  0.(M>1!739 

L  i  -f  0.531217 


4»  88"  57».6 
8   16    57.2 
18     1    48.22 
1950  25'  48".8 
127    14    4.2 
19     8  25  .6 
68    11  44.1 
9.96n62 
9.569889 
9.780401 
+  0.587528 

9  0AQftQA 

9.882528 
75*  10'  40^.4 
66^    7  14  .8 

9.924595 

9.919191 

9.746201 

0.848786 

+  0.697888 

9.670796 
7.661187 

—  0.011940 
-if  0.002148 

—  0.014088 


SdlntOML 


4*  41«  54».2 
8  19  58.8 
18  4  40.81 
196*10'  4*.7 
127  14  11  .2 
19  8  28  .9 
68  55  58.5 
9.969952 
9.555679 
9.782591 
+  0.540244 

9.909898 

9.818818 

75*  88'  5^9 

56  84  42  .0 

9.928698 

9.921499 

9.740991 

9.845192 

+  0.700162 

9.664684 
7.661 187 

—  0.011944 
4-0.002117 

—  0.014061 


Sd  Kst.  Ooot 


5»  88"  82*.0 
4  16  82.5 
14  1  28.81 
210»22'  4''.7 
127  16  25  .6 
19  2  52  .0 
88  5  89.1 
9.996888 
9.080040 
9.759477 
+  0.674748 

9.909898 

8.842679 

85*  6'14".8 

66  3  22.8 

9.911486 

9.960919 

9.608355 

9.872406 

+  0.745427 

9.519841 

7.60.3252 

-f  0.53,3772 

-r  0.001524 

4-  0.582248 


III.  The  epoch  of  the  table  of  z'  and  y'  being  7i=  2*,  we  have 

for  thiti  time 


x^^  -.0.199775 


y.=  + 0.802185 


with  whirh  wo  proceed  to  find  the  values  of  at. 


t 


,  .  —  o.r»t;2i37 

V     -r  0.147'.»I«» 


m  pin  .V       Xy 

r/i  co<  M       .»/„ 

log  m  «in  .IT         nO.H'.NKMA 
log  wctiH.V  1M701O7 


—  0.7373a3 

-t  0.104207 

mO.  867646 

9.018272 


.V    28J<»  3.V  42 ".8     278«    8'    5".4 


For  t   .- 


i-f. 


log  m 

y 

'*       ••  l«»g  n 

M       \ 
log  •iin  .  .V  —  -V  I 


9.H31527 

i».7»M»r.m 


I 


9.871949 
98»  22'    5M 
9.7*50206 


-0.740019  ;  —0.774528 

4-  0.1<n.>033  I   -r  0.(K><i758 

fi9.8«i9242  I      fiO.H89085 

9.008741  j        8.754027 

277*51'    r.5  274«  ll'28-.8 

9.873.^31  ;        9.890198 

ggO  -22'    g'.o  ;     ogo  28'    7^8 


9.760'J06 


I 


9.7«I0200 


IHP  14'  40".7  179*  41'  0".3  179*  2H'  53".3  175*  48'  21".© 
n8.H09321  |    7.742368  |    7.956648  |    8.864186 
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vfi(/4-«— r,) 

—  nv  tan  ^ 

—  Xv  860  4 

log 

logJ/J/3 

log  let  iNu^  of/* 

A- 4-4 

log  cos  {y  4-  4) 

log  (—  v^  COS  </  sec  4) 

log  2a  part  of  F 
1st  part  of  F 
2d    "     «•  /• 

F 


Ut  Kit  Coot. 

llllBtOOBt. 

SdlBtOOBt 

MBxt.Oottt. 

—  0.2789 

—  0.1261 
4-  0.9192 

4-0.7295 
4-0.4028 
4-0.0264 

4-  0.7796 

—  0.7228 

—  0.0276 

4-  1.7166 

—  0.1414 

—  0.9222 

4-0.6202 
9.7162 
9.6246 

4-  1.1672 
0.0684 

4-0.0296 
8.4718 

4-  0.6519 
9.8142 

9.2408 
2880  4e'.2 
9.8766 
0.1264 

9.6880 

810  2r.8 

9.1766 
fiO.1489 

7.9969 

807*  4.9 

9.7808 

0.1816 

9.8888 

1040  28'.8 

SI9.8978 

11O.I27O 

9.6080 
4-  0.1741 
+  0.8184 

fi9.8206 
4-  0.8878 
—  0.2092 

9.9619 
4-0.0099 
4-  0.9160 

9.6248 
4-  0.2182 
4-0.8349 

4-0.4926 

4-  0.1781 

4-0.9269 

4-0.6681 

Putting  ia'  +  py  =  Q^  we  have,  therefore,  for  the  four  Eonigs- 
bcrg  obder\'atiou8,  the  equations 


p 

1  0- 

(A)  2'  0  = 

2  0  = 

il  u^ 


—  1*  22- 46'.84- 0.168^-1.780  IT  A*  — 1.780^'/4. 0.062  Air  4- 0.493  »rA« 

—  1  22  46.6—0.626  —1.801    4- 1.801    4-O.668   4-0.178 

—  1  22  46.14-0.944  4-1.964    —1.964   4-0.669   4-0.926 
-1  22  40.44-0.186  4-1.788    4-1.788   4-1.128   4-O.668 


where  we  have  annexed  a  column  for  the  weight  p^  giving 
interior  contactH  double  weight. 

A  siuiilar  computation  for  the  two  observations  at  WaHhington 
gives  the  foUowing  equations,  in  which  O*  ^^  w^' +  yj'y  w"  de- 
noting the  true  longitude  of  Washington : 


p 


^n 


1 1  li'   -  5*  7-  JO-.O  4  1.660  d  —  2.892irA*  —  2.892  "  -  —  2.681  An-  4-  0.722  irA« 
1    12'  _  5  7    21 .9  -  2.406     4-  2.969        4-  2.959        4-  0.609       —  1.328 

>fore  ())Hor\*ation8  would  be  necessary  in  order  to  determine 
ull  tlie  correeticmH ;  but  I  shall  retain  all  the  terms  in  onler  to 
ilhistrate  tlie  general  method.  Subtracting  each  of  the  Konigs- 
ber^  equations  from  each  of  those  which  follow  it,  we  obtain  the 

six  equations, 
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the  mean  of  which,  giving  the  second  and  third  double  weight,  is 

(A")  fl  =  — 1»  22-  45'.86  +  0.674  Air  +  0.439  jrAe<5 

The  equations  (B)  become 

C=  5*  7-  26*.99  —  1.814  ajc  —  0.116  xaw 
^=6  7    27.08  —  1.814       —0.101 

the  mean  of  which  is 

(B")  iy=  5»  7-  27*.01  —  1.814  Ax  —  0.109  rAfe 

Now,  if  we  assume  the  longitude  of  Eonigsberg  to  be  well 
determined,  we  have 

Q  =  •'+  y^  =  —  1*  22*  0-.4  +  vr 

which,  with  the  equation  (A"),  gives 

vr  =  —  45«.46  +  0.674  A«  +  0.489  ic^ee 

Hence,  by  (B  "),  the  true  longitude  of  Washington  is 

«"=  ir—  vr  =  5*  8-  12*.47  —  1.988  Air  —  0.548  x^ee 

If  the  longitude  of  Washington  were  also  previously  well  estab- 

IimIiciI,  this  hi8t  equation  would  give  us  a  condition  for  deter- 

nnnin<r  the  correction  of  the  moon's  parallax.   Thus,  if  we  ailopt 

cu"—  ;>*  8*  r2*.34,  which  results  from  the   U.S.  Coast  Sur\-ey 

C'hrunoinetric  Expeditions  of  1849,  *50,  *51,  and  '55,  this  equation 

gives 

0  =  +  0.13  —  1.988  Air  —  0.548  irAW 
whence 

AJT  =  +  0".07  —  0.276  Kikee 

The  ]>roha1»le  value  of  Arr,  according  to  Bessel,  is  within 
r*r  O.OiMn,  so  that  the  last  term  cannot  here  exceed  O'MO.  If, 
tluTi'fon*,  the  above  obserN'ations  are  reliable  and  the  supposed 
loniritiHli's  exact,  the  ])robable  correction  of  the  parallax  indi- 
eate<I  searrely  exeee<ls  0".l,  a  quantity  too  small  to  be  established 
by  so  sniall  a  number  of  observations.  Nevertheless,  the  example 
prnvc^i  both  that  the  adopted  parallax  is  very  nearly  perfect,  and 
tliat  a  larire  number  of  obsen'ations  at  various  well  detennined 
]»lav(*^  ill  the  two  hemispheres  may  furnish  a  good  determination 
of  the  eorreetion  which  it  yet  requires. 
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App.  somid.  of  shadow  =  —  (x  —  «'+  O  (^7) 

ou 

In  order  that  a  lunar  eclipse  may  happen,  we  must  have, 
therefore,  instead  of  (477), 

/?C08J'<|l(^-«'+irO  +  «  (688) 

or,  taking  a  mean  value  of  1\  as  in  Art  287, 

fi<[^  (^  -«'+  «0  +«] X  1.00472 
Employing  mean  values  in  the  small  fhu^tional  part,  we  have 

[-(ir-^^+O  +  'lx  .00472  =  16" 

and  the  condition  becomes 

fi<^(^-iir+^)  +  s  +  ir  (589) 

If  in  this  we  substitute  the  greatest  values  of  ;r,  ^,  and  «,  and 
the  least  value  of  3\  the  limit 

i9<68'58" 

is  the  greatest  limit  of  the  moon's  latitude  at  the  time  of  opposi- 
tion for  which  an  eclipse  can  occur. 

If  we  Hubstitute  the  least  values  of  ;r,  tt',  and  9,  and  the  greatest 
value  of  s'j  the  limit 

is  the  least  limit  for  which  an  eclipse  can  fail  to  occur. 

Ilenro,  a  lunar  eclipse  is  certain  if  at  full  moon  ^?  <  52' 4", 
i7/iyx),'?,</W«'  if  ^?  >  63'  53",  and  doubtful  between  these  limits.  The 
doubtful  cases  can  be  examined  by  (589),  or  still  more  exactly 
by  (/)XX),  employing  the  actual  values  of  r,  ff',  «,  «',  at  the  time, 
and  coinputin;;  /'  by  (475). 

These  limits  are  for  the  total  shadow.    For  the  penumbra  we 

have 

51 

App.  scmid.  of  penumbra  =  -  -(»  +  «'+*')  (690) 

ou 


LrNAR   ECLIPSES.  545 

tr,  =  [9.99929]  IT  (592) 

where  the  factor  in  brackets  is  given  by  its  logarithm. 

Hence  the  first  and  last  contacts  of  the  moon  with  the  pe- 
numbra occur  when  we  have 

i  =  |J('r,  +  ^+0  +  «  (593) 

For  the  first  and  last  contacts  with  the  total  shadow, 

i  =  |J(^i-^+0  +  «  (594) 

For  the  first  and  second  internal  contacts  >vith  the  penumbra, 

i=-^J-(^,  +  ^+0-«  (595) 

For  the  first  and  second  internal  contacts  with  the  total  shadow, 
or  the  beginning  and  end  of  total  eclipse, 

i  =  |l(r,-^+0-«  (590) 

The  solution  of  our  problem  consists  in  finding  the  time  at 
which  the*  o(juations  (591)  are  satisfied  when  the  proper  value  of 
L  is  8nhstitute<l  in  them.  A  very  precise  computation  would, 
however,  be  superfluous,  as  the  contacts  cannot  be  observed  with 
aceuracv,  on  account  of  the  indefinite  character  of  the  outline 
both  of  tlic  penumbra  and  of  the  total  shadow.  It  will  be  sufli- 
ciiMit  to  write  for  (591)  the  following  approximate  formulte,  easily 
<lcduced  iVuni  them: 

7/  sin  Q  =  fa  —  a')  cos  a  \ 

^  ^  sin  1"  ' 

Let  us  put 

_  sin  2  !i  sin'  \  (a  —  a') 
'  ~  sin  1" 

T      -  Ta  —  a' )  COS  d  )     (598) 

y,  i/  -  the  hourly  increase  of  x  and  y  , 

then,  if  tlie  values  of  x  and  y  are  computed  for  several  successive 

VuL.  i.-:j3 
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we  ovidentlj  have 


D  = 


2s 


(603) 


in  which  the  value  of  L  for  total  shadow  from  (594)  is  to  be 
employed. 

The  small  correction  t  in  (598)  may  usually  be  omitted,  but 
its  value  may  be  takcji  at  once  from  the  following  table : 

Value  of  f . 


•—tf 

i 

0" 

1000" 

2000" 

aaw 

«XNr 

6000* 

6000" 

0" 

0" 

0" 

0" 

0" 

0" 

0" 

0" 

5 

0 

0 

1 

2 

8 

5 

8 

10 

0 

0 

2 

4 

7 

10 

15 

15 

0 

1 

2 

6 

10 

15 

22 

20 

0 

1 

8 

7 

18 

19 

28 

25 

0 

1 

4 

8 

15 

23 

88 

30 

0 

1 

4 

9 

17 

20 

88 

The  quantity  c  has  the  same  sign  as  9^  and  is  to  be  subtracted 
algebraically  from  d  +  d'. 

Example. — Compute  the  lunar  eclipse  of  April  19,  1856.  The 
Greenwich  mean  time  of  full  moon  is  April  19,  21*  5*.5.  We 
therefore  compute  the  co-ordinates  x  and  y  for  th6  Greenwich 
timcH  April  li\  18*,  21*,  24*. 

lft»  21*  24* 


DR.  A.               =a  13M6-86'.62 

O  R.  A.  +  180^  ^  a' '  13  62   52  .98 

a —a'  —     6    16.36 

a-    a'Hn  arc)  !  —  5645" 

D  Decl.   r.,)  — ll*>2r   a".2 


o 


(< 


r .  ^  +11    35  49  .4 


13. 
542" 


lojf  (a  —  a')  '  n3.75166 

l(Hf  cos  A       9.99127 

logx;  113.74293 


13*62-   9-.81 
13  63    20.93 

—  1    11.12 

—  1067" 

-12«   6'43".7 
+11   88' 22  .8 

0. 
-         1701" 

II3.02K16 

9.99022 

n3.01838 


13*67-45M2 
13  63  4fiM 
+  3  56.24 
+     3544" 

-12^46'  5".5 
+11  40  66  .6 
+  6. 

-        8908" 

8.54949 
9.98918 
8.58862 
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m  sin  (Jf  —  iVO=  J  =  1987'' 

X  =  8256 

i  —  J  =  1269 

28  =  1782 


1269 
D  =  ir^  =  0.71 
1782 


For  the  position  of  the  points  of  contact  with  the  shadow,  we 
have,  from  the  above  value  of  log  sin  if/  for  shadow^  taking  cos  i// 
as  negative  for  first  and  positive  for  second  contact. 


lit  ContMl. 

SdCMlMt 

N 
180»+iV+4 

1420  24' 

116   19 
78  48 

87«'8e' 
116   19 
833   55 

and  hence 

Ist  contact  is  79®  from  north  point  of  limb  towards  the  east, 
2d  26**    "        «         «  "  «  west. 


The  times  of  the  several  contacts  for  any  meridian  are  obtained 
from  the  times  above  found  by  subtracting  the  west  longitude  of 
that  meridian. 

OCCULTATIONS  OF  FIXED  STARS. 

840.  The  ocoultation  of  a  fixed  star  by  the  moon  may  be 
troatiMl  OA  a  Hiiiiple  case  of  a  solar  eclipse,  in  which  the  sun  is 
rein<)Vi>d  to  ho  jrriuit  a  dixtancc  that  its  parallax  and  scmidiameter 
may  bo  i>ut  e(jual  to  zero.  The  cone  of  shadow  then  becomes 
a  cyrmder,  and  (he  point  Z  of  Art.  289  is  nothing  more  than 
the*  position  of  the  Htar,  so  that  the  co-ordinates  of  the  moon  at 
any  time  art*  found  by  tlie  formuhi*  (482)  by  regarding  a  and  d 
as  tho  riirht  asccnHion  and  declination  of  the  star.  In  like 
maniuT  thi»  ro-ordinatort  of  the  place  of  observation  will  be  found 
by  (4H:5).  T1h»  radian  of  the  8ha<lo%v  is  constant  and  equal  to  Ar, 
wliicli  is,  thoreforts  to  bo  substituted  for  L  —  I  —  i^  in  (4JM))  and 
(4!n).  Tho  oo-ordinatort  z  and  ^  will  not  be  required  unless  we 
onii'i|)uto  tho  lattor  for  the  purpose  of  taking  into  account  the 
oiK'rt  of  rotVaoticHi  aooonling  to  Art.  327. 

For  tho  coiivonionoo  of  the  computer  I  shall  here  recapitulate 
tho  t'onnuho  ro(|uirod  in  the  practical  applications,  making  the 
inodifioations  just  indicated. 
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m  sin  -W  =  jr,  —  ^  n  sin  X  =  jf 

m  cos  M  =  y^  — 17  n  cos  W  =  y* 

sin  4  = ^^- ^  log  ..  =  9.435000* 

where  -vj/  is  (in  general)  to  be  so  taken  that  cos  '4^  shall  be  nega- 
tive for  immersion  and  positive  for  emersion  (but  in  certain 
exceptional  cases  of  rare  occurrence,  and  of  but  little  use  in 
finding  the  longitude,  see  Art.  830).     Theu 

^Acos 4       hm  cos  (AT  —  X) 

n  n 

or,  when  sin  i//  is  not  very  small, 

hm   sin  (^f  —  X  —  4) 
n  8m4 

If  the  local  mean  time  t  was  observed,  take  h  =  8600  in  these 
formuhe,  and  then  the  longitude  will  be  found  by 

But  if  the  local  sidereal  time  /i  was  observed,  take  A  =  8609.856 
in  the  preceding  formulte ;  then,  fi^  being  the  sidereal  time  at  the 
first  meridian  corresponding  to  Ti, 

Tlie  longitude  thus  found  will  be  affected  by  the  errors  of  the 

Ephcnicris. 

IV.  To  form  tlie  equations  of  condition  for  correcting  the 
longitude  for  errors  of  the  Ephemeris  wlien  the  occultation  has 
been  observed  at  more  than  one  place,  compute  the  auxiliaries 

T,  =  7;  -  -1  (X,  sin  X+y.  cos  .V) 

X  =■-  —  J*,  cos  X  +  y^  sin  X 
h 

tlio  HiiTiie  vahn*  of  h  being  used  as  before. 


*  Acconliti);  t«»  OrDEMANA  (Astron.  Xaek,,  Vol.  LI.,  p.  30),  we  ihould  um  for  oeeiil- 
tatioii**  A  n.'J7i.'('»4.  or  log  i  .  {lAVuM^  which  AinounU  to  UkiDg  the  moon't 
A|>pnrf'nt  ti'iniilmmoter  ahout  V'.'2'i  greater  in  oooultAtions  than  in  inUr  eclipMC 
Hut  it  ill  Duly  for  the  reduction  of  iitoUted  obserrationii  that  we  need  an  ezftci  Tilne, 
pinct\  when  we  have  a  number  of  obeenralionn,  the  correetion  of  whalertr  Taliw  of 
k  we  mav  xi^v  will  be  obtained  bj  the  solution  of  our  equations  of  eondition. 
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1850  April  15. 

a 

d 

IT 

6» 

65°  56'  2rM6 

+  16^40'    0".05 

58'  55".22 

« 

7 

66    32  32  .06 

16    46  30  .53 

58  55  .87 

8 

67      8  46  .02 

16    52  54  .77 

58  56  .49 

1 

9 

67    45     3  .02 

16    59  12  .76 

58  57  .10 

1 

.J 

The  poHitioii  of  Aldcbaran  for  tho  sanio  date  was 


a'  :^.  06°  49'  33".9 


d'=  +  16°  12'  1".7 


Hence,  by  I.  of  tho  preceding  article,  we  form  the  following 


table : 


Gr.T. 


6*   ! 

-  i 

8     • 


9 


—  0.S6519 

—  0.27671 
+  0.31176 
+  0.90014 


+  0.58849 
47 
42 
32 


+  0.47664 
.58531 
.69390 
.80243 


+  0.10871 
63 
5t5 

4K 


II.  Tlie  Hidcreal  time  of  Greenwich  Mean  Noon,  April  15, 
lHt;0,  wart  1*  :W  8M>6.  With  thirt  number,  converting  tho 
Kr»ni<^sberg  times  into  mean  timcri  for  the  mike  of  uniformity,  wo 
lind 


Cambridge. 


I| 

I,. 


Kital|c»brrK. 


IiuiD<>r«l<m. 


Emmitio. 


Immenloo. 


KiDttvioo. 


t 


t;    4»i    22.4".      7   4r,      8.:r.      8     1     15.24      8   r,l     10.98 
:»4=»    2'    2'..V»    G90    0'  r»H".3r)  I«i4®  2')'  54".W»  17C^»  r^Y  r»4".oo 


ft        a 

:;I7     12    2S 

<ri 
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Tin-  valiu'  •»!*  l<>ir  "  has  hvvu  found  in  ordrr  to  find  the  correc- 
tioii  tor  ntV:i<ti(>n.  Tlii?*  corroftion  i.**  hen?  cjuite  sfiiKibK*  in  the 
ca>t*  oftlir  Ki»niirsbor»r  obKcrvationn  which  were  made  at  a  great 
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and  then  we  find 

a*,  =       4*  44-  26'.98  —  ^r  —  0.048  att 
w/=  —  1  22    11 .29  —  vr  +  11^9  AJT 

Assuming  ai/=  —  1*  22*  0*.4  as  well  determined,  the  last  equa- 
tion gives 

y/'  =  —  10-.89  +  1.169  Air 

which  8ul)stituted  in  the  value  of  ta^  gives 

«.,  =  4*  44-  87'.87  —  1.217  a» 

Finally,  adopting  the  correction  of  the  parallax  for  this  date  as 
given  in  Mr.  Adams*8  table  (Appendix  to  the  Nautical  Almanac 
for  185G),  A.T  =  -\-  5".l,  this  last  value  becomes 

m^  =  4*  44-  31-.66 

which  agrees  almost  perfectly  with  the  longitude  of  Cambridge 
found  by  the  chronometric  expeditions,  which  is  4*  44''  Sl'/Jo. 
With  the  same  value  of  &j:  we  find 

r  -'  —  2".90  d  =  ~  a".23  -KtJi  =  +  1".99 

and  hence,  by  (586),  the  corrections  of  the  Ephemeris  on  this 
date,  according  to  these  obsen^ations,  are 

A(  a  -a')  ==:  —  2".93  A(a  —  a')  =  —  0".77 

The  value  taA*  -~-^  +  1".90  gives  a*  =  0.00056,  and  hence  the 
corrected  value  k  ^-  0.27227  +  0.00056  =-.  0.27283,  which  is  not 
very  ditlcrent  from  Oidemaxs's  value.     (See  p.  551). 

342.  When  a  number  of  occultations  have  been  obsen'ed  at  a 
place  tor  the  deteriniiuiticm  of  its  longitude,  it  will  usually  bo 
found  that  but  few  of  the  same  occultations  have  been  ob8er>*ed 
at  other  i)laees.  If,  then,  we  were  to  depend  altogether  upon 
rnrnsin,inlii„i  observations  at  other  places,  we  should  lose  the 
greater  part  of  »)ur  own.  In  onler  to  employ  all  our  data,  we 
luav  in  ^\w\\  ease  find  for  each  date  the  corre<*tions  of  the  moon*s 
plarr  tVoiii  meridian  observations  (see  Art.  235),  and,  employing 
X\\v  rorrcited  rlLrlit  asieii^ion  and  deelimition  in  the  computation 
of  ./  ainl  '/.  our  ecjuations  of  condition  will  involve  only  tenns  in 
taA    ami  .^r.     The  value  of  a-t  will,  however,  be  difierent  on 
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where  da  and  d3  denote  the  hourly  increaae  of  a  and  d  respect* 
ively. 

345.  To  predict  an  ocndtation  of  a  given  star  by  the  moon  for  a 
girrn  phtce  on  (he  earth. — We  here  suppose  tliat  it  is  already  known 
that  the  star  is  to  be  occulted  at  the  given  place  on  a  certain 
date,  and  tliat  we  wish  to  determine  approximately  the  time  of 
immersion  and  emersion  in  order  to  be  prepared  to  observe  it. 
The  limiting  parallels  of  latitude  between  which  the  occultation 
can  be  observed  will  be  determined  in  the  next  article. 

For  a  precise  computation  we  proceed  by  Art.  322,  making 
the  modifications  indicated  in  Art.  340. 

But,  for  a  sutficient  approximation  in  preparing  for  the  obser- 
vation, the  process  may  be  abridged  by  assuming  that  tlie  moon*s 
right  aseension  and  declination  varj'  uniformly  during  the  time 
of  oceultation,  and  neglecting  the  small  variation  of  the  parallax. 
It  is  then  no  longer  necessary  to  compute  the  co-ordinates  x  and 
y  direetly  for  several  ditierent  times  at  the  first  meridian,  but 
only  for  any  one  assumed  time,  and  then  to  deduce  their  values 
for  any  other  time  by  means  of  their  uniform  changes.  It  will 
l)e  most  simple  to  find  them  for  the  time  of  true  conjunction  of 
the  moon  and  star  in  right  ascension,  which  is  readily  obtained 
by  the  ai<l  of  the  hourly  Ephemeris  of  the  moon.  Let  this  timo 
be  denoted  by  7|,.  We  have  at  this  time  x  ^  0,  and  the  value  of 
y  will  be  found  with  sufiicient  accuracy  by  the  formula 

in  which  o,  r,  arc  the  moon's  declination  and  horizontal  parallax 
at  tlie  tinie  7'^>,  and  (V  is  the  star's  declination. 

Let  Aa  (in  see<»n(ls  of  are)  and  aJ  here  denote  the  hourly 
ehanircs  of  the  moon's  right  ascension  and  declination  for  the 
time  7',,.     Then  we  have,  nearly, 

y  ^  cos  d  Urz=   — 

Let  1\  bo  any  as8umo<l  time  (which,  in  a  first  approximation, 
may  Kc  the  time  7J,  itself).     Then  the  values  of  the  co-ordinates 

at  tlii>  tiim*  are 

X  -  y ( r,  -  t;)  y==y,  +  /(?'.  -  r.) 
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where  f ,  jy,  f ',  jy',  r  are  to  bo  taken  from  the  last  approximation ; 
and  then 

Angle  of  pt.  of  contact  from    1  -  g^^  _i_  v  _!_ 

the  Tertex  of  the  moon's  limb  j  "*"         •    *       / 

If  tlie  computation  in  any  case  gives  m  sin  {M—  X)  >  A-,  we 
have  the  impo^sihle  vahie  sin  >//  >  1,  which  shows  tlmt  tlie  star  is 
not  occulted  at  the  given  ])Iace.  If  we  wish  to  know  how  far 
the  star  is  from  the  moon's  limb  at  the  time  of  nearest  approach, 
we  have  (Art.  324) 

J  =  ±  m  sin  (Af  —  JO 

the  sign  being  taken  so  that  J  shall  bo  positive.  This  is  the 
linear  distance  of  the  moon's  centre  from  the  line  drawn  from 
the  plare  of  obsen'ation  to  the  star,  and  therefore  the  angular 
dij»tance  as  seiMi  from  the  earth  is  r  J.  The  apparent  semidiameter 
of  the  moon  is  zk\  and  hence  the  apparent  distance  of  the  star 
from  the  moon's  limb  is  r(J—  A*).* 

Example. — Find  the  times  of  immersion  and  emersion  in  the 
occultation  of  Aldvbarcm^  April  15,  1850,  at  Cambridge,  Mass. 

The  elements  of  this  occultation  have  been  found  on  p.  553, 
with  whirh  an  accurate  computation  may  be  made  by  the 
method  of  Art.  322 ;  but,  acconling  to  the  preceding  approximate 
method,  we  proci*ed  as  follows.  The  Greenwich  time  when  the 
moon's  right  asrension  was  equal  to  that  of  the  star  is  found, 
from  the  values  of  a  on  p.  553,  to  be 

T;  =  7M7  =  7*  28«  12*. 

For  this  time  we  have 

Aa  -  +  2174"  *  =  +  10**  49'  31".! 

A'5     :  -f-    3S4  d'  -.       10    12     1  .7 

r  :■:       'SoM)  a  — J'^  +         2249" 

wIkmu'C,  by  the  above  formuhv, 

y,       .:   0.r,;J<;0  y^  +  0.5»^0  1/=  +  0.1080 

TliiMi  tli(»  computation  for  Cambridge,  y  -  42®  22'  49", 
w  4M4"' 30*,  will  be  as  follows.  P\)r  the  first  approximation, 
we  assuiiH'  7\       7!„  and  henee  we  have 

*  Mi)rt'  vxHi'ily.  alliiwing  fur  the  Aiif;iii«'ntatiun  uf  the  mooD'i  •emidimmetcr,  it  is 
rr  (^  J    -  A  ;    I    •    ;  !»iu  ry,  where  we  have  ;  —  A  con  {B  —  6'), 
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m  cos  (M 
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33 

208    34 

Tl^e  star  reappears  at  212®  17' 
from  the  north  point,  or  208®  34' 
from  the  vertex,  of  the  moon's 
limb. 

This  time  an^rees  within  21*  with  the  actually  observed  time  of 
emersion  (^iven  on  p.  552).  The  principal  part  of  the  difference 
is  due  to  the  error  of  the  Ephemeris  on  this  date. 

346.  To  find  the  limiting  paraUels  of  latitude  on  the  earth  for  a 
given  occultation, — The  limiting  curves  within  which  the  occulta- 
tion  of  a  Ji^iven  star  is  visible  may  be  found  by  the  general 
method  given  for  solar  eclipses,  Art.  811,  which,  of  course,  may 
be  much  abridged  in  such  an  application.  But,  on  account  of 
the  great  number  of  stars  which  may  be  occulted,  it  is  not  pos- 
sible to  make  even  this  abridged  computation  for  all  of  them. 
The  extreme  parallels  of  latitude  are,  however,  found  by  very 
simple  fonnuhe,  and  may  be  used  for  each  star. 

For  a  point  on  the  limiting  eur\'e,  the  least  value  of  J  in  Art. 
324  is  in  a  solar  eclipse  —  Z>,  but  in  an  occultation  it  is  —  L 
Hence  we  have,  by  (557),  the  condition 

±  m  sin  (.If  —  iVO  =  * 

or,  restoring  the  values  of  m  sin  3/=  x  —  f ,  m  cos  J/=  y  —  jy, 

(x  —  ^)  cos  N  —  (y  —  ly)  sin  JV  =  dt  A: 

The  angle  ^Y  is  here  detennined  by  the  equations  (552);  but,  for 

an  approximate  determination  of  the  limits  quite  sufficient  for 

our  present  puq)()se,  we  may  neglect  the  changes  off  and  ly,  and 

take 

n  sin  N  =^  jf  n  cos  JV  =  / 

TA't  r^  and  j/o  be  the  values  of  x  and  y  for  the  assumed  epoch 
7^0 ;  then  for  any  time  T--  T^-f  r  we  have 

T       r^  -{-  n  %ivi  N  .  T  y  =  y^  -|-  n  cos  X .  r 

Vol.  I.— 3« 
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AVe  thus  obtain 

sin  f  =  sin  ji  cos  y  +  cos  <9  sin  y  cos  (X  —  e) 

in  wliieh  tp  and  f  are  the  only  variables.  Since  cos  ^9  sin  ;•  is 
positive,  this  value  of  sin  ^  is  a  maximum  when  co8(>l  —  c )  —  1 
or  I  —  e  — 0;  and  a  minimum  when  co8(>l  —  e)  =  —  1,  or 
/  —  e  =  180°.     Hence  we  have,  for  the  limits,  sin  y>  =  8in(^  ±  x\ 


that  is 


for  the  northern  limit,     ^>  =  /9  -f  y 
for  the  southern  limit,     f  =  fi  —  y 


One  of  the  points  thus  determined  may,  however,  be  upon 
that  Hide  of  the  earth  which  is  farthest  from  the  moon,  since  we 
have  not  restricted  the  sign  of  f,  and  our  general  equations 
express  the  condition  that  the  point  of  observation  lies  in  a  lino 
drawn  from  the  star  tangent  to  the  moon's  limb,  which  lino 
intersects  Uie  surface  of  the  earth  in  two  points,  for  one  of  which 
^  is  positive  and  for  the  other  negative.  But,  taking  ^  only  with 
the  positive  sign,  we  must  also  have  sin  c  positive.  For  the 
northern  limit,  therefore,  when  jl  =  f ,  sin  X  must  be  positive, 
which,  according  to  the  equation  cos^  sin  X  =  sin  J',  can  be  the 
case  only  when  J'  is  ])ositive.  Hence  the  formula  f  ^^  ^  -*  T 
irivcs  the  most  northern  limit  of  visibilitv  onlv  when  the  star  is 
in  north  declination.  For  similar  reasons,  the  formula  f  =  /?—  r 
gives  the  southern  limit  only  when  the  star  is  in  south  declina- 
tion. The  sec()n<l  limit  of  visibility  in  each  case  must  evidently 
be  one  of  the  points  in  which  the  general  northern  or  southern 
limiting  curve  meets  the  rising  and  setting  limits, — namely,  the 
jioints  where  ^  0,  and  consequently,  also,  sin  c  -0,  cose  ±.  1, 
which  conditions  reduce  the  general  formula  for  sin  if  to  the 
following: 

sin  if       Csin  N  cos  y  ±z  cos  X  sin  y)  cos  d*  =  sin  (JV  ±  ;')  cos  tV 

If  cos  .Vis  taken  with  the  positive  sign  only,  the  upper  sign  in 
this  equation  will  give  the  most  northeni  limit  to  be  used  when 
thr  MMithern  limit  has  been  found  by  the  fonnula  f'  — /'  ~  r>  ^'*^ 
the  lower  sign  will  give  the  southern  limit  to  be  used  when  the 
northrrn  limit  has  been  found  by  the  formula  ^  ^  ?  ^r  T' 

Finally,  sinee  the  epoch  1\  is  arbitrary,  we  may  assume  for  it 
the  timr  of  true  eonjunetion  in  right  ascension  when  1^=^  0,  and 
we  shall  then  have 

a  -^  cos  y  =  ifg  sin  ^V  ±,  k 
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X  =r       79^  33'  log  sin  fl  =  9.9751 

y^sin  ;V^  =  +  0.6255  ^  =  70^  47' 

k=       0/2123  ri  =  26      8 

cos  r,  =  +  0.8978  fi  +  j^^zr^  96  55 

cos  r.  =  +  0.3532  f ,  =^  83  5 
r,  =--       69°  W 

X—rM=       10    14  f,=    9  49 

It  is  hardly  necessary  to  observe  that  the  oecultation  is  not 
visible  at  all  the  places  included  between  the  extreme  latitudes 
thus  found,  since  the  true  limiting  cun'es  do  not  coincide  with 
the  parallels  of  latitude,  but  cut  the  meridians  at  various  angles, 
as  is  ilhiHtrated  by  the  southern  limit  in  our  diagram  of  a  solar 
eclipse,  p.  504.  Unless  a  place  is  considerably  within  the 
assigned  limits,  it  may,  therefore,  be  necessary  in  many  cases  to 
make  a  special  computation,  by  the  method  of  Art.  345,  to  deter- 
mine whether  the  oecultation  can  be  observed. 
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347.  If  the  disc  of  a  planet  were  always  a  circle,  and  fully 
illuminated,  it*}  oecultation  by  the  moon  might  be  computed  by 
the  general  method  used  for  solar  eclipses  by  merely  substituting 
the  panillax  and  semidiameter  of  the  planet  for  those  of  the  sun; 
and  this  is  the  method  which  has  generally  been  prescribed  by 
writers  on  this  subject.  But  with  the  telescopes  now  in  use, 
and  especially  with  the  aid  of  the  electro-chnmograj>h,  it  is 
possible  to  observe  the  instants  of  contact  with  the  planet's  limb 
to  such  a  degree  of  accunicy  that  it  appears  to  be  worth  while 
to  take  into  account  the  true  figure  of  the  visible  illumiiuited 
jiurtion  of  the  planet.  Moreover,  the  investigati(m  of  this  tnie 
fiirnre  possesses  an  intrinsic  interest  which  justifies  entering  upon 
it  here  s<Miiewhat  at  length. 

In  onler  to  embrace  at  once  all  cases,  I  shall  consider  the 
planet  as  a  spheroidal  body  which  even  when  fully  illumi- 
nated presents  an  elliptical  outline,  and  when  i>artially  illumi- 
nated ]>re<ents  an  outline  composed  of  two  ellipses,  of  which 
one  is  the  boundary  of  the  spheroid  and  the  other  is  the  limit  of 
illnniinatioii  on  the  si<le  of  the  planet  towanls  the  obser\'er.  I 
bei^in  with  the  deterniiinition  of  the  first  of  these  ellipses. 
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Now,  let  0  and  C,  Fig.  47,  be  the  apparent  J^'s-  *^- 

places  of  the  planet's  centre  and  the  point  on  its 
Buriace,  projected  upon  the  celestial  sphere;  § 
the  pole  of  the  planet's  equator;  P  the  pole  of  the 
earth's  equator ;  and  let 

^  =  the  apparent  distance  of  C  from  0  =  the  arc 

OC, 
f*z=  the  position  angle  of  C  reckoned  at  0,  from 

the  decHnation  circle  OP  towards  the  east, 

=  FOC, 
p=  the  position  angle  of  the  polo  of  the  planet 

=  POQ; 

then,  in  the  triangle  QOQ  we  have 

sin  8'  sin  (p'  —  p)  =  cos  ^'  sin  (i'  —  X) 

sin  s'  cos  (/>'  —  />)  =  cos  fi  sin  ^' —  sin  fi  sin  fi'  cos  (i'  —  i) 

Multiplying  these  by  p'y  and  substituting  the  expressions  (605) 
and  (606),  we  obtain 


/>'8in5'flin  (p' —  p)  = 
p'  sin  8'  cos  (/>'  —  />)  = 


—  X  sin  i  -f  y  c^  '^ 

—  X  sin  ^  cos  i  —  y  Bin  fi  sin  X  -{-  z  cos  ^ 


or,  since  s'  is  very  small  and  p' sins'  or  /»V  differs  insensibly 
from  pt^in  s'  or  />^', 

/>«' sin  (;/  —  /))  =  —  x8ini  +y  cos  i 

^^  cos  (;/  —  p)  =  —  X  sin  ^  cos  i  —  y  bin  ^  Bin  X  -{-  z  cos  i^  )     ^      ^ 

Thc.^e  eqimtions  apply  to  any  point  on  the  surface  of  the  planet. 
If  we  apply  them  to  those  points  in  which  the  visual  line  of  the 
obrtiTvcr  is  tmigmi  to  that  surface,  they  will  detennine  the  curve 
which  forniH  the  apparent  disc.  The  equation  of  an  ellipsoid  of 
revohition  whose  axes  are  a  and  6,  of  which  b  is  tlie  axis  of 
revohition,  is 

m-r         till         yy 

(608) 


1  =  .^-^  4-  ^^  4-  ~ 

an       an       bb 


and  the  equation  of  a  tangent  lino  passing  through  the  point 
whose  co-ordinates  are  c,  if,  and  ^  is 


1   :=  -l^ i   +  y?   +  ?? 

aa       ua       bb 


(609) 


The  distances  c,  Jf,  and  J  are  very  great  in  comparison  with  x, 
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we  find 

M  =  ««  +  ^"  (611) 

which  is  the  equation  of  the  outline  of  the  planet  a«  projected 
upon  the  celestial  sphere,  or  upon  a  plane  passed  through  the 
centre  of  the  planet  at  right  angles  to  the  line  of  vision.  It 
represents  an  ellipse  whose  axes  are  2^  and  25  |/(1  —  ce  cos*^), 
€  bein^  the  eccentricity  of  the  planet's  meridians.  The  minor 
axis  {OBy  Fig.  47)  lies  in  tlie  direction  of  the  great  circle  drawn 
to  the  pole  of  the  planet's  equator. 

We  next  proceed  to  determine  what  portion  of  this  ellipse  is 
illuminated  and  visible  from  the  earth. 

349.  To  find  the  apparent  curve  of  illummation  of  a  planefs  surface. — 
If  the  sun  be  regarded  as  a  point  (which  will  produce  no  sensible 
error  in  this  i>n)blem),  the  cur\'e  of  illumination  of  the  planet,  o^ 
seoffrom  (he  su7i,  can  be  determined  by  conditions  quite  similar 
to  tliose  emj)loyed  in  the  preceding  problem ;  for  we  have  only 
to  substitute  the  co-ordinates  expressing  the  sun's  position  with 
reference  to  the  planet,  instead  of  those  of  the  observer.  If, 
therefore,  we  put 

A,  B  =  the  heliocentric  longitude  and  latitude  of  the  centre 
of  the  planet  referred  to  the  great  circle  of  the 
planet's  equator, 

the  equation  of  the  tangent  line  from  the  sun  to  the  planet, 
being  of  the  same  form  as  (610),  will  be 

0^ h  ^ ..—  (612) 

aa  aa  *       Ob  ^      ^ 

If  each  point  which  satisfies  this  condition  be  projected  upon 
tlie  celistial  sjiliere  by  a  line  from  the  obser\'er  on  the  earth,  and 
w  and  r  airain  denote  the  co-ordinates  of  the  projected  cun'C,  wo 
have  here,  also,  to  satisfy  the  equations 

pu  -r  —  X  Bin  ;  +  y  cos  i  1 

f»r  —-  —  (.r  COS  i  -f  y  sin  i)  sin  fl  -}-  z  cos  fi  ) 

in  wliicli  /  and  ^5  have  the  same  signification  as  in  the  preceding 
art'nle.  The  values  of  x,  //,  and  ^,  determined  by  the  three 
e«niations  (<)1*2),  (013),  being  substituted  in  the  equation  of  the 
ellilKoid,  we  obtain  the  relation  between  u  and  r,  or  the  equation 
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angle  Q  will  he  A  —  i;  and  the  sides  including  this  angle  will 
be  90°  -  ,3^  =  QO,  90°  —  B^=  QS.  Denoting  the  angle  at  0  by 
xCj  and  the  side  OS  by  V,  we  shall  have 

cos  V  =  sin  fii  sin  J?,  -|-  cos  fi^ cos  -B,  cos  (A  —  X)^ 
Bin  T'  cos  w  =  cos ,9,  sin  -B,  —  sin  fi^  cos  B^  cos  (il  —  i)  V    (615) 
sin  Fsin  w  =  cos  ^^  sin  (J  —  X)  ) 

in  which  V  is  very  nearly  the  angular  distance  between  the  sun 
and  the  earth  as  seen  from  the  planet 
This  triangle  also  gives 

sin  B^  =  cos  V  sin  /9,  +  sin  V  cos  ;9,  cos  w 
cos  J9,  cos  (J  —  'I)  =  cos  V  cos  /9,  —  sin  V  sin  ^^  cos  w 
cos  ^,  sin  (yl  —  X)  =^  sin  F  sin  w 

By  these  equations  the  above  expressions  for  Xj,  y|,  and  z  are 
reduced  to 

cos  F.  Xj  =      />u  cos  V 

cos  ]'.  yj  =  —  pu  sin  F  sin  tr  cos  fi^ 

—  J  gpv  (cos  F  sin  fi^  -f-  sin  F  cos  /9,  cos  ir) 
cos  y-z=z  —  pu  sin F sin  w  sin  ^^ 

+  r  9P^  (cos  F  cos  ^,  —  sin  F  sin  /9j  cos  tr) 

Substituting  these  in  (608),  observing  that  xx  +  yy  =  x^x^  -r  yi^p 
we  have 

,  f  ^  (1(1  ,  tr 

cos'  I  •        --_-  uu  cos'  V 

vv 

-r    ( M  sin  IT  -f-  -  yi?  COS  tr )  sin  F  cos  /^i  +  r  ^^  cos  F  sin  ^,1 
-;   I  (  M  sin  ?r  -f  -  (jv  cos  ir;  sin  Fsin  ^^  —  -g^  cosFcos,5j  I 

Divi'lopiiiij  the  s<[uures  in  the  second  member,  and  putting  s  for 

-,  ami  also 

C  .       id  —  €e  C08\J)  =  — 

wo  sliall  find 


5.'* 


/  sin  »r  V*        /  cos  If  v*       .„     ,^,^^ 

I  H  cos  ir  —  r--  I   "^    I  "  ***"  '^  "I"  *'• "    , —  I  •cc'l      (618) 
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take  00' ^V^  the  point  0'  will  be  nearly  the  poBition  of  the 
planet  an  ween  from  the  sun,  and  the  arc  Vwill  be  the  measure 
of  the  angular  distance  between  the  sun  and  the  earth  as  viewed 
from  the  planet.  If  we  assume  sin  w  to  be  positive  in  equations 
(G15),  as  we  are  at  liberty  to  do,  the  arc  Vwill  be  reckoned  from 
the  planet  easUtard  from  0*^  to  860°.  Now,  so  long  as  V  is  less 
than  180°,  the  west  limb  will  evidently  be  the  full  limb,  and 
when  Fis  greater  than  180°,  the  east  limb  will  be  the  full  limb. 
Hence  we  infer  that  a  point  w*hose  given  position  angle  is  p'  is 
on  the  east  limb  when 

P'>P  +  ^i—  00°    and    < p  -{.  IT,  +  90° 
but  on  the  west  limb  when 

;>'<;>  +  IT,  —  00°    and    >  p  +  w^  +  90° 

When  V  >  90°  and  <  270°,  the  planet  is  crescent ;  but  when 
V;>  270°  and  <  90°,  it  is  gibbous.  In  the  case  of  a  crescent 
phmet  there  are  two  points,  one  on  the  full  and  the  other  on  the 
crescent  limb,  corresponding  to  the  same  position  angle :  hence 
in  observations  of  a  crescent  planet  the  point  of  obser\'ation  on 
the  limb  will  not  be  sufficiently  determined  by  the  position 
angle  alone ;  it  will  be  necessary  for  the  observer  to  distinguish 
the  crescent  from  the  full  limb  in  his  record. 

851.  In  onler  to  apply  the  preceding  theon%  it  is  necessary  to 
iin<l  the  (juantities  /;,  ^9,  >l,  i?,  A.  The  direction  of  the  axis  of  x 
in  Art.  H48  was  left  indeterminate,  and  mav  be  assumed  at 
pleasure,  but  it  is  most  convenient  to  let  it  pass  thn>ugh  the 
asceiiding  node  of  the  jilanet's  equator  on  the  equinoctial,  so  that 
/  and  fi  will  be  reckoned  from  this  node.  The  position  of  the 
nodi'  must,  therefore,  be  known,  and  this  we  derive  from  the 
researches  of  physical  astronomers.     If  we  put 

71  -  .  tlio   lon^itndo   of  the   ascending  node  of  the  planet's 

4M{uat<>r  oil  tho  cquino<*tia1, 
i'       tiic    iiiclinatioQ  of  tho   planet's   equator   to   the   equi- 

noctial, 

w'r  have  at  any  given  time  /,  for  the  planets  Jupiter  and  Saturn, 
tiic  only  ones  whose  tigures  are  sensibly  spheroidal, 
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wc  deduce  from  the  data  of  Bessel  and  Damoiseau,  for  a  given 
year  /, 

{N'=  3350  40'  46"+  49".80  (t — 1850) 
7'=  2^  8'61"+  0".43(f— 1850) 
iV^  =  336^  33'  18"+  46".55  (t — 1850) 

(  N'=  167^  31'  52"+  46".62  (t  — 1850) 
For  Saturn.  J  /'=  28*»  10*27"—  0".35(<  — 1850) 

{n=  43^3r34"— 86".75(t  — 1850)— 0".0625(<— 1850)" 

and  these  values  for  Saturn  also  apply  to  the  rings. 
Finally,  if  we  put 

A%  B'=iho    heliocentric    longitude    and    latitude  of   the 
planet,  referred  to  the  ecliptic,  i 

the  fomiulro  (29)  or  (31)  will  servo  to  convert  A'  —  N'  and  B' 
into  A  —  iVand  B ;  and  they  become 

^8in  M=iQXiB'  jr'Bin(yl—JV)  =  co8(Jlf  — /') 

JS: cos  Jlfr^  sin ( J'— JV^)       K'qo%{A—N)  =  cos Jlf  cot(ii'— 3^')  ( (620) 

tan  B  =  sin  (^  —  N)  Un  (M  —  /') 

352.  The  preceding  complete  theory  admits  of  several  abridg- 
ments in  it.s  application  to  the  different  planets,  varj'ing  according 
to  the  features  peculiar  to  each. 

JnpiUr, — The  inclination  of  Jupiter's  equator  to  the  ecliptic  is 
so  Hinull  that  the  quantity  c  =- \  (1  —  (*€  cos*  ^9)  never  difters 
Bennibly  from  \/(\  —  a),  which,  according  to  Struve's  measures, 
is  0.1^2723.  I  shall,  therefore,  use  as  a  constant  the  value 
lo<^  c  -  1>.1>G72.  Apiin,  on  account  of  the  small  inclinations  both 
of  Jupiter's  equator  and  of  his  orbit  to  the  ecliptic,  the  angle  \o 
never  dittVrs  much  from  90°,  and,  since  this  angle  is  required 
only  in  computing  the  gibbosity  of  the  planet  (which  never 
exrciMls  (»"./)),  it  is  plain  that  we  may  take  xo  =  90°,  and  that  V 
may  be  found  with  suffieient  accuracy  by  the  formula 

r=  J  — i 

or,  indeed,  by  the  formula 

F  =  J'  -  i'  (621) 

in  wliirh  A'  and  V  are,  respectively,  the  heliocentric  and  geo- 
centric lon«j:itudes  of  the  planet,  the  former  being  taken  directly 


FORM   OF  A   planet's  DISC.  577 

sent  the  centres  of  the  earth,  the  sun,  and  the  planet;  S'O'O"^ 
the  great  cinole  of  the  celestial  sphere  whose  plane  passes  through 
the  three  bodies;  S'  and  0^,  the  geocentric  places  of  the  sun  and 
the  planet ;  0",  the  heliocentric  place  of  the  planet  Then  (yO" 
is  the  arc  licrctofore  denoted  by  V,  and,  in  the  inlinite  Bjihere,  is 
the  nieuHure  of  the  angle  O'OCy'  =  SOE.  Putting  thenr--0'0", 
^  =  S'0\  and  also 

7?'  — -  SO  =  the  heliocentric  distance  of  the  planet, 
Ji  =  SE  =  "  "  «      earth, 

we  have 

FH 
=  — -  sm  ;^ 

Ji 

We  might  find  V directly  from  the  three  known  sides  of  the 
triangle  SOE;  but,  as  we  have  yet  to  find  />,  and  ;*  comes  out  at 
the  Hamc  time  with  j)  in  a  very  simple  manner,  it  will  be  prefer- 
able to  cmi)loy  the  above  form. 

To  find  p  and  y,  let  S\  CK,  0",  Fig.  50,  be  the  three  i^laces 
above  referred  to,  and  P  the  pole  of 
the  e([uinoctial.  Dmw  (yQ  perpen- 
dicular to  the  great  circle  S'CyO'^ 
This  i)erpendicular  passes  through  the 
adopted  pole  of  the  planet,  and  wo 
have  PO'Q  -p,  or  PC'S' =  90°  -  p, 
and  *S"0'  y.  Hence,  denoting  by  d'  ^ 
and  I)  the  declination  of  the  ])lanet 
and  the  sun,  and  by  a'  and  A  their 
right  a:*iension8  renpectively,  the  spherical  triangle  PS'Cy  gives 

cos  Y  =  Bin  «5'  sin  D  -f  cos  !i'  cos  D  cos  (•'  —  A)  ^ 
sill  Y  sin  p  --  cos  d'  sin  D  —  sin  d*  cos  D  cos  (a'  —  A)  V    (622) 
sin  Y  ^^>^  P  '■=  eos  D  sin  (•'  —  A)  ) 

Hence,  infro«lu<'ing  an  auxiliary  to  facilitate  the  computation, 
both  p  and  Twill  be  found  by  the  following  formulae: 

tan  F  —  tan  7>  sec  (a'  —  A) 

tun  p      :  cot  (o'  —  A  )  sin  (  F  —  9')  sec  F  \      r  >q 

.     ,^        R    sin  (a'  -  /hcoH  D  I    ('*-^) 

In  this  method  of  finding  F  we  do  not  determine  whether  it  is 

Vol.  I. — .17 


LOKOnUDB. 


679 


Let  0,  Fig.  51,  be  the  apparent  centre  of  the  planet,  and  C 
the  point  of  contact  of  its  limb  with 
tliat  of  the  moon.  Let  OM  be  drawn 
from  0  towards  the  moon's  centre,  in- 
tei-secting  the  moon's  limb  in  D.  Since 
the  apparent  semidiameter  of  any  of 
tlio  planets  is  never  greater  than  31", 
it  is  evident  that  no  appreciable  error 
can  result  from  our  assuming  that  the 
small  portion  CD  of  the  moon's  limb 
coincides  sensibly  with  the  common 
tangent  to  the  two  bodies  drawn  at  C 
If,  then,  the  planet  were  a  spherical 
body  with  the  radius  OD^  the  observed 

time  of  contact  would  not  be  changed.  We  may,  therefore, 
reduce  the  occultation  of  a  planet  to  the  general  case  of  eclipse 
of  one  spherical  body  by  another,  by  substituting  the  perpen- 
dicular i)D  for  the  radius  of  the  disc  of  the  eclipsed  body.  Let 
s"  denote  this  perpendicular;  let  OA  and  0(^  be  the  axes  of  xi, 
and  r  respectively,  to  which  the  curve  of  illumination  is  referred 
by  the  equation  (61C) ;  and  let  d  be  the  angle  (^OD  which  the 
perpendicular  s"  nuikes  with  the  axis  of  r.  The  equation  of  the 
tangent  line  CD  referred  to  these  axes  is 


u  sin  ^  -f  t?  cos  d  =  «" 
"We  have  also  in  the  cur\'e 


(625) 


du 


—  —  tan  ^ 


Differentiating  the  equation  (616),  therefore,  we  have 

(r  sin  ir  \/              .    tan  ^  sin  \c\ 
u  cos  w  —  II  cos  IT  + I 

,/       .          ,    r  cos  If  V  /   .              tan  ^  cos  w\      ,  _      ^ 
-{- 1  u  hin  tc  -| 1 1  sm  w jsec*  F  =  0 

By  iMcuiis  of  this  equation,  together  with  (616)  and  (625),  we  can 
eliminate  n  and  i\  and  thus  obtain  the  relation  between  s  and  s". 
To  abbreviate,  put 

r  sin  w 
c 

V  cos  w 


X  =  u  cos  w  —  — 


u  sin  U7  -f 
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or,  by  (624)  and  (628), 

.       _.         sin  «,  sin  *  OOS  y  ,ann\ 

sm  H  = •--— *  (629) 

Bin  cr 

Since  /  is  here  very  small,  we  may  put  tan  /  =  sin  /,  and  the 
formula  for  L  (488)  becomes 

L  =  (z  —  OBinf±  k 

Hence,  putting 

l^  =  k  +  (z^qi^^  (680) 

we  have 

i  =  (r-0%^±*'  (681) 

When  the  angle  ^  is  known,  therefore,  the  preceding  formulse 
will  determine  X,  with  which  the  computation  will  be  carried 
out  in  precisely  the  same  form  as  in  the  case  of  a  solar  eclipse. 
Art.  829.  To  find  #,  let  OP,  Fig.  51,  be  drawn  in  the  direction 
of  the  pole  of  the  equinoctial ;  then  we  have  POQ  =  j>,  and, 
denoting  POM  by  ft 

and  Q  has  here  the  same  signification  as  in  the  general  equations 
(567),  as  nhown  in  Art.  295:  so  tliat  when  JV  and  i^  have  been 
found  by  (568)  and  (569),  we  liave  Q  =  N+^yOT 

*  =  JV+^— /)  (632) 

But  to  compute  -^  by  (569)  we  must  know  i,  and  this  involves 
7/,  whicli  (lopen<ls  upon  tf.  The  problem  can,  therefore,  be 
hoIvimI  only  by  HucccHHive  approximations;  but  this  is  a  very 
sliirlit  objoc'tion  in  the  present  case,  since  the  only  formulfe  to  be 
rt'poatiMl  are  those  for  L  and  ij/,  and  the  second  approximation 
will  niostlv  be  final.  It  can  onlv  be  in  a  case  such  as  the  occul- 
tatioii  of  Saturn'rt  ring,  whore  the  outline  of  the  eclipsed  body  is 
vorv  olliptieal,  and  ortpeeially  when  the  contact  occurs  near  the 
northorn  or  southern  limb  of  the  moon,  that  it  maybe  necessary 
(for  oxtronie  arcurucy)  to  compute  JET  a  second  time  and,  couse* 
qutMitly.  \j/  a  thinl  time. 
Tlio  furmula  (629)  is  adapted  to  the  general  case  of  an  eliip- 
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855.  In  the  casea  of  the  planets  Neptune,  Uranus,  and  the 
asteroids,  the  occultation  of  their  centres  will  be  observed,  and 
it  will  be  most  convenient  to  compute  by  the  method  for  a  fixed 
star,  only  substituting  for  n  the  difference  of  the  moon's  and 
planet*s  horizontal  parallaxes — ^that  is,  the  relative  parallax — ^in 
the  formulae  for  x  and  y,  Art  341. 

This  artifice  of  using  the  relative  parallax  may  also  be  used 
with  advantage  for  Jupiter  and  Saturn. 

Having  thus  found  x  and  ^  as  for  a  fixed  star,  we  shall  have, 
in  the  preceding  method, 

Z  =  (z^O^^±k  (684) 

the  other  formulae  remaining  unchanged. 

Example  1. — Several  occultations  of  Saturn's  Ring  were  ob- 
served by  Dr.  Eanb  at  Van  Rensslaer  Ilarbor  on  the  northwest 
coast  of  Greenland  during  the  second  Orinnell  Expedition  in 
search  of  Sir  John  Fbankun.*  The  first  of  these  was  as 
follows : 

1853  Doeomber  12th,  Van  Bensslaer  Mean  Time. 
IinmorMion,  contact  of  last  point  of  ring,   ...    14*  20*  48'.8 
EmerHion,        «  a       u  u        ...    14  64    18.8 

The  anrtumcd  longitude  of  the  place  of  observation  was  a> = 4*  43*  82* 
west  of  Greenwich.     The  latitude  was  f  =  78®  87'  4",  whence 

log  p  sin  /  ^  9.989862  log  ^  cos  /  =  9.296042 

I.  From  the  Nautical  Almanac  we  take  for  1858  Dec.  12,  19*, 
p  =  —  2^  37'.3  /  =  24*>  0^.4  whence  log  c  =  log  sin  /  =  9.6094 
and  from  page  578,  the  outer  ring  only  being  observed, 

s^  =sz  187".56  log  sin  s^  =  6.9687 


*  •' Astronomical  OKtenratioiii  in  tb«  Aretie  Scms  bj  EutBA  Kiirr  Kawk,  M.D.« 
U.S.N.  Kciluc«d  and  diseuMcd  bj  Crablbi  A.  Soaorr,  AidaUBt  U.S.  CoMi 
SurTey."     Published  by  the  SmithtoiiiMi  InttilutioB^  llaj,  1880. 
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and,  taking  ^  =  r  =  -: —  for  19*,  as  Bufficiently  aocurat6y 


Bin  )r 


^  =  63.54 


m.  For  the  co<^rdinatCB  of  the  place  of  observation : 


Local  moan  time  t 

t   +   Uf 

Local  Bid.  time  fi 
and  hence,  by  the  formulae  on  p.  550, 


Immenion. 

Emersioa. 

14»  20-  48'.8 

19     4    20.8 

117°  4'  5r.7 

14»  54- 18'.3 

19  87  50.8 

125<»  28'  44".7 

c 
c 


+    0.17529 
+    0.90575 
+    0.38 
63.16 


+    0.18685 
+    0.91363 
+    0.35 
63.19 


IV.  Assuming  now  two  epochs  corresponding  nearly  to  the 
times  of  observation,  the  remainder  of  the  computation  in  exicnso 
is  as  follows : 


^0  — 
^0- 


AsBumcd  Tq 

^  =  m  sin  ^f 

ly  z«:  m  cos  Af 

Af 

lop  m 

r'r-  ?i  8in  .V 

}/  ^^  n  cos  X 

X 

logn 


{ 


Immeinion. 

Emersion. 

19*.07  = 

19*.63  — 

19*  4-  12* 

19*  37-  48'. 

—  0.03017 

+  0.26365 

+  1.0H037 

+  1.17800 

0.20546 

+  0.07(W0 

+  0.17462 

+  0.26437 

310*^  21'  38" 

16°  ir  56" 

9.43079 

9.43980 

+  0.52467 

+  0.52472 

+  0.17434 

+  0.17433 

71°  37'  10" 

71°  37'  20" 

9.74263 

9.74266 

Then,  for  a  first  appproxiination,  by  the  formula 


sin  4  =^ 


m  HinCJf  —  X) 


and  obsrrviiii^  that  the  immornion  is  here  an  interior  contact  and 
tlio  cimrsioii  an  exterior  contact,  we  have 
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A  =  8600,    log  b  =  log 


hZcoB^ 


log  c  =  log 


hm  cos  (M  —  N) 
n 

b 
e 

Gr.  Time  of  ob8.  =  T,  +  r  =  T 


If  now  we  wish  to  form  the  equations  of  condition  for  deters 
mining  the  eifect  of  errors  in  the  data,  we  proceed  precisely  as 
in  the  case  of  a  solar  eclipse,  page  588,  and  find 


ImmanioB. 

KnimloD. 

n2.94455 

8.01171 

n2.95956 

8.00741 

—  SSC.l 

+  1027'.8 

-  911 .1 

+  1017 .2 

+   81.0 

+     10.1 

19»   4-48».0 

19»  87-  58'.1 

4  48   54.2 

4  48   89.8 

log  y  tan  4 
log  ¥  see  4 


Immenioii. 

Smortioii* 

0.5841 
0.6988 

nO.4596 
0.5454 

8600 


where  log  p  =  log =  0.8028.    Hence,  neglecting  the  terms 


HK 


depending  on  the  correction  of  the  parallax  and  of  the  eccen- 
tricity of  the  meridian,  the  equations  of  condition  are 

(Im.)    m,  =  4*  43-  64*.2  —  2.001  r  +  8.421  S  —  8.965  x  ^k 
(Era.)    «,  =  4  43   89.8  — 2.001/'  — 2.881* +  8.511  xaA: 

Eliminating  &  from  these  equations,  we  have 

«,  =  4*  43-  46'.4  —  2.001  r  +  0.092  x  a* 

An  error  of  V  in  the  moon's  semidiameter  (represented  by  taA:) 
would,  tluTefore,  have  no  sensible  effect  upon  this  combined 
reHult ;  and  riiiicc  y  must  also  be  very  small,  as  we  have  corrected 
the  ])hicert  of  the  moon  and  planet  by  the  Greenwich  observations, 
we  cuii  adopt,  as  the  definite  result  from  this  observation, 

m^  =  4'  43-  46-.4 

It  will  be  ob}«er\'od  that  in  this  example  Oudbmans's  value, 
k  0.27204,  lias  boon  empIo3*ed ;  but  our  final  equadon  shows 
that  till'  fi'sult  would  have  been  sensibly  the  same  if  we  had 
tak<n  x\w  usual  valuo  0.27227;  for  the  reduction  of  the  result  to 
that  whi<h  the  latter  value  of  k  would  have  given  is  only 
0.0t»2  >.  3247  X  (-  0.00037)  ^  —  O^.H. 


LONOITUDE. 
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1 

• 

a 

d 

log^ 

13V4 
13  .5 

78*>  38'  17".2 
78    38  34  .0 

+  250  58'  54".5 
25    58  56  .3 

9.9987 
9.9987 

! 

X 

7f 

y 

y' 

13.4 
,  13.5 

+  0.531695 
+  0.585085 

z  = 

+  0.53390 
=  60.19 

+  0.773681 
+  0.774161 

+  0.00480 

m.  For  the  co-ordinates  of  the  places  of  observation 


Local  mean  time  / 

A* 
log  p  pin  ^' 

log  p  cos  ^' 

c 

1  —  : 


WMtPohit 

AlbMiy. 

FaUUmlk. 

Con*. 

rallHmb. 

CMp. 

8*  88-  48*. 72     »*  84"  88».02 

8»  81-  K90 

8*  81-  64^.20 

13  29    84.72.  13  30    29.02 

18  26    1.80 

18  26    68.60 

I6I048'  20".8  16P66'  67''.0 

161<>  2*  44".8 

1610  15.  50^.9 

9.8180C4 

9.828792 

9.875814 

9.807167 

-f  0.746828 

-f  0.746178 

-f  0.780018 

4-  0.780878 

-f  0.661G16 

4-  0.662909 

4-0.668428 

4-  0.664641 

+  0.37 

4-0.87 

4-0.88 

4-0.38 

69.82 

69.82 

69.81 

69.81 

IV.  ABsuming  T^  =  13*.45,  we  find,  for  this  time. 


^0 

4-  oj^mw) 

.Vo     t-  i>.773921 

^.-r- 

-  m  fiin  .V!  —  0.1H7438 

0.187788 

—  0.171628 

—  0.171988 

.Vo  --'/- 

-  m  CO!*  .V  '   4-  0.2223»6 

4-  0.221012 

4-  0.210498 

4-  0.209280 

M    3i9«6r:>0" 

819*  38'  47" 

820*>  48'  80" 

82O03.V  11" 

log  m 

9.4(i354i3 

9.462426 

9.488916 

9.432788 

X 

81»°  2ir  6" 

log  n 

9.727480 

Thon,  for  the  ohsen'ationa  of  the  full 
phicfs,  hy  (031),  putting  JI  =  Sq^ 


limb,  we  have  for  both 


L 


log  (1  -  C) 

1.7768 

1.7768 

ar.  CO.  log  r'y 

0.0820 

0.0820 

(».1!7J04 

constant 

6.0642 

log  sin  #9 

6.6176 

0.JNMIH2  .   . 

log 

6.9180 

H.J7.5I6 

n.«M  »•.".♦'.♦ .  . 

.  .  .  .  IoeH) 

7.4768 

0.27045 

Of 

w 
w 
w 
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Bun,  p.  533.  For  the  full  limb  we  have  only  to  Bubstitnte  a^^  for 
a//;  but  for  the  cusp  wo  must  evidently  substitute  /is^  cos  ^  for 
a//.  It  will  bo  more  accurate  to  restore  r'g  in  the  jilace  of  r', 
since  g  here  differs  sensibly  from  unity.    We  shall  thus  find 

.'  =  4»55«  54*.0  —  1.967  r  +  2.720  ^  —  3.358  r  aA*  —  4.061  ajj. 
'  =  4  55  55 .7  —  1.967  r  +  2.844  ^  —  8.459  itnk  +  3.697  a«. 
"-^-  4  55  5 .4  —  1.967  r  +  2.352  ^  —  3.067  »  aA-  —  3.704  a^. 
"=  4  55     5 .4  —  1.967  r  +  2.438  d  —  3.134  r  aJI  +  3.349  a^^ 

where  oj'  and  oi"  denote  the  true  longitudes.     Hence,  also, 

w'  —  ai"  =  +  48*.6  +  0.368  ^  —  0.291  r  aA'  —  0.357  a^^ 
w'  _  a,"  ^  4-  50 .3  +  0.406  *  —  0.325  ir  aA*  +  0.348  a«, 

and  the  mean  is 

oi'  —  «o"  =  +  49*.5  +  0.387  ^  —  0.808  jt  aA-  —  0.005  Ajr. 

The  effect  of  an  error  in  s^  upon  the  difference  of  longitude  of 
the  two  places  is,  therefore,  insensible ;  but,  to  eliminate  &  and 
taA',  olwcr\'ations  of  the  emersion  should  also  be  used.  The 
effect  of  Y  and  &  upon  ai'  and  co"  can  only  be  eliminated  by 
means  of  observations  of  the  moon*s  place  at  a  standard  observa- 
tory on  the  day  of  the  obser\'ation,  as  we  have  already  shown  in 
other  examples. 

TRANSITS  OP  VENUS  AND  MERCURY. 

356.  The  transits  of  Venus  and  Mercury  may  be  computed  by 
the  mctliod  for  solar  ecliprtcs,  substituting  the  planet  for  tho 
moon.     In  tlie  formula;  (486),  (487),  Ac,  we  must  employ 

for  Venus,      k  =  0.9975 
for  Mercur}',  k  ==  0.3897 

wliich  are  the  values  which  result  from  the  apparent  semi- 
diaiiu'tcrs  of  these  planets  adopted  on  p.  578. 

Sinci'  h  is  no  longer  a  small  quantity,  it  will  be  necessary  to 
ein|»l<\v  tlic  exact  fonnulre  (479)  instead  of  (481). 

The  Iniiiritude  of  a  jilace  at  which  the  transit  i**  obsen'ed  may 
hv  cnu\\mWi\  from  ea<*h  of  the  fimr  contact**  of  the  limb  of  the 
sun  anci  plaiut,  by  the  fonnula?  of  Art.  329.  These  observations, 
howtvir,  aiv  of  little  u.ne  in  cletermining  an  unknown  longitude, 
on  account  of  the  great  effect  of  small  errors  in  the  assumed 
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The  discussion  of  all  the  equations  of  condition  of  the  form 
(635)  will,  therefore,  give  not  only  the  correction  a.t  of  the 
planet's  parallax,  but  also,  by  the  last-mentioned  relation,  that 
of  the  solar  parallax.* 

The  tnmsitrt  of  Venus  will  aftbrd  a  far  more  accurate  deter- 
mination of  this  parallax  than  those  of  Mercur}';  for,  on  account 
of  it^  greater  proximity  to  the  earth,  the  difference  in  the  dura- 
tion of  the  transit  at  different  places  will  be  much  greater,  and 
the  coefficient  of  a.t  in  the  linal  equations  proportionally  great, 

Althouirh  the  general  method  for  eclipses  may  also  be  ex- 
tended to  the  j)rediction  of  the  transits  of  the  planets  (by  Art. 
322),  yet  it  is  more  convenient  in  practice  to  follow  a  special 
method  in  which  advantage  is  taken  of  the  circumstance  tliat 
the  parallaxes  of  both  bodies  are  so  small  that  their  8<piare8  and 
higher  powers  may  be  neglected.  Lagrange's  method  for  this 
l)urposo  is  the  most  simple,  and,  in  the  improved  form  which  I 
shall  give  to  it  in  the  following  article,  most  accurate. 


Fig.  52. 


357.  To  predict  the  times  of  inffresa  and  egress  for  a  given  jdare. — 
AVe  first  find  the  times  of  ingress  and  egress  for  the  centre  if  the 
earthy  from  which  the  times  for  any  place  on  the  surface  are 
readily  deduced. 

Let  tt,  f),  tt',  J'  be  the  right  ascensions  and  declinations  of  the 
planet  and  the  sun  for  an  assumed  time  T^ 
at  the  first  meridian,  near  the  time  of  c<m- 
J unction.  Let  m  denote  the  apparent  dis- 
tanee  of  the  centres  at  this  time.  Let  *S*' 
and  S,  Fig.  52,  be  the  geocentric  places 
of  the  <H'ntres  of  the  sun  ami  planet,  P  the 
pole;  then,  denoting  the  angles  /^.S''»S'  and 
PSS'  by  P'  and  1H0°  -  P,  the  triangle  PSS' 
gives 

sin  }  m  sin  \  {P  -\-  P*)  —  %\n  \  ( a  —  a)  cos  }  (*)  -f  iV) 
hin  J  //I  cos  }  (/^  +  P')  =  cos  J  (tt  —  a)  sin  i  (d  —  d') 

lint,  since  .J  m  is  at  the  time  of  a  contact  only  about  8',  wo 
Uiay  witiiout    appreciable  ern)r  substitute   it   for  its  sine,  and, 


*  Another  iiK'thoi)  of  forming  the  eqiiationt,  tpparently  phorter,  but  in  reaUty, 
when*  in.iny  oh«*«'rTHtionfi  are  to  b«  rrducfMl,  not  more  ctmTeniont  than  the  rigoroui 
mothiMl.  will  h<>  found  in  F^^cke'ii  Ihf  Entftrnung  der  Sonne  ron  der  Erde^  auM  dtr 
Vfuufdurrhjnn.jf  von  1761  hfrgtltitet ;  and  Dtr  Venutdurckgangt  ron  1760. 

Vol..  I.— :js 


# 
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The  formnlffi  (686),  (637),  and  (638)  serve  for  the  complete 
prediction  for  the  centre  of  the  earth. 

To  find  tlie  time  of  a  contact  for  any  point  of  the  surface  of 
the  earth,  let  m  be  the  geocentric  apparent  distance  of  the 
centres  of  the  two  bodies  at  any  given  time ;  m'  the  apparent 
distance,  at  the  same  time,  as  seen  from  a  point  on  the  eartli*s 
surface  in  latitude  ^  and  longitude  to;  xr  and  tt'  the  equatorial 
horizontal  panillaxes  of  the  planet  and  sun  respectively ;  f  and  ^' 
their  geocentric  zenith  distances;  p  the  radius  of  the  earth  for 
the  latitude  f .  The  apparent  zenith  distances  are  C  +  /^^  ®"^  C 
and  ^' +/>;:' sin  j;':  these  approximations  being  quite  exact 
whore  the  parallaxes  are  so  small.  Let  Z,  Fig.  52,  be  the 
geocentric  zenith  of  the  place,  S  and  S'  the  true  placca  of  the 
bodies.  The  distance  SS'  =  m  will  become  the  apparent  dis- 
tance m'  if  we  increase  the  sides  ZS  and  ZS'  by  p7:»in^  and 
/>.T'8in^';  and,  if  we  regard  these  small  increments  as  difleren- 
tials,  we  shall  have,  by  the  first  equation  of  (46), 

m'  —  m  =  —  ^ir  sin  C  oos  S  -{-  pic'  Hin  C  cos  S' 

where  S  =-  180°  —  ZSS',  and  S'  =  ZS'S. 

Let  Sf^  be  the  middle  point  of  the  arc  SS'^  and  denote  the 
angle  ZS^S  by  S^^  the  arc  ZS^  by  f^ ;  then  we  have 

—  Bin  C  cos  S  =  Bin  }  m  cos  C,  —  cos  }  m  sin  C.  cos  S^ 
sin  C'cos  S'  =  sin  i  m  cos  C,  +  cos  }  m  sin  C^cos  S^ 

which  give 

m'  —  m  =z  p  [f  T  -f  r')  sin  J  m  cob  C,  —  (*  —  5?')  cos  }  m  sin  C,  cos  *Sj 
If  then  g  and  y  are  determined  by  the  conditions 

g  HJn  r  ■■=  ('f  +  'f')  «in  J  m  | 

fj  COB  r  =  (j!c  —  ir')  COB  }  m  / 

we  have 

in'  —  7/1  =  (jp  (sin  y  cos  C,  —  cob  /  Bin  C,  cos  S^) 

Vnnhu-i^  the  arc  .S'N,  and  take  .S,^»^  =^  ^^0°  +  r-    Then,  denoting 
the  arc  ZG  by  /,  the  triangle  ZGS^  gives 

COB  i  —  —  Bin  ;»  cos  C.  +  cos  y  sin  C^cos  S^ 

and  the  expression  for  m'  becomes 

wi'  =  m  ^  gp  cos  i  (640) 
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In  order  to  apply  these  formulie  in  predicting  the  time  of  a 
contact  at  a  given  place,  we  observe,  first,  that  tins  time  difters 
but  a  few  minutes  from  the  time  of  the  same  contact  for  the 
centre  of  the  earth,  and  during  these  few  minutes  we  may 
assume  the  distance  m  to  vary  uniformly. 

Let  T  be  the  time  of  the  geocentric  contact,  and  T'  the 
required  time  of  the  contact  at  the  place,  both  times  being  reck- 
oned at  the  first  meridian.  At  the  time  T  the  geocentric  dis- 
tance =  5'  ±  5,  and  at  the  time  T'  the  apparent  distance 
m'  =^  s'  ±  8  (neglecting  here  the  augmentation  of  the  semi- 
diameters,  which  are  too  minute  to  be  considered  in  merely 
|)ri'dioting  the  phenomenon) ;  but  at  this  time  T'  the  geocentric 
dintance  has  become 

where  -  --  denotes  the  change  of  m  in  the  unit  of  time.     These 
values  substituted  in  (640)  give 


Differentiating  (636),  we  find 


whence 


dm         .g.      dM  ,-.  -  •     TfcT 

-,  -  Bm  M  +  - ,  -  m  cos  M  z=  a  cos  ^.  =  n  sin  N 
dt  '    dt  • 

dm  dM       .     ,r       J  XT 

,■  cos  M  —     .,   m  mnJi=:^a  =^  n  cos  ^V 

at  at 


dm  ,  _-.       _-. 

,-  —  n  cos  (M  —  A^ 

lit  ^  * 


Hut,  Kince  at  the  time  7"  we  have  m  —  ^'  dr  5,  we  also  have  for 
this  tinic,  by  (t>3i<),  M  —  X  --  1//,  and,  therefore, 


dm 

=^  n  cos  4 


dt 

will  ell   l^ivOH 

r  =  T  +  <"' ■'"^- ^.  (644) 

;i  co8  4  ^       ^ 

in  wliirh  tlio  valines  of  n  and  -v^  found  in  the  computation  for 
thf  «  riitrt'  of  tin*  earth  are  to  be  eniplove<l.  The  value  of  i  to 
]»r  (iiiploViMl  must  1)1*  that  which  rcHults  from  the  preceding 
iMrniuhr  at  thi*  tiuio  71    Now,  at  thirt  time  the  value  of  the  angle 
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II. — CONSTANTS. 

For  each  of  the  computed  values  of  T'take  the  corresponding 
values  of  N  and  '^  from  the  preceding  computation.     Then 

Take  the  horizontal  parallaxes  tt  and  n'  of  the  planet  and  tho 
sun,  and  compute  A  and  D  by  the  formulsB 

r  =-  — tan  1  r*'  ± «)  -^       „  '       ^ 

'         r  — .  r  ^  ^  f  COS  F=  COSY  COS  Q 

cos  D  sin  (-4  —  o,)  =       cos  r  sin  Q 
cos  2)  cos  (-4  —  o^)  =  —  /  sin  (^^  +  F) 

sin  D=      f  cos  (d.  +  F) 

in  which  a,,  is  the  mean  of  tho  right  ascensions  of  the  planet  and 
sun,  and  S^  the  mean  of  their  declinations,  at  the  time  T. 

Find  the  sidereal  time  /i  at  the  first  meridian  corresponding 
to  T.     Then  form  the  three  constants 

6=  A*  — A  ^  =  -""- AsinD  0  =  ^-^--  AcosD 

nco8  4  ncoB4 

m. — FOR   A   GIVEN   PLACE  WHOSE  LATITUDE   IS  f  AND   WEST 

LONGITUDE  Ol. 

Find  the  values  of  p  sin  f'  and  p  cos  y'  by  tho  geodetic  table. 
The  roquirod  time  of  the  phenomenon  at  the  place  is 

T^    T  +  B.p^'in  ^'  +  C. />  cos  / cos  (8  —  «) 

Tho  local  time  will  be  T'—  w.  The  angle  Q  will  express  the 
aii<cnliir  <listaiice  of  the  point  of  contact  reckoned  on  the  8un*s 
liiiil)  from  its  north  point  towanls  the  east,  and  will  be  very 
nearly  the  same  for  all  places  on  the  earth. 

ExAMi»LK. — Compute  the  times  of  ingress  and  egress  for  the 
transit  of  Mtrruryy  November  11,  18G1. 

I.  /'/;•  tht'  nnfre  of  (he  earth, — Let  us  take  as  the  first  meridian 
that  ot'  Washington,  and  employ  the  elements  given  in  tho 
Anirri«an  KphomcriH. 

Tlu'  Washinictoii  mean  time  of  conjunction  in  right  ascension 
is  Ntyvi  inl»tr  11,  14*  f/.*"*  43*.G,  which  we  shall  adopt  as  the  value 
of  7y.     For  thiri  time  we  have 
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m.  For  any  place  on  the  surface  of  the  earth  we  have,  there- 
fore, in  mean  Washington  time, 

Ingress.  r.^l2»   8*47'.8  —  16'.66pgm^'  — 62'.19poo8  f  ooi  (lOl*    1'.6  — «) 
Egress,    r  =  IG  12   28  .8 -f- 48  .10  p  tin  ^' +  26.23  p  cot  ^'oot  (808   20.5~w) 

or,  in  a  more  convenient  form,  giving  the  logarithms  of  the 
constant  factors, 

Ingress,  r  r    12*  8-  47'.8  —  [1.2217]  p  sin  ^'  -f  [1.7176]  p  cot  f'  cot  («  -f  78*  6S'.4) 
Egress,    r  r=  16  12   28  .8 -f  [1.6821]  p  tin  f -f  [1.4187]  poot  foot  (w -f  56   89.5) 

To  determine  whether  the  phenomenon  is  visible  at  the  given 
]>lace,  we  liave  only  to  determine  whether  the  sun  is  above  the 
horizon  at  the  computed  time.  All  the  places  at  which  it  will 
be  visi])le  will  be  readily  found  by  the  aid  of  an  artificial  terres- 
trial globe,  by  taking  that  i)oint  where  the  sun  is  in  the  zenith 
at  tlie  time  T^  and  dencribing  a  great  circle  from  this  point  as  a 
pole.  All  jilaces  within  the  hemisphere  containing  this  pole 
evidently  have  the  sun  above  the  horizon.  Li  the  present 
examj»le  this  point  at  ingress  is  in  latitude  —  17*^  48'  and  longi- 
tude 180°  2'  west  from  Washington;  and  at  egress  it  is  in  lati- 
tude —  17°  46'  and  longitude  247°  4'.  The  whole  transit  is 
invisible  in  the  United  States,  and  in  Europe  only  the  egress  is 
visible. 

For  the  egress  at  Aliona,  ip  =  58°  82'.8,  w  =  850°  8'.5,  we  find 

T  =       16*  13-  13*.0 
w  =  —    5  47    57.4 

Altona  mean  time  of  egress  =       22     1    10.4 

The  time  actuallv  observed  bv  Petersen  and  P.\pe  was 
22*  1-  H\'}.*  The  error  of  the  prediction  is  verj'  snnill,  and 
provis  tho  exi'clltMue  <»f  Lk  Vkrrikr's  Tables  of  Mercury,  from 
which  the  places  in  the  American  Kphemeris  were  derived. 

0((MLTATION    OF   A    FIXED    STAR   BY   A   PLANET. 

o."i!».  Very  small  stars  disappear  to  the  eye  when  near  the 
biiirht  limb  of  a  i»huu't,  before  thev  are  aetuallv  oceulted  bv  it; 
ami  thr  o<<-ultations  of  stars  of  suflicient  brightness  to  be  ob- 
s«  I  \  imI  at  tlir  limb  of  the  planet  arc  so  nire  that  it  has  not  been 
thniii^rlit  W(,itli  whilo  to  incur  the  lalior  of  predicting  their  oc- 

*A»(rom.  Xaeh.,  Vol.  LVI.  p.  239. 
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from  tlie  cliaiiges  in  the  position  of  the  piano  of  the  orbit  and 
tlie  plane  of  the  equator. 

361.  The  variations  of  astronomical  elements  are  UHually 
divided  into  secular  and  periodic. 

Sirular  rariatiom  are  very  slow  changes,  which  proceed  through 
agcfl  (serul(t)y  80  that  for  a  number  of  years,  or  even  centuries  in 
some  cases,  they  are  nearly  projwrtional  to  the  time. 

J\riodic  variations  are  relatively  quick  changes,  which  oscillate 
between  their  extreme  values  in  so  short  a  period  that  they  can- 
not l>e  regarded  as  proportional  to  the  time  except  for  verj'  small 
intervals.* 

The  true  position  of  a  celestial  body,  or  of  a  celestial  plane,  at  a 
given  time,  is  that  which  it  actually  has  at  that  time ;  it8  mean 
position  18  that  which  it  would  have  at  that  time  if  it  were  freed 
from  its  periodic  variations. 

362.  The  plane  of  the  ecliptic,  or  of  the  earth's  orbit,  is  a 
slowly  moving  ]»lane.  Its  position  at  any  ep(X*h,  as  the  begin- 
ning of  the  year  1800,  can  be  adopted  as  a  Jixed  plam\  to  which 
its  j>()sition  at  any  other  time  may  be  referred. 

Tlu»  j)laiie  of  the  e(j[uator  is  also  a  moving  plane.  Its  inclina- 
tion to  the  fixed  plane  and  the  direction  of  the  line  in  which  it 
intersects  that  |)lane  are  constantly  changing,  thus  causing 
variations  in  the  obliquity  of  the  ecliptic  and  in  the  position  of 
the  e<|uin(K*tial  points. 

IW'l.  The  latitudes  and  declinations  of  stars  are  therefore 
Hul)j<M*t  to  variations  which  do  not  arise  from  the  motions  of  the 
stars,  but  tVoiu  the  shifting  of  the  planes  of  reference;  and  the 
loiiiritiides  an<l  right  ascensions  are  in  like  manner  subject  to 
variations  from  the  shifting  of  the  vernal  e(|uino.x,  which  is 
their  ronimon  \H>\ut  of  reference,  or  origin,  from  which  both  arc 
rerkontMl. 

ruder  the  head  of  pretrssion  are  considered  those  parts  of 
\hr>i'  variations  which  are  secular;  namely,  those  which  arise 
from  thr  iiiutions  of  the  ynran  ecliptic  and  the  mean  cf/u/itor. 


*  M>«>(  of  tho  decuUr  Tarimiioiiii  aluo  baTC  pcriodii,  though  of  f^^At  length,  and 
tlH>nt(>ri>  not  vol  in  all  canen  welt  dcfineil:  so  that,  ttrictly  npeaking,  the  diitinction 
iM'iwffn  •^cculur  nn*!  iterio^lic  Tariations  ii  only  an  arbitrary  one,  ettablithed  for 
practical  coiivvuivnce  between  Tariationit  of  l»n^  and  short  periods. 
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changoB   tlioir    right   ascensions,   their    longitudes,   and    their 
latitudes  (Art.  23). 

367.  Obliquity  of  the  ecliptic. — Since  by  the  mutual  action  of  the 
phinots  the  position  of  the  plane  of  the  (mean)  ecliptic  is  changed 
while  that  of  the  equator  remains  fixed,  the  mutual  inclination 
of  these  planes,  or  the  obli(piity  of  the  ecliptic,  is  changed. 

Tlie  action  of  the  sun  and  moon  in  causing  luni-solar  preces- 
pion  does  not  directly  produce  any  change  in  the  obliquity  of 
the  ecliptic;  but,  in  consequence  of  the  change  produced  by  the 
planets,  the  attraction  of  the  sun  and  moon  is  modified :  so  that 
there  results  an  additional  verj'  minute  change  of  the  inclination 
of  the  mean  equator  to  the  fixed  plane  of  reference. 

These  changes  ])roduce  small  changes  in  the  co-ordinates  of 
the  stars,  which,  being  secular  in  their  character,  are  combined 
with  the  preceding  in  deducing  the  general  precession. 

308.  To  find  the  general  precession  in  longitiule^  and  the  position  of 
the  mcnn  crhpticy  at  a  given  time. — Let  NLj  Fig.  63,  be  the  fixed 
ecliptic,  or  the  mean  ecliptic  at  the  _j    ^ 

beirinnin*;  of  the  year  1800;  AQ^ 
the  mean  e<juator,  and  V  the  mean 
vernal  equinox,  or,  as  it  is  briefly  A 
called,  the  mean  equinox,  of  1800.  l 
In  the  titrure,  let  the  h)ngitudes  be  . 
reckoned  fn>ni  V^  towards  A".  Let 
TT,  he  the  luni-solar  precession  in  longitude  in  the  time  /,  and 
A^Q  the  mean  e<iuator  at  the  time  1800  +  t.  By  the  action  of 
the  planets,  the  ecliptic  in  the  same  time  is  moved  into  the  posi- 
tion A7., :  so  that  K,  \\  is  the  ])lanetary  i)rece8sion  in  the  time  /, 
and   V,  is  the  mean  equinox  at  the  time  1800  +  /. 

The  point  y  may  l»e  called  the  ascending  node  of  the  mean 
ecliptic  on  the  fixed  ecliptic. 

Tlif  difference  between  NV  and  iW,  is  called  the  gmeral 
jinris-^'un  in  longitude^  being  that  part  of  the  change  of  the  longi- 
tu(l(<  of  the  stars  which  is  common  to  all  of  them. 

>»*t»w,  let  us  put 


'o 


the  moan  ohliquity  of  the  oeliptie  for  1800, 
c^       the  <;hliquity  of  Iho  fixed  ecliptic  at  the  time  1800  -f  f, 
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COS  }  r  sin  }  (4  —  4,)  =  sin  }  *  COS  }  (f  +  c,) 
cos  i jr  cos i (4  —  4j)  =  cos  J*  cos  l(f  —  t,) 
8inljr8in(n  +  14  +  l4|)  =  8inj*sinj(f +  f,)  (    (^'^ 

sin  1  jf  cos  (n  4-  1 4  +  1 4i)  =  cos }d  sin  I  («  —  «J 

The  angles  }  (9  and  H^  ~~~  ^i)  ^^^  ^^  small  that  their  cosines  may 
always  be  put  equal  to  unity,  and,  consequently,  also  those  of 
}  t:  and  J  (4^  —  4'i)  >  while  for  their  sines  we  may  substitute  the 
arcs.     We  thus  obtain  at  once,  from  the  first  two  equations, 

4  — 4,  =  *cosJ(f +  f,) 

where  we  can  take,  with  sufiicient  accuracy, 

cos  i  (f  +  f,)  =  cos  (e.—  0".2869f) 

=  cos  e,  +  0".2369<  sin  1"  sin  t, 

and  hence,  by  substituting  the  values  of  &  and  e^  from  (646), 

4  —  4,  =    (KMSST  t  —  0".0002218<» 

4,  =  50".2411 1  +  0".0001134<«  (648) 

The  sum  of  the  squares  of  the  last  two  equations  of  (647)  gives 

ir«=*«sinM(t  +  «,)  +  (»-0" 
in  which  we  may  take 

8in«  i (f  +  f,)  =  sin* Co—  0".2369^  sin  T'sin  2f. 
and  then,  substituting  the  values  of  i9,  c^,  and  c  —  Cp  we  obtain 

7r«  =  0".228111^  —  0".0000038234(« 
and,  by  extracting  the  root, 

ir  =  a".4776r  —  0".0000035  f  (649) 

The  quotient  of  the  third  equation  of  (647)  divided  by  the 
fourth  gives 

tan  (n  +  J4  +  U»)  = -^  sin  K«  +  O 
in  which  wo  have 

^      ^  0.15119f  ~0.00024186f 

«  —  f,  "~  —  0.4738  f  —  0.0000875  <• 

=  —  0.3191  +  0.00061686t 
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and  in  the  triangle  PSPi  we  have 

PS    =:90<>  —  ^ 

SPP,  =  ^i  =  90<>  +  i  —  n 

SP,  P  ^  180<*  —  L,B^  =  180^  —  (90*'  +  A  —  n  —  4i) 
-90O-(>l-.il-4») 

80  that,  by  tlie  fundamental  equations  of  Sph.  Trig., 

co8^9co8(;i-- n  —  4,)=     eo8J?eos(i  — n)  "j 

cos /S sin  {X —  II  —  4,)  =      eo8J?8in(iy  —  n)co87r-f  sin  i?  sin^rV  (651) 

Bin,J  =  —  C08jB8in(iy  —  n)8in7r-f  sin  Bcosit) 

Instead  of  these  rigorous  formulfip,  we  may  deduce  approximate 
ones,  which  will  be  sufficient  in  all  practical  cases,  as  follows. 
No^lectint^  the  square  of  z  (that  is,  putting  cos  r  =  1),  let  the 
first  equation  be  multiplied  by  8\n(L —  11),  the  second  by  cos 
(//  —  11) ;  the  difference  of  the  products  is 

cos  ^  sin  (^  —  L  —  4,)  =  sin  z  sin  B  cos  (L  —  n) 

The  sum  of  the  products  obtained  by  multiplying  the  same 
equations  by  cos  {L  —  11)  and  sin  {L  —  11),  respectively,  is 

cos  ,S  cos  {X  —  L  —  4,)  =  cos  ^  +  sin  r  sin  B  sin  (Z  —  n) 

and  the  ([uotient  of  these  last  equations  is 

,,        T  X  sin  r  tan  ^  cosCL  —  n) 

tan  (X  —  L  —  4,)  =  —  -  -~    — 

1  +  sin  ::  tan  B  sin  {L  —  n) 

which  developed  in  series  (PI.  Trig.,  Art  257)  gives 

>i/—  X  — 4,^    r  tan  Bco8(i  — n)  —  J  r» tan*  J? sin  2(X  —  n)  — &c. 

where,  however,  since  we  here  neglect  the  square  of  ;r,  the  first 
term  of  the  series  suffices:  so  that  we  have 

>l  —  i  =  4i  +  «  tan5  cos  (X  —  n)  (652) 

Here  \^,  appears  as  the  precession  in  h)ngitude  common  to  all 
the  stars,  and  the  term  ;:  tan^cos(Z/ —  11)  as  tliat  which  varies 
with  the  star. 

The  last  equation  of  (651)  gives 

sin  ,?  —  sin  ^  =  —  sin  ;r  cos  if  sin  (L  —  ll) 

Vol.    1.—Z9 
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We  may  also  put  tan  ^  instead  of  tan  B  in  the  above  formulap, 
since  the  error  in  )J  —  X  thus  produced  will  be  only  a  term  in  7^; 
and  for  L  we  may  take  >l  —  i^j :  so  that  if  we  put 


i_n^hii_^  =  ,_jf 


and  then  substitute  the  numerical  values  of  our  constants,  we 
shall  have  the  following  formulae  for  computing  the  precession 
from  1800  +  /  to  1800  +  t' : 

M  =     172°  45'  31"  +  f .  50".241  —  (f  +  t)  8".505 

;  (654) 
^  (Z'— ^)  [r.4776  —  (f  +  0  0".0000035]  cos  (;— JlOtan ,5  • 

^9'— ^f  ==  —  (f—  t)  [0".4776  —  (f+  t)(y\(mOOSb]  sin  {X-^M) 

These  are  the  same  as  Bessel's  formula;  in  the  Tabidcc  Regiomon- 
tana\  except  that  we  have  here  employed  the  constants  given  by 
l^ETERS,  and  the  epoch  to  which  i  and  V  are  referred  is  1800. 

lofifuf  (he  aimnal  precession  m  longitude  for  a  gicai  date. — ^11*  we 
divide  the  equations  (654)  by  i'  —  /,  the  quotients 

will  express  the  mean  annual  precession  between  the  two  dates ; 
and  if  we  then  suppose  C  and  /  to  differ  by  an  infinitesimal 
(iuaiitity,  or  put  ('  /,  these  quotients  will  become  the  differen- 
tial coefficients  which  express  the  annual  precession  for  the  in- 
stant ISOO  -I-  /;  namely, 

'[''  :z=       50".2411  +  0".0002268f 

at 

^  [0".4776  —  0.0000070t]  cos  (X  —  ^f)  tan  fi 
'III  -_-.  _  [0".4776  —  0.0000070  0  sin  (i  —  JO  }   (^^^^) 

in  which 

M    s       172°45'31"  + 33".23e 

Kx AMPLK. — For  the  star  Spira^  we  have,  for  the  beginning  of 
the  vear  1800, 

the  mean  lon^ntude,  L  =       201®  3'    6".97 
tlio  iiieun  latitude,      B  =  —      2<*  2'  22".64 
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Fiff.  55. 


371.  Givai  (he  mean  right  ascension  and  declination  of  a  star  for 
any  date  1800  +  /,  to  find  the  mean  right  ascension  and  declination  for 
ang  other  date  1800  +  /'.—Let  V^  F/ 
(Fi^.  55)  be  the  fixed  ecliptic  of 
IHOO,  \\Q  the  mean  equator  of 
1800  +  t,  V^'Q  tlie  mean  equator 
of  1800  +  r,  Q  the  intersection  of 
the^e  circles  (or  the  ascending  node 
of  the  second  upon  the  first).  The 
position  of  the  point  Q  is  found  as 
follows.  The  arc  V,F/  is  the  luni-solar  precession  for  the  in- 
terval t'  —  t:  so  that,  distinguishing  by  accents  the  quantities 
obtained  by  (640)  when  t'  is  put  for  /,  we  have,  in  the  triangle 

y,  V,'  =  4'  -  +,         QV,  r/  =  i80»  - ..,         Q  TV  r,  =.• ./, 

and  putting 

Q  v^=^  90°  -  z,  QV;  =900  +  y^  Y^QY»  =  e, 

we  find,  by  Gauss's  equations  of  Sph.  Trig., 

cos  1 0  sin  §  (y  +  2)  —  sin  }  (V  —  4)  cos  )  (f/  +  t,) 
cos  J  B  cos  i  (y  +  J)  =  cos  \  (V  —  4)  cos  i  (f /  —  r J 
sin  J  B  sin  J  (y  —  2:)  ==  cos )  (V  —  4)  sin  }  («/  —  t ,) 
sin  I B  cos  J  (y  —  j)  =  sin  }  (4'  —  4)  sin  ]  (f/  +  cj 

which  determine  0,  -?,  and  z'  in  a  rigorous  manner.  But,  since 
i{£/—  c,)  is  exceedingly  small,  we  can  always  i»ut  unity  f<»r  its 
cosine,  and  the  arc  for  the  sine,  and,  conse^iuently,  the  same 
may  be  <lone  in  the  case  of  the  arc  \{z' — z)\  we  thus  obtain 
the  following  simple  but  accurate  fonnula;: 


(65G) 


tan  \  (y  +  2)  =  tan  J  (4'  -  4)  cos  1  (r/  +  c,) 

w^  _  ,)  ^ *.(•/_-  'i> 

tan  1  (4' -  4)  «in  1  (c/ -i  c.) 

sin  J  B  =  sin  \  (4'  -  4)  «in  \  (c/  +  c,) 


(657) 


If  V.^  an<l  r,'  are  the  positions  of  the  mean  equinox  in  1800  +  t 
and  1H()()  +  i\  \\  V^  is  the  planetarj'  precession  for  the  first  and 
\\'  r/  tliat  for  the  second  of  these  times,  which  being  denoted 
by  />  and  e?'  wc  have 

r,  9  ^  90^  —  r  —  * 
17^  —  90*^  +  y-  ^^ 


PRECESSION. 


615 


give 

cos  J  (90°  +  d')  Bin  }  (il'+O  =  cos  }  (90®  4.  a  —  8)  sin  i  A 
coH  J  (1)0°  +  d')  cos  J  (A'+C)  ^  cos  i  (90®  +  ^  +  0)  cos  J  A 
sin  J  (90°  +  d')  sin  i  (A'— (*)  ^  sin  J  (90°  +  a  —  O)  Hin  J  A 
sin  i  (90°  +  d')  cos  }  [a'—C)  =  sin  }  (90°  +  d  +  S)  cos  J  A 

373.  We  may,  however,  obtain  greater  precision  by  computing 
the  (litlerences  between  A  and  A'  and  between  d  and  d'.  From 
the  first  two  equations  of  (658)  we  deduce 

cos  d'  sin  (A'— A)  =  cos  ^  sin  A  sin  0  [tan  S  -f  tan  J  6  cos  A] 

cos  ^'cos(A' — A)  =  cos  d  —  cos  d  cos  A  sin  6  [tan  ^  4- tan  §6  cos  A] 


so  tliat,  if  we  put 


p  =  sin  6  (tan  d  +  tan  i  6  cos  A) 


we  have 


tan  (A'  —  A) 


/>sin  A 


(660) 


1  — pcosA 

and,  by  Napier's  Analogy,* 

X      i/*f      jix      *      .^cosKA'+A) 

tan  K^  — ^)=  tan  J8 —  - 

^  ^  cosJ(A'  — A) 

Example. — The  mean  place  of  Polaris  for  1755,  according  to 
the  Tabulcc  RcgiommtarKty  is 


a  -  :  10°  55'  44".955 


d  =  87°  59^  41".12 


it  irt   re([uiri»d  to  reduce  this  place  to  the  mean  equator  and 
equinox  of  1820. 

For  17 ')')  we  take  <  =  —  45 ;  and  for  1820,  /'  =  +  20 ;  and,  by 

(640),  wo  find— 


For  17«V>. 

For  1S20. 

4            37'  47".31 

4'=+  16'47".55 

/>  ._-_         _   7".  29 

b'  -z        +    2".93 

c,       2:{°  27'  54".23488 

c/      23°  27' 54".22294 

and  licncc 

§(4'— 4)  =  27'17".43 
}  U;  -  c.)  =  —    0".00597 
\{i'  +  t)   =^  23°  27'  54".23 


«  Th<>  formula*  (/Vo7;.  (fwH),  (CoO),  (6C(I)  are  those  given  bj  BittiL  in  the  Tabmlm 

Rftjiomontntui, 
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da       d'^  d^       d^     .         .        .       ^ 

—  =  -  -  cos  «, sm  c.sm  a  tan  d 

dt        dt  '       dt        dt  * 

and  similarly,  from  the  last  equation  of  (660), 


Putting  then 


dd       ^4    . 

—  =  —  sm  f,  cos  A 

dt        dt         * 


d'l  d^ 

m  =  —  cos  f , 

dt  '       dt 


d^    . 


(661) 


we  find,  by  (646), 


n  =  —  sm  c, 
dt  * 


and  hence 


-*-  cos  f,  =(50".8798— 0".0(K)2168t)  cos  r^ 

=  46".2135  —  0".00019887 1 

—  =    0'M512  —  0".00048872  < 
dt 

m  =  46".0623  +  0".0002849 1 
n  =  20".0607  —  0".0000863 1 


}    (662) 


and  the  annual  precesHion  in  right  ascension  and  declination  for 
the  time  1800  +  /  is  found  by  the  formulaa 

-^*=m  +  n8m.tan« 

dt  ,       ^^^^ 

,,  )    (663) 

—  ==  n  cos  a 

dt 

Tlios(»  f«>rmulie  may  be  used  for  computing  the  whole  precession 
bt'twi'iMi  any  two  dates,  if  we  multiply  the  annual  precesnion  at 
the  nh'fftf/r  time  between  the  two  dates  by  the  number  of  years  in 
the  interval. 

KxAMiM.K. — The  mean  right  ascension  and  declination  oi Spica 
lor  ISUU  are,  by  the  Tabula:  lieyiomondmcCy 

a    -       18*  14-  40*.5057 
a  .-.  —  10<>   6'  46".843 

Find  the  mean  right  ascennion  (a')  an<l  deelination  {d')  for  1860. 
We  have,  tor  1^:30,  by  making  t  =^  30  in  (662), 

m  =  46".0708  n  =  20".0581 
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sufficient  precision   to   determine   so  great  a  period    exactly, 
/  =  24500  vears. 

To  tind  the  position  of  the  pole  for  any  indeterminate  time 
1800  -}-  t'y  we  have  only  to  ol)8er\'e  that  if  P,  in  Fig.  aC,  is  the 
l)ole  for  a  fixed  time  1800  +  i,  P'  that  for  the  time  1800  +  f, 
the  right  ascension  of  P',  reckoned  from  the  equinox  of  1800  +  ^ 
is  equal  to  that  of  the  point  Q  diminished  hy  90°.  The  right 
ascenrtion  of  Q  is  V^Q  in  Fig.  55,  and,  in  Art.  371,  we  have  found 

r.Q  =  90^  —  z  —  * 
Hence,  if  we  put 

A,  D  =  the  right  ascension  and  declination  of  the  pole  at  the 
time  ISOO  +  f,  referred  to  the  equator  and  equinox 
of  1800  +  t, 
we  have 

A=z^z  —  ^ 
2)  =  90**  —  e 

which  will  become  known  by  computing  ->//,  i|/',  e,  e',  &  for  the 
times  ISOO  ^   /,  1800  +  /',  and  then  z  and  0  by  (657) 

An  approxinuite  solution  is  obtained  by  neglecting  the  varia- 
tion of  £,  and,  consequently,  taking  z'—-  z,  and  also  neglecting  «?: 
so  that 


tan  A  =^  —  tan  1  (4'  —  4)  co«  t^ 
sin  (45^  —  J/;)  =       sin  J  (V  —  4)  sin  to 


}    (004) 


The  ambiguity  in  dctennining  A  by  its  tangent  is  removed  by 
observing  tliat  cos  A  an<l  cos  J  (>/.'  —  \^)  must  have  the  same  sign 
so  long  as  \/.'  -  -v/^  does  not  exceed  360°,  ais  we  readily  infer  from 
the  iMjuations  (t)56). 

For  cxanjplr,  if  we  wish  to  find  the  position  of  the  pole  for 
the  year  140(M),  referred  to  the  e<|uinox  of  1850,  we  take  t  =^  50, 
r      U'2i)i) ;  whence  yl^' —  y^,  =  165°  33',  and 

A  :r_  277^52'  2)  1=43°  28' 

Tlie  position  of  a  Lt/ra:  for  1850  is 

a     -  277°  58'  d  =^,  3S<>  39' 

consequently,  this  star,  in  the  year  14000,  will  be  within  five 
(birrris  it\'  tiie  pole,  and  will  beciune  the  jKde  star  of  that  period. 
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378.  To  reduce  a  stars  m/'an  place  from  one  epoch  to  another  ^  when 
the  proper  motion  is  given. — Let  a,  dy  be  the  given  place  for  1800  +  /, 
and  let  tlie  given  annual  proper  motion  in  right  ascension  and 
declination,  referred  to  the  ec^uinox  of  this  date,  be  denoted  by 
da  and  do.  To  reduce  to  the  date  1800  +  t\  we  first  find  the 
whole  proper  motion  in  the  inter\'al,  by  the  fonuulse 

Aa  =da(f'^  t)  Ad  =^dd(f'^  t) 

Then,  putting 

(a)  =  a  +  Aa  (^)  =  ^  -f  aS 

we  compute  the  precession  by  the  formula*  of  Arts.  871  to  374, 
employing  in  these  formuhe  (a)  and  (8)  for  a  and  d. 

If  the  proper  motion  (i^a',  aJ')  had  been  given  for  the  epoch 
1800  -r  /',  we  should  first  have  computed  the  precession  with  the 
given  vahics  a  and  5,  and,  having  ap{)lied  it,  if  (a')  and  (J')  were 
the  resulting  values,  we  should  have  finally  a'  ~  (a')  +  Aa', 
5'  -  (J')  -i-  Ad'. 

871K  To  reduce  the  proper  motion  in  right  ascension  and  declination 
from  one  e])^>rh  to  another. — If,  in  Fig.  50,  P  and  P'  are  the  ]M)les 
of  the  cfpiator  for  the  epochs  1800  +  t  and  1800  -}- 1'  respectively, 
and  we  suppose  the  star  S  to  vary  its  position,  the  present  merely 
rc(|uiros  us  to  dcMluce  the  relations  between  the  variations  of  the 
parts  of  the  triangle  SPP\  the  side  PP'  being  the  only  c(mstant 
l>art.  Observing  the  notation  of  Art.  371,  we  have  (since  J,  i?, 
I'y  b'  do  not  depend  upon  the  star's  place) 

diSPP')  :r-  d(a   -I-   :  +   ^)   rr^da 

d(SP'P)  r  :  d{  \H0^  —  a'  +  :'  —  1^')  =  —  ^'a' 

,/(  SP  )   .        -^dd 

tl(SP').     —dd' 

and  lieiirt*,  l)y  the  formula?  (47)  and  (4G),  putting  y  for  the  angle 
at  the  >tar, 

cos  d'.  da  .-. :       da  COS  d  COS  y  '\'  dd  HXTi  y  )     (CJt&\ 

do'  =  —  da  cos  d  sin  ^^  -f  dd  cos y  ) 

in  wliirh 

pin  f^  H\n  (a  4-  z  4-  ^)        sin  O  sin  (a'  —  z'  f-  ^) 

Mil  /  -^  --  ■ =  ___!^__ 

COS  J'  COS  J 

COS  B  —  sin  *t  sin  S' 

Cos  r  ■  -  — 

cos  J  COH  J' 
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and  hence  for  1755  we  find 

da  =  +  1".08228  dd  =  +  O".O04098 

If,  now,  there  had  been  given  both  the  mean  place  and  the 
proper  motion  for  1765,  namely, 

a  r=  IQo  55'  44".955  d  =  87^  59'  41".12 

da  =  +  1".08228  dd  =  +  0".0a4098 

to  find  the  mean  place  for  1820,  we  should  first  take 

(a)  =  10°  55'  44".955  +  1".08228    X  65  =  10°  56'  55".80 
(3)  =  87    59  41  .12    +  0  .004098  X  65  =  87    59  41  .39 

and  employing  these  values,  instead  of  a  and  5,  in  (G59)  and  (G60), 

we  should  find 

a  -}-  -  +  d  =  il  =  11°  21'  51".92 

log  p  =  9.256691 
il'  —  ^  =  2°  28'  33".45 
J(a'  — a)=       10'86".44 
whence 

a'  =  14°  15'  22".57  a'  =  88°  20'  54".27 

as  given  above. 

880.  The  proper  motion  on  a  great  circle. — If  we  denote  this  by 
p,  and  the  angle  which  the  great  circle  makes  with  the  circle  of 
docliiiation  of  the  star  by  j[,  reckoning  the  angle  from  the  north 
towards  the  east,  we  have 

p  Hin  X  ^  Aa  cos  d  p  cos  ;jf  =  A^ 

Thus,  wc  find,  in  the  preceding  example,  for  Polaris  in  1755, 

P  =  0".03809  z  =  88**  49'.4 

and  in  1820, 

,>  =  0".03809  /=86°  17'.  8 

wluTo  the  accent  of  jr'  is  used  for  the  second  epoch,  but  p  is 
ncct'ssarily  tlie  same  ft)r  both  epochs. 

It  is  tvi<K»iit,  moreover,  that  we  have  Jf'"^  3f  +  T'  ^^^^  hence, 
if  fj  and  y  liave  been  found  for  one  epoch,  it  is  only  necessary  to 
coinjnitc  y  to  obtain  the  reduction  to  another  ejK)ch;  for  we  then 
have,  by  (Oti^), 

cos  d'  da   =  p  Bin  (x  +  t)  =  P  ^^^  / 

dd'  =  pcos(x  +  r)=p  cos/ 
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e^  =  23°  27'  54". 2.  These  eoefficieiits,  however,  are  not  absolutely 
constant :  so  that,  according  to  Peters,  the  formulae  for  1900  will  be 

At  r^        9".2240co8  JJ  — 0".089f5co8  2a-f  0".0885cos2(C 

+  0".5607  cos  2  O -f  0".0092 cos  (O -f  O 

(067) 

AA  -^  —  17".2577sm  JJ  +0".20738in2  JJ  —  (r.2041sln2(C  -f  (r.0677  sin  (([  —  /") 

—  l".26958m2O-f-0".12768in(O— -T)  — O".O2188in(04-r) 

Since  tlie  attractions  of  the  sun  and  moon  upon  the  earth  do  not 
disturb  the  position  of  the  ecliptic,  but  only  that  of  the  equator 
and  its  intersection  with  the  ecliptic,  the  nutation  does  not  affect 
the  latitudes  of  stars,  and  its  effect  upon  their  longitudes  is 
simply  to  increase  them  all  by  the  same  quantity  a>1. 

382.  To  find  (he  nidation  in  right  ascension  and  declination  for  a 
given  }<ttir  at  a  given  time. — Let  a  and  3  denote  the  mean  right 
ascension  and  declination  of  the  star  at  the  given  time ;  a'  and  J' 
the  tntr  right  ascension  and  declinaticm  at  this  time,  or  the  mean 
place  ((jrrcctcd  for  the  nutation.  Let  the  coefBcients  of  the 
forinube  for  as  and  a>1  be  found  for  the  given  year  by  interjiola- 
tion  iK-twcen  the  values  for  1800  and  1900,  and  then,  taking 
JJ,C,  O,  /",  and  H  from  the  Ephemeris  for  the  given  date  (the 
day  of  the  year,  and,  for  the  greatest  precision,  the  liour  of  the 
day),  Wi»  can  compute  the  values  of  A£  and  Ai.  We  can  then 
have  cither  a  rigorous  or  an  approximate  solution  of  our  problem. 

A  rigorous  solution  may  be  obtained  by  employing  the  for- 
mula' (»J.'>0),  (tMS),  and  (6.V.I),  substituting  c  +  J  Ae,  a£,  Ai,  a  |  ^, 
an<l  a'      z'  for  1  ('i'  -f  Si),  c/  —  e„  ^l^'  —  \^,  A  and  -4',  resj)ectively. 

Another  rigorous  solution  is  obtained  by  first  computing  the 
mean  Inngitndr  ^.  an<l  latitmh*  ^},  from  the  given  a  and  J,  and 
till'  mean  obli<juity  c,  by  Art.  23.  Then,  with  the  true  longitude 
>l  :  A/,  the  true  latitude  ^9,  and  the  true  obliquity  c  -j-  ai,  we  can 
compute  the  true  right  ascension  a'  and  declination  J'  by  Art.  26. 

Hut,  siiH'4'  AS  and  a^.  are  very  small,  an  approximate  soluticm 
bv  nuans  <»f  differential  fornuihe  will  be  sufficientlv  accurate, 
and  |ii*;uti<ally  more  convenient.  The  effect  of  varying  /  and 
e  by  A/  aiul  as,  while  ^3  is  constant,  is,  by  the  equations  (53), 

,  cos  Tf  cos  /9 

a  —  o  r  --  AX  .  Ar  COS  a  tan  a 

COS  J 

<)'  —  i  ---  A^ .  sin  15  cos  y9  -f  Ac  sin  a 
in  wlTh  h  r^  is  the  position  angle  at  the  star,  as  defined  in  Art.  25. 

Vol.  I.— 40 
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tation  of  the  nutation  formulje,  the  most  compendious  are  those 
computed  by  Xicolai,  according  to  the  form  suggested  by  Gauss, 
and  included  in  Warxstorff's  edition  of  Schumacu£R*8  Hiilfs^ 
tafrln.  In  thcHC  tables  the  new  constants  are  adopted  from 
l^ETERS,  as  in  the  preceding  formula?,  and  the  epoch  is  1850. 

For  the  baiar  nutation  in  right  ascension,  the  first  table  gives, 
witli  the  argument  JJ,  the  quantity 

—  15".8235  sin  ft  =  c 

The  two  remaining  terms  in  the  first  line  of  our  fommla  arc 

reduced  to  a  single  term  by  assuming  auxiliaries  b  and  Bj  also 

given  in  the  tables  with  the  argument  ft,  determined  by  the 

conditions 

b  sin  (ft  +  5)  =  6".86G6  sin  ft 

b  cos  (ft  +  ^)  =  9".2235  cos  ft 

Thus,  the  first  line  of  the  formula,  containing  the  principal  tenns 
of  the  lunar  nutation  in  right  ascension,  becomes 

c  —  b  cos  (ft  +  -B  —  •)  tan  S 

By  tlie  uj^c  of  the  same  auxiliaries,  the  first  two  terms  of  the 
lunar  nutrition  in  declination  arc  reduced  to  the  following: 

—  6  sin  (ft  +  J?  —  tt) 

For  tlie  solar  nutation,  the  second  table  gives,  with  the  argu- 
ment "20,  the  quantity 

—  rMG44sin20  =g 

and  tlie  two  remaining  terms  involving  20  are  reduced  to  a 
niiiirle  <»ne  by  the  auxiliaries/ and  Fy  given  in  the  table,  which 
are  determined  bv  the  conditions 

/  Rin  (20  +  F)=z  0".5055  sin  20 
/cos (20  +  F)  =z  0".55lOco8  2© 

po  tliat  the  solar  nutation  in  right  ascension  is 

g  —/cos  (20  +  F—  a)  tan  d 
and  the  nolar  nutation  in  declination  is 

— /Hin(20  +  F—a) 

Almost  all  the  reniainint'  terms  of  the  formulee  mav  also  be 
found  i>v  nuans  of  the  table  for  the  solar  nutation.  The  coefli- 
eients  of  the  terms  in  2ft  and  2^  are  about  one-sixth  part  of 
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80   flmall  an  interval  to  be   rectilinear  and  uniform,  and  the 

motion  of  light   to   be   uniform,  the   lines  BA   and  B'A'  are 

parallel,  and  the  ray  of  light  during  its  progress  from  A  to  B\ 

is  constantly  in  the  axis  of  the  telescope ;  for  instance,  when  the 

telescope  is  in  the  position  ba,  the  ray  will  have  reached  the 

point  a,  and  we  have 

Aa:Bb  =  AB':BB' 

The  difference  of  apparent  direction  thus  caused  by  the 
motion  of  the  earth  combined  with  that  of  light  is  called  the 
aberration  of  the  fixed  stars.  When  wo  also  take  into  account  the 
motion  of  the  luminous  body,  as  in  the  case  of  the  planets, 
anotluT  species  of  aiberration  occurs,  which  will  be  considered 
hereafter,  under  the  name  of  tliQ  planetari/  aberration. 

The  whole  displacement  of  the  star  produced  by  aberration  is 
in  the  plane  pjissed  through  the  star  and  the  line  of  the  obser\'er*H 
motion,  and  the  star  appears  to  be  thrown  forward  in  this  plane 
in  the  direction  of  that  motion.  Thus,  in  the  figure  the  whole 
aberration  is  the  angle  SB' A' ;  and,  if  we  conceive  the  plane  of 
the  lines  SB'  and  BB'  to  be  produced  to  the  celestial  sphere, 
this  plane  will  be  that  of  a  great  circle  drawn  through  the  place 
of  the  st4ir  and  the  points  of  the  sphere  in  which  the  line  BB' 
meets  it.  The  displacement  of  the  star  will  be  the  arc  of  this 
circle  subtending  the  angle  SB' A'  and  measured  from  the  star 
towards  that  point  of  the  sphere  towards  which  the  obsen'cr  is 
moving. 

^HF).  To  find  the  aberration  of  a  star  in  the  direction  of  the  ob^ierrers 
motlnn, — Let 

{f  .-_-:  AH' B^       the  true  direction  of  the  star  referred  to  the 

line  IVB^, 
-.  tile  arc  of  a  great  circle  of  the  sphere  joining  the  starts 

true  phice  and  the  point  from  which   the  obser\*er  in 

moving, 
//       tlie  apparent  <lirection  of  the  star  referred  to  tho  same 

line,        J///?,, 
I'       tho  velocity  of  light, 
r        tlie  veloeitv  of  the  olwcrvcr; 

tlieii  tJM*  aberration  in  the  plane  of  motion  is  tho  angle  A'B'A 
B'A  II       <>'  —  9,  and  the  triangle  ABB'  gives 

Ml,  ry  — *)      BB'  _  V 

siny~~        AB'~  V 
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and  hence,  if  we  denote  the  angle  E  by  7*,  we  have 

Bin  1^  sin  ;*  =        sin  yJ  ") 

sin  ^  QOHy  =z       cos  ^  cos  (O  —  ^)  \    (671) 

cos  i>  =  —  cos  i^  sin  (O  —  ^)  ) 

The  apparent  place  of  the  star  is  on  the  great  circle  ES  at  the 
dirttance  «>'  from  S:  so  that,  if  we  now  suppose  ^'  to  be  the 
apparent  phice,  the  angle  y  is  not  changed,  and  we  have 

sin  v>'  sin  y  =       sin  /5'  \ 

Bin  d'  cos  r  =       cos  iV  cos  (0  —  X')  V    (672) 

cos  *'  =  —  COS  y  sin  (O  —  i!)  ) 

If,  then,  the  tnie  place  of  the  star  is  given,  the  equations  (671) 
may  be  Uflcd  to  determine  j  and  e? ;  then  9'  will  be  found  from 
(670),  and,  finally,  k'  and  ^'  will  be  found  from  (672).  This  is 
the  direct  and  rigorous  solution  of  the  problem ;  but  a  more 
convenient  solution  is  obtained  by  eliminating  i>  and  y  as  follows. 
We  find,  from  the  equations  (671)  and  (672), 

sin  A'  cos  *  COB  Y  =  —  cob  ^  cos  /9'  sin  (O  —  >l)  cos  (O  —  X') 
sin  d  cos  d'  cos  y  =z  —  cos  ^  cos  <5'  cos  (O  —  ^)  sin  (O  —  X') 

the  difference  of  which  is 

Bin  (  d'  —  6)  COB  ;'  =  —  COB  ^  cos  ?'  sin  (J!  -—  X) 


,       .  (»V  —  t/»)  cos  y  A:  sin  ^'  cos  ^^ 


(673) 


whence 

r_i-_^  

COS  |5  COS  y  COS  ^  COB  ^' 

or 

cos  )9 
Again,  we  find,  from  our  equations, 

cot  r  -■-='  cot  y  cos  (O  —  X*)  ^  cot  p  cos  (0  —  ^) 

by  which  ^i'  can  be  found  from  /9  after  ^'  has  been  found  by  (673), 
or  wo  may  find  the  ditlerence  between  ^'  and  ^  thus : 

o      .      ,Tco8  (O  —  i')  —  cos  (O  —  ;)1 
tan  y  -  tan  ^  =  tan  ^' '— '—-       ^^ 

L  cos  (O  —  A')  j 

.     ^,       ,,       2sini('l'  — ^) sin  [O— J (/+;)] sin /9' cos ^f 

Bin  iy^,i)  = ^TTT""" .'.; — 

COB  (O  —  /) 

whtiicc,  taking  2  sin  J(>1'  —  i)  =  sin  (i'  —  i),  we  obtain,  by  means 

^'  -  /S  =  —  A:  Bin  [O  —  K-^'  +  'I)]  sin  /9'  (674) 
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gphere  being  unity.  The  period  in  which  a  star  appears  to 
describe  this  ellipse  is  a  sidereal  year. 

389.   To  find  the  annual  aberration  in  right  ascension  and  declina- 
tion.— Let 

A,  D  =  the  right  ascension  and  declination  of  the  point  E 
(from  which  the  earth  is  moving) ; 

then,  in  tlie  triangle  formed  by  the  point  J?,  the  star,  and  the 
pole  of  the  equator,  the  sides  are  90°  —  D,  90®  —  d,  and  «?;  and 
the  angle  opposite  to  i9  m  A  —  a.  If  then  we  suppose  the  side 
^  to  vary,  the  corresponding  variations  of  the  angle  A  —  a  and 
the  side  90°  —  8  may  be  directly  deduced  by  the  differential 
formulae  of  Art.  34.  The  angle  at  E  and  the  side  90°  —  D  being 
constant,  we  find 

cos  d .da  =  —  </*  sin  C 
(id  =  —  d^  cos  0 

where  C  denotes  the  angle  at  the  star.  For  determining  C,  our 
triangle  gives 

sin  1^  sin  C  =  cos 2)  sin  (^1  —  a) 

sin  d  cos  C  =r^  cos  ^  sinZ)  —  sin  d  cosD  cos  (^1  —  a) 

In  (670)  we  may  employ  sin  t9  for  sin  (>' :  so  that,  putting  a'  —  a 
and  (?'  —  <?  for  da  and  (/(?,  we  fin<l 

a'  —  o     -  —  A-  sec  ^  cos  D  sin  (A  —  o)  )        .• 

r/  —  r)       —A-  [cos  i)  sin  I)  —  sin  0  cos  2)  cos  (^A  —  a)]  /    ^^^^^ 

The  quantities  A  and  D  are  found  from  the  right  triangle 
fornu'd  i>y  the  (Mjuator,  the  ecliptic,  and  the  declination  circle 
drawn  throuirh  A',  by  the  formuhe, 

cos  D  cos  A  .  -  —  sin  0 
cos/>  sin  -I  cos  O  cos  t 

sin  />  -  cos  O  sin  c 

Tf  wo  substituto  those  values  in  the  fonnuhe  for  a'  —  a  and 
tV      (),  atnr  d<'Vclo]>ing  sin(.l  —  a)  and  cos(vl     -  a),  we  obtain 

a'  a  -  A  HOC  o  ( COS  ©  COS  t  COS  a   -|-  siu  ©  sin  a  )  ) 

A  COS©  (sin  f  COS  d  —  COS  c  sin  6  sin  a)     V    (^078) 
—  A  sin  ©  sin  d  cos  a  J 
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with  wliich  the  aberration  in  right  ascension  and  declination  is 
found,  by  (678),  to  be 

a'  —  a  =  +  62".51  =  +  4vl67  a'  _  a  =  +  20".27 

The  additional  terms  of  (678*)  are  in  this  ease  —  0'M58  = 
—  ©".Oil  and  +  0".016,  and  the  more  correct  values  are,  there- 
fore, 

a'  —  a  =  +  4M56  d'^d=z  +  20".29 

890.  Gauss's  Tables  for  ccmputing  the  aberration  in  right  ascension 
ami  declination, — If  we  determine  a  and  A  by  the  conditions 

a  sin  (O  +  '^)  =  ^  ^^^  O 

a  cos  (O  +  -4)  =  A:  cos  O  cos  e 

the  formulsD  (678)  may  be  expressed  as  follows: 

a  —  o  =  —  a  sec  ^  co8(0  -^  A  —  o) 

d'  —  d  =  —  a  sin  d  sin  (©  -^  A  —  a)  —  k  cos  O  cos  d  sin  c 

=  —  a  sin  ^  sin  (Q  +  A  —  o)  —  }  A:  sin  c  cos  (©  +  ^ 

—  i  At  sin  c  cos  (©  —  d) 

The  first  of  the  tables  proposed  by  Gauss*  gives  A  and  log  a 
with  the  argument  sun's  longitude,  and  with  tliese  quantities  we 
readily  compute  the  aberration  in  right  ascension  and  the  first 
part  of  the  aberration  in  declination.  The  second  and  third 
parts  of  the  aberration  in  declination  are  taken  directiv  from 
tlie  si'ioiid  tiible  with  the  arguments  Q  +  3  and  O  —  d.  The 
tables  have  been  recomputed  by  Xicolai  with  the  constant 
k  -  20".44.')1,  and  are  given  in  Warnstorff's  edition  of  Scny- 
maciier's  llUlfstafdn, 

The  value  of  e  for  1850  is  employed  in  computing  these 
ta])les.  The  rate  of  change  of  e  is  so  slow  that  the  tables  will 
answer  for  the  whole  of  the  present  century,  unless  more  than 
usual  precision  is  desired. 

801.  In  the  preceding  investigation  of  the  aberration  formulae 
we  have,  for  greater  simplicity,  assumed  the  earth's  orbit  to  be  a 
circle  and  its  motion  in  the  orbit  uniform.  Let  us  now  in<|uiro 
what  eorreetion  these  formuhe  will  require  when  the  true  ellip- 
tical motion  is  employed. 

•  Monallirhe  CorrttpontUnz^  XV 11.  p.  312. 


ABERRATION.  687 

which,  substituted  in  the  above  value  of  r^  together  with  the 
value  of  r,  gives 

V,  =  — —:  •  (1  +  ^  cos  ti)  sec  I 

*      y/(l  — e»)   T   ^    ^  ^ 

The  mcayi  value  of  this  velocity  is  that  value  which  it  would 
have  if  the  small  periodic  temis  depending  on  u  and  i  were 
omitted  (Art.  361) ;  thus,  denoting  the  mean  velocity  by  r,  we 
have 

v  = (679) 

r,  =  r  (1  +  tf  cos  ti)  sec  t  (680) 

If,  then,  V  is  the  velocity  of  light,  and  we  put 

A'l  =  -^--zr,  =  A:  (1  +  e  cos  w)  sec  I 
I  sm  1" 

we  can  at  once  adapt  our  equations  (675)  to  the  case  of  the 
eHii»tical  orbit,  by  introducing  k^  for  k  and  ©  —  i  for  ©,  so  that 
we  have 

X'  —  X  =  —  k(l  +  «  cos  ti) cos (O  —  X  —  i") sec  I  sec  /9 
fi'  —  ,3  —  —  A'  (1  -f  e  cos  u)  sin  (©  —  X  —  i)  sec  i  sin  ^ 

Developing  the  sine  and  cosine  of  (©  —  i)—  i,  we  have 

cos (Q  —  X  —  i) sec  i  ==  cos (©  —  i)  -f  sin  (©  —  X) tan  i 
Hiii  (O  —  ^  —  0  see  i  =  sin  (©  —  X)  —  cos  (©  —  X)  tan  * 

and  substituting  the  value  of  tan  i,  we  find 

X'  —  X  -zr  —  A*  cos  ( O  —  X)  sec  /5  —  ke  cos  (©  —  u  —  X)  sec  /9 
y  —  ,1  =z  —  k  sId  (O  —  X)  sin  ^  —  ke  sin  (©  —  u  —  i)  sin  ^ 

The  longitude  of  the  earth's  perigee  is 

by  the  introduction  of  which  we  have,  finally, 

X'  —  X       —  k  cos  (©  —  X)  sec  t9  —  ke  cos  (F—  i) sec  ^  1     rMW 
y  -;i=  —  k  sin  (©  —  X) sin  ^  —  ke  sin  (F—  X) sin  fi  /    ^    ^ 

Tlu'se  formuln?  differ  from  (675)  only  by  the  second  terms, 
which  tlurofore  are  the  corrections  for  the  eccentricity  of  the 
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latitudes  and  longitudes.  The  nadir  of  the  point  of  observation 
is  then  to  be  substituted  in  the  place  of  the  sun  :*  so  that  it*  we 
put 

6  =  the  right  asconsion  of  the  zenith,  or  the  sidereal  time, 

the  formuhe  (675)  are  rendered  immediately  applicable  to  the 
present  case  by  putting  180®  +  0,  a,  5,  and  k'  for  ©,  >l,  ^,  and  k; 
whence  we  have,  for  a  point  on  the  terrestrial  equator j 

a  —  a  =  k  cos  (8  —  a)  SCO  d 

^'  —  ^  =  A-'  sin  (e  —  tt)  sin  d 

Since  every  point  on  the  surface  of  the  earth  moves  in  a  plane 
parallel  to  the  equator,  and  this  plane  is  to  be  regarded  as  coin- 
cident with  the  plane  of  the  celestial  equator,  the  same  fomiulee 
are  ajiplicable  to  every  point,  provided  we  introduce  into  the  ex- 
pression of  k'  the  actual  velocity  of  the  point.  This  velocity 
varies  directly  with  the  circumference  of  the  parallel  of  latitude, 
or  with  its  radius;  and  this  radius  for  the  latitude  tp  is  />cos^', 
f'  being  the  geocentric  latitude  and  p  the  radius  of  the  earth  for 
that  latitude.  Ilence  we  have  only  to  put  r'/>cos^'  for  r',  or 
k'ft  cos  ^'  lor  A',  and  we  obtain  for  the  diurnal  aberration  in  right 
ascension  and  declination,  for  any  point  of  the  earth's  surface, 
the  fonnulte 

a'  —  o  :r^  A**//  cos  f '  cos  (8  —  ft)  SCC  d  1       (aSk±\ 

d'—d-^  k'f/ cos  / sin  (0  —  a) sin  d  f    ^     ^ 

It  only  remains  to  determine  A'.     For  this  puqwse,  we  have, 

by  {i>Vji 

whieli,  if  T  is  the  length  of  the  sidereal  year  in  sidereal  days, 
gives  the  vain*'  of  V  for  one  sidereal  day.  The  motion  of  a  point 
on  the  earth's  equator  in  one  sidereal  day  is  equal  to  the  circum- 
ft'ienee  of  the  equator:  so  that,  if  a'  is  the  equatorial  radius,  wo 
liave  the  value  of  r'  referred  to  the  same  unit  as  r,  by  the 
fornnihi 

r'  _:  2  ra' 

*  For  th«>  (»b<«t>rTcr  \n  moTing  directly /rom  the  west  point  of  his  horiton,  which  !• 
^H^  (if  ri^ht  n<*(.*cn«ion  in  scirmnce  of  the  nadir;  and  the  point  Aron  which  the  eftiik 
in  it.M  annual  revolution  is  moving  if  90^  of  longitade  in  adfanee  of  the  ran. 
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in  which,  if  we  take  r'  =  the  velocity  per  second  of  a  point  of 
the  earth's  equator  resulting  from  the  diurnal  rotation,  Vwill 

be  the  velocity  of  light  per  second.     If,  then,  we  take  r'  =  - — - 

we  have  the  following  formula  for  determining  the  velocity  of 
light  from  the  aberration  constant: 

r  = ^"^"^ (686) 

nr8inp8inAr|/(l  — e«)  ^       ^ 

Thifl  will  give  the  velocity  in  one  sidereal  or  one  mean  second, 
according  as  we  take  n  =  86400  or  n  =  86164,  the  number  of 
seconds  of  either  kind  in  a  sidereal  day.  With  Bessel*s  value 
of  the  equatorial  radius,  Art  80,  and  the  values  of  7,  />,  A',  and 
€y  above  employed,  we  find 

in  one  sid.  second,      V=  191058  miles  =  307473000  metres; 
in  one  mean  second,  F=  191581  miles  =  308314000  metres. 

The  time  required  by  light  to  traverse  the  mean  distance  of 
the  earth  from  the  sun  is 


a        n  Tsin  A:  i/l  —  e*       am,  no       o.  i*.-to 

—  = ^- =  497'.78  =  8*  li'.78  mean  time. 

V  2^ 

306.  Planetary  aberration. — When  the  observed  body  is  a  planet, 
and,  therefore,  in  motion  relatively  to  the  earth,  the  aberration 
above  considered  is  not  the  complete  aberration ;  but  we  must 
fiirtlier  take  into  account  the  time  required  by  light  to  come 
from  the  phmet  to  the  earth;  for  in  this  time  the  planet  will 
have  Hensil)ly  changed  its  place.  Let  us 
suppose  tliat  the  ray  of  light  which  reaches   ^  ^*''^*' 

the  telescope  at  the  time  t  left  the  planet 
at  the  time  T;  let  P  (Fig.  59)  be  the 
jjlanet's  phice  in  space  at  the  time  Tj  and 
/)  its  j>hno  at  the  time  t ;  A  the  place  of 
the  oliject-end  of  the  telescope  at  the  time 
7\  a  its  phice  at  the  time  /,  ab  the  direction 
of  the  axis  of  the  telescope  at  the  time  /, 

a'h'  the  position  of  the  axis  at  the  time  /'  when  the  light  reaches 
tlie  cyc-cnd  of  the  telescope.     Then  it  is  evident  tliat 

l8t.  The  straight  lino  AP  gives  the  true  direction  of  tho  planet 
at  the  time  T; 

Vol.  I.— 41 
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aberration  of  the  fixed  stars,  and  the  result  is  the  apparent 
place  at  tlie  time  t.* 

397.  If  a  and  3  are  the  true  right  ascension  and  declination 
of  a  planet  or  comet  at  a  time  ty  a'  and  5'  the  apparent  values 
for  the  same  time,  r'  its  distance  from  the  earth,  the  mean  dis- 
tance of  the  earth  from  the  sun  being  unity,  Aa,  a^,  tlie  motion 
of  the  planet  in  right  ascension  and  declination  in  one  mean 
hour,  we  have,  according  to  the  method  IL  of  the  preceding 
article, 

tt'  —  a  =  —  r'Ai^Aa  I      ^.. 


in  which 


A^'  =  ^1^  log  r  =  9.14073 

3GU0  * 


These  formula  may  also  be  used  for  computing  the  8un*s 
aberration  in  riglit  ascension  and  declination,  if  we  take  for  r' 
the  radius  vector  of  the  earth. 

HELIOCENTRIC   OR   ANNUAL   PARALLAX   OP  THE  FIXED   STARS. 

3!W.  The  heliocentric  parallax  of  a  star  is  the  diiference 
between  its  true  places  seen  fmm  the  earth  and  from  the  sun. 
If  the  orbit  of  the  earth  were  a  circle  with  a  radius  equal  to  the 
nuan  distance  from  the  sun,  the  maximum  diftVrence  between 
the  heliocentric  and  geocentric  places  of  any  star  wouhl  occur 
when  the  railins  vector  of  the  earth  was  at  right  angles  to  the 
line  drawn  from  the  earth  to  the  star.  This  maximum  corre- 
sponds, then,  to  the  horizontal  geocentric  parallax:  and  its  effect 
upon  tlu^  api)arent  pla<*es  of  utars  might  be  investigated  by  the 
nietliods  followed  in  Chapter  IV. ;  but  we  prefer  to  employ  hero 
the  inetli<Ml  just  exhibite<l  in  the  investigsition  of  the  aberration, 
on  account  of  the  analogA'  in  the  resulting  fonnuhe. 

We  shall  call  the  nniximum  angle  subtended  by  the  mean 
(ff'^fiitii',  of  the  <»arth  from  the  sun,  at  the  distance  of  the  star, 
the  ro/ofu/it  of  nnnnnl  iHtmlUix  of  ihc  star^  or,  simply,  its  annwd 
juir,ilhij\     If  then  we  put 


•  S«'e  <iM«»M.  Theorin  Motu*  Cnrporum  Ccehftium^  Art.  71,  fVom  which  the  aboTe 
artirlo  ']'*  rliicfly  pxtracttMl.  AUo.  fur  the  AppUcation  of  method  III.,  tee  the  same 
work.  Art.  IIH,  tt  $eq. 
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400.  To  find  the  heliocentrie  paraOax  of  a  slar  in  right  ascension 
and  declination^  the  annual  parallax  being  given. — By  (678),  putting 
pr  for  kj  and  90**  +  O  for  ©,  we  have,  at  once, 

o'  —  a  =  —  pr  sec  3  (cos  Q  sin  a  —  sin  ©  cos  c  cos  •)       \ 
d'  —  S  =  —  pr  sin  Q  (cos  c  sin  d  sin  •  —  sin  c  cos  d)  \    (^l) 

—  pr  cos  O  sin  S  cos  a  j 

401.  It  can  be  shown  from  (690)  that,  neglecting  the  small 
variations  produced  by  the  ellipticity  of  the  earth's  orbit,  the 
eftect  of  the  annual  parallax,  considered  alone,  is  to  cause  the 
star  to  appear  to  describe  a  small  ellipse  about  its  mean  place 
in  one  sidereal  year ;  an  effect  entirely  analogous  to  that  of  the 
annual  aberration,  Art.  888.  But  the  maximum  and  minimum 
of  parallax  occur  when  the  earth  is  90^  from  the  points  at  which 
the  maximum  and  minimum  of  aberration  occur:  so  that  the 
major  axes  of  the  parallax  and  aberration  ellipses  are  at  right 
anglcH  to  each  other.  The  combined  effect  of  both  aberration 
and  parallax  is  still  to  cause  the  star  to  describe  an  ellipse,  the 
major  axiH  of  which  is  equal  to  the  hypothenuse  of  a  right 
triangle,  of  which  the  two  legs  are  respectively  equal  to  the 
major  axert  of  the  two  ellipses.  For  this  combined  effect  is  ex- 
prcKHed  by  the  following  formulie  (takuig  r  =  1  for  a  circular 

orbit): 

(i'  —  il)  =  —  [A:  cos  (O  —  ;i)  —  p  sin  (O  —  i)]  sec  iJ 
(^'  — ^)  =  —  [A:  sin  (©  —  ji)  +  p  eos(©  —  X)}  sin  fi 

which,  if  we  assume  c  and  y  to  be  determined  by  the  conditions 

c  sin  ^  =  A:  sin  i  —  p  cos  X 
c  COB  ^  =  A  cos  i  4-  p  tin  ^ 


or 


l>e<*ome 


c  sin  (X  —  r)  =  P 
c  cos  (X  —  7')  =  * 

(J!  —  X)  =--  —  c  cos  (©  —  7')  sec ,? 
(y  —  fi) c  Bin  (©  —  r)  sin  /i 


in  wliich  we  have  e  =  y^{l^  +  jf).    This  form  for  the  total  effect 
is  entirely  analogous  to  that  for  the  aberration  alone. 

MEAN   AND   APPARENT   PLACES   OP  STARS. 

402.  Tlie  formulie  above  given  enable  us  to  derive  the  appar> 
ent  froni  the  mean  place,  or  the  mean  from  the  apparent  place; 
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a'  and  cJ',  tne  annual  proper  motions  in  right  ascension  and  de- 
clination by  fx  and  ^',  we  have,  by  (t>63),  (i>G8),  and  (078), 

a'  ^-  a  -f  r  (m  -f  n  BID  a  tan  6)  -f  Tfi  (Precession  and  proper  motion.) 

—  (lo".8148  -f  6".8C50  sin  a  tan  6)  sin  JJ  for  1800 

15  XSaX  6  »»!  IWO 

-f  (  0  .1902  -f-  0  .0825  sin  o  tan  6)  sin  2  JJ 

—  (  0  .1872  -t-  0  .0813  sin  a  Un  6)  sin  2^ 
-f  (  0  .0621  -f  0  .0270  sin  a  tan  6)  sin  ( C  —  r') 

—  {  1  .1044  -I-  0  .6065  sin  a  Un  6)  sin  20 
-r  (  0  .1173  -f-  0  .0609  sin  a  Un  6)  sin  (Q  —  r) 

—  (  0  .OlUo  -i-  0  .0086  sin  o  tan  <J)  sin  (Q  -f  r]  )    (XuUtion.) 

—  9''.2281  COS  a  tan  6  cos  Q  1^^ 

9    J240  1900 

-f  0  .0897  cos  a  tan  d  cos  2  Q 

—  0  .0880  cos  a  tan  d  cos  2C 
-—  0  .6510  cos  a  tan  S  cos  20 

—  0  .0093  cos  a  tan  6  cos(0  +  O 

—  20".44.'>1  cos  e  cos  O  ©<>■  •  ••o  <J  \  . 

—  20  .44:il  sin  O  «■  *  -ec  J  /  (Aberration. ) 

6'  —  6  -f  r .  n  cos  a  -f-  r/  (Precession  and  proper  motion.) 

_  r>  ".8r>.-)0  cos  o  sin  Q    -f  9^.2231  sin  a  cos  (2  for  1800 

«   .MW2  9    .3240  1900 

-f  0  .()H2:»  COS  a  sin  2  (2  —  0  .0897  sin  a  cos  2  Q 

—  0  .0H13  cos  a  sin  2(^+0  .088C  sin  a  cos  2C 
4   0  .0270  cos  tt  sin  (C  —  /")  }  (^»^^^<>"-) 

—  0  ..V).^  cos  a  sin  2  0  +  ^  .6510  sin  a  cos  20 
-f    0  .050^»  cos  a  sin  (O   —  ^) 

—  0  .0085  cos  a  sin  (Q  4-  r )  -f-  0  .0093  sin  o  cos  (O  -f  H 

—  20".44.')1  cos  f  cos  O  C^***  '  cos  6  —  sin  a  sin  S)  1 

—  20  .4451  sin  Q  cos  a  sin  d  /  (Aberration.) 

Xow,  it  is  to  1)0  remarked  that  the  two  numerical  coefficients  of 
Hin  $2i  ^in  2Q,  sin  2D,  &c.  in  the  fonnula  for  a^  are  in  each 
casi'  very  nearly  in  the  ratio  of  m  to  n;*  and  hence,  if,  according 
to  the  nietliod  of  Bess£L,  we  put 

15".8148  =  iwi      +h 

0  .1902  =  mf  +  h' 
0  .1H72  =  mr   +  h" 

0  .0621  =  mr  +  A'" 

1  .lfU4  =  m^'  +  A'^ 
0  .1173  =  mr  +  A' 
0  .0195  =  mi"^  4-  A** 


G".H(;r)0 

-  ni 

6      .H»  Ki 

0    OSL'.-) 

-r  wr 

0  .0S13 

;i/" 

0  MHO 

:  nf" 

0  .r>n;)5 

:-.:    hi^^ 

U  .(K'>(I9 

—  n<* 

0  .uosr) 

-^  /«** 

*  Thir*  rolatiun  i.s  not  accidental,  but  results  fWim  the  general  theorj  of  nutation, 
which,  the  student  will  remember,  is  onlj  the  periodical  part  of  tlit  precession. 
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which  depend  on  the  star's  place,  we  have 

a'=a  +  Aa  +  Bb  +  Cc  +  Dd  +  E  +  Tfi        1     ^ggoN 
d'^d  +  Aa'+Bb'+Cc^+DiT+rfi'  J    ^      ^ 

The  logarithms  of  -4,  -B,  C,  D  are  given  in  the  Ephemeris  for 
every  day  of  the  year.  The  residual  E  never  exceeds  0".05,  and 
may  UHually  be  omitted.  The  logarithms  of  a,  6,  e,  d,  a',  b\  e',  W 
are  usually  given  in  the  catalogues,  but  where  not  given  are 
readily  computed  by  the  above  formulie.  When  the  right  ascen- 
sion is  expressed  in  time,  the  values  of  a,  6,  Cy  d,  above  given, 
are  to  be  divided  by  15. 

403.  If  we  substitute  the  values  of  m  and  ti,  namely, 


for  1800,    m  =  46".0623 
1900,    m  =  46  .0908 

we  find  the  following  values  of  i,  t',  &c. : 


n  =  20".0607 
n  =  20  .0521 


i 

f 

r 

<* 

^ 

f 

•^ 

isoo 

1900 

0.34221 
0.34252 

0.00411 

0.00405 

0.00185 

0.02520 
0.02521 

0.00254 

0.00042 

*»• 


1800  I  I  0".052  -f-0".004 
IIMK)     rO  .045  f  0".003 


and  h\  A",  h'^,  k%  k^  ioappreeiable. 


The  tenn;<  in  i^  and  i^*  in  the  expression  of  Cmay  be  combined 
in  u  single  term  ;  for,  putting 


j  cos  J  =" 
j  bin  J  = 


(t>  _  i^)  cos  r 
(i'  +  i"^)  sin  /• 


we  have 


(r  ein  (O  —  r)  —  i'»  sin  (O  +  r)=j  sin  (O  +  J) 


and  takin.i.-  for  1800,  r=  279°  30'  8";  and  for  1900,  r=  281^ 
12'  42",  we  find 


1800 '    +  0.00294    I     83«  10* 
1000      -f  0.00293    \     81    55 
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from  this  by  the  diurnal  aben^ation  and  the  refraction ;  but  the 
first  of  these  corrections  depends  on  the  latitude  of  the  obser\'er 
and  the  star's  hour  angle,  and  the  second  upon  the  starts  zenith 
distance :  so  that  neither  of  them  can  be  brought  into  the  com- 
putation of  a  star's  position  until  the  place  of  observation  and 
the  local  time  are  given. 

40G.  The  fictitious  year. — In  the  preceding  investigations,  we 
have  used  the  expression  ''  beginning  of  the  year,"  without  giving 
it  a  definite  signification.  For  the  purpose  of  introducing 
uniformity  and  accuracy  in  the  reduction  of  stars'  places,  Bessel 
proposed  a  fictitious  year,  to  begin  at  the  instant  when  the  sun's 
mean  longitude  is  280®.  This  instant  does  not  correspond  to 
the  beginning  of  the  tropical  year  on  the  meridian  of  Greenwich ; 
that  is,  the  (mean)  sun  is  not  at  this  instant  on  the  meridian  of 
Greenwich,  but  on  a  meridian  whose  distance  from  that  of 
Greenwich  can  always  be  determined  by  allowing  for  the  sun's 
mean  motion.  This  meridian  at  which  the  fictitious  year  begins 
will  vary  in  diftcrent  years;  but,  since  tlie  sun's  mean  right 
ascension  is  equal  to  his  mean  longitude  (Art.  41),  the  sidereal 
time  at  this  meridian  when  the  fictitious  year  begins  is  always 
18*  40*"  (—  280°).  By  the  employment  of  this  epoch,  therefore, 
tlie  reckoning  of  sidereal  time  from  the  beginning  of  the  year  is 
wimplified,  and,  accordingly,  it  is  now  generally  adopted  as  the 
epoch  of  the  catalogues  of  stars.  In  the  value  of  log  C\  which 
involves  the  fraction  of  a  year  (r),  the  same  origin  of  time  must 
be  used  ;  an<l  this  is  attended  to  in  the  computation  of  the  Ephe- 
merides,  which  now  give  not  only  the  logarithms  o(  A,  By  C, 
and  A  l>ut  also  the  value  of  r  (or  its  logarithm)  reckoned  from 
the  ])eiriiining  of  the  fictitious  year  and  reduced  to  decimal  parts 
of  tlie  mean  tropical  year. 

For  all  the  jmrposes  of  reduction  of  modem  observations,  the 
computer  need  not  enter  further  into  this  subject,  and  may 
depend  upon  the  Ephemerides.*     But,  as  the   subject  is  inti- 

*  The  rc«liiction  of  obnerTAtionn  miicle  between  ITfiO  and  18^  will  be  mont  con- 
Tcniently  iierformed  by  the  mid  of  the  Tahulm  Regiomontanm  of  BissiL.  The  con- 
stantM  UM'd  hy  ItcKBEL  differ  mmteriaUy  from  tho«e  now  adopted  in  the  American  and 
JUriti*«h  AlninnACM.  Profefv^ior  UrBBARi)  has  giTen  a  rerj  simple  table  bj  which  tht 
TaliioH  of  lof;  .1.  log  yy,  log  C,  and  log  7>  as  giren  in  the  Tab.  Reg.  nay  be  reduced 
to  thoMe  wliioh  Tullow  from  the  U!te  of  Petkra's  constants,  in  \.ht  AitnmomitclJoum^U^ 
Vol.  IV.  ]>.  14J.     The  ((pecial  and  general  tables  for  the  redaoiion  of  ftam'  plMM, 
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is  the  time  in  wliich  the  sun  changes  his  mean  longitude  exactly 
300^,  and  is,  therefore,  found  by  dividing  360  by  the  mean  daily 
motion :  thus,  if  we  put 

Y  =  the  lengih  of  the  tropical  year  in  mean  solar  days, 

we  iind 

Y=  365^242220027  —  0^.00000006886  ^ 

where  the  value  of  the  second  term  fort  =  100  is  O'.SOS,  which 
irt  the  diminution  of  the  length  of  the  tropical  year  in  a  century. 
The  length  of  the  sidereal  year  is  invariable,  and  is  readily 
found  by  adding  to  365.25  the  time  required' by  tlie  sun  to  move 
through  22''. 617656  at  the  rate  of  his  sidereal  motion;  or,  putting 

Y'  =  the  length  of  the  sidereal  year, 

by  tlie  proportion 

360^  —  22".617656 :  360<>  =  865'.25 :  T 

which  gives 

y  =  365.256374416  mean  solar  days, 
=  366.256374416  sidereal  days. 

408.  The  epoch  of  the  $U7i*s  mean  longitude. — This  term  denotes 
tlie  instant  at  which  the  common  year  begins.  The  value  of  the 
loniritudr  itself  at  this  instant  is  frequently  called  *'the  epoch," 
and  is  denoted  by  E.  Its  value  for  January  0  of  any  year, 
l^<0()  {-  /,  is  found  by  adding  the  motion  in  865  days  for  each 
year  not  a  leap  year,  and  the  motion  in  366  days  for  each  leap 
vcar.  The  motion  in  365  davs  is  found  from  the  above  value 
for  '>0').25  days  by  deducting  one-fourth  the  mean  daily  motion, 
or  14' 47". 083:  so  that,  if  /  denotes  the  remainder  after  the 
division  of  /  by  4,  we  have,  for  the  epoch  of  1800  +  <,  Jan.  0,  at 
l*aris, 

/;    .:  279^  54'  r'.36  +  27".605844f  +  0".0001 221805 f« 

—  (14'  47".083)/  (698) 

To  extend  this  formula  to  years  preceding  1800,  we  must  pot 
/  4  in  tlie  plaee  of/:  so  that  the  multiplier  of  (—  14'  47".088) 
will  be,  for  exainjile,  —  1,  —  2,  —  3,  —  4,-1,  ic.  for  the  years 
\VX\  i»s,  <J7,  W,  1)5,  &c.     But  these  rules  for/  will  give  the 
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meridian,  at  the  sidereal  time  18*  40"  the  argument  of  the  table 
will  be  the  reduced  date ;  but  at  any  other  sidereal  time  g  the 
argument  must  be  this  reduced  date  increased  by 

24* 

wliich  must  be  always  taken  <  1  and  positive ;  or  by  the  quantity 

/7_+5*20- 
^  24* 

omitting  one  whole  day  if  ^  +  5*  20*  >  24\     Now,  in  order  that 

tlie  local  date  nuiy  correspond  with  that  supposed  in  the  tables, 
the  day  must  be  supposed  to  begin  at  the  instant  when  that  point 
is  on  the  nuTidian  whose  right  ascension  is  18*  40*.  Therefore, 
whenovor  the  right  ascension  of  the  sun  is  as  great  as  18*  40*, 
so  that  the  point  in  question  culminates  before  the  sun,  one  day 
must  bo  added  to  the  common  reckoning.  Hence  the  fonnula 
for  preparing  the  argument  of  the  tables  will  be 

Artjumnit  =  Reduced  date  +  f/'  +  */ 

in  wliich  wo  must  take  i  =  0  IVom  the  beginning  of  the  year 
to  the  time  when  the  8un*B  R.  A.  =:  g,  and  i  =^  +  1  after  this 
time. 

The  values  of  //'  are  given  on  ]>.  16  of  the  Tab,  Her/,  for  given 
values  of  //.     The  values  of  k  are  given  in  Table  I. 

The  values  of  log  .4,  log  B,  log  C\  log  Z)  are  also  given  in  the 
lU'iTin  Jahrbuch  for  the  tictitious  date;  and  the  constants  of  pre- 
cession, nutation,  and  aberration  are  the  same  as  those  employed 
by  Hksskl  in  the  Tab,  Reg. 

411.  (nnrtrsinn  of  mean  into  sidrreal  time,  ami  vire  rrr.^/i. — In  tho 
explanation  of  this  subject  in  Chapter  II.  we  Haid  nothing  of  tho 
cflVct  of  nutation,  which  we  will  now  consider.  Let  us  go  back 
to  the  dctiniti<»ns  and  state  them  more  precisely. 

1st.  The  first  mean  sun,  which  may  be  denoted  by  Op  moves 
uiiit'ornily  in  the  ecliptic,  returning  to  the  perigee  with  the  true 
sun.  The  huigitude  of  this  fictitious  sun  referred  to  the  mean 
eijuinnx  is  called  the  .vm's  mean  longitude. 

-d.  The  second  mean  sun,  which  may  be  denoted  by  ©^  moves 
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or  vice  irrmy  according  to  the  rules  in  Chapter  11.,  employing  the 
V^^  for  the  fictitious  meridian  precisely  as  it  was  there  emploj-ed 
for  the  meridian  of  Greenwich. — The  longitude  of  the  place  to 
he  used  here  is  k  +  dy  d  being  the  west  longitude  of  the  place 
from  Paris,  and  k  the  east  longitude  of  the  fictitious  meridian 
from  l*aris  given  in  Table  I. 

REDUCTION  OP  THE  APPARENT  PLACE  OP  A  PLANET  OR  COMET. 

412.  The  observed  place  of  a  planet  (or  comet)  being  freed 
from  tlie  eftect  of  refniction,  diurnal  aberration,  and  geocentric 
parallax,  we  have  the  apparent  geocentric  place,  referred  to  the 
true  equator  and  equinox  of  the  time  of  obserN'ation,  and  atiected 
by  the  j>lanetary  aberration.  For  the  calculation  of  a  planet*s 
orbit  from  three  or  more  observations  at  different  times,  it  is 
necessary  to  refer  its  jjlaces  at  these  times  to  the  same  c(»mmon 
fixc<l  planes,  which  is  most  readily  eftected  by  reducing  all  the 
places  to  the  equinox  of  the  beginning  of  the  year  in  which  the 
observations  are  made,  or,  when  the  obsen'ations  extend  beyond 
one  year,  to  the  beginning  of  any  a^Humed  year.  To  effect  this, 
we  must  ai)ply  to  each  aj>parent  geocentric  j»laee — 1st.  Tbe  aber- 
ration (<>H7),  with  its  sign  reversed,  in  computing  which  the  iM>si- 
tion  of  the  observer  on  the  surface  of  the  earth  nuiv  be  con- 
sidered  by  taking  r'  equal  to  the  actual  distance  of  the  ]»lanet 
from  the  observer  at  the  time  of  obsen'ation.  This  distance  is 
fnuud  fnun  tbe  geocentric  <listance  at  the  same  time  witli  the 
j»arallax,  by  the  equation  (137). 

'2d.  The  nutation  for  the  date  of  the  obser\'ation,  with  its 
siiTU  revi*rsed. 

M.  The  precession  from  the  date  of  the  obser\'ation  to  the 
assuimd  epoch,  which  will  be  subtnicted  or  added  accortling  as 
the  epocli  ju'ccedes  or  f<»llows  the  date. 

Hut  the  nutation  and  precession  are  most  conveniently  com- 
puted t<»ix<ther  by  the  ai<l  of  tlh»  <*onstants  C  and  J)  used  for  the 
tixecl  stars.  These  constants  being  taken  for  the  date,  <\  r/,  c\ 
an«l  //'  are  to  be  t'omputed  as  in  Art.  402,  with  the  right  ascen- 
sion and  declination  of  the  planet;  and  then  to  the  a  and  ^, 
ahcady  correcti'd  for  aberration,  we  apply  the  corrections  -  [Cc 
I)'/)  and  (/' '  -r  J^ff)  respectively.  The  place  thus  obtained 
is  the  fi-'/r  jt/>ir,'  nf  flif  phi  ml  rt/emd  to  On  mtan  equimtx  of  the 
hi'l'ntn'n'i  <>t'  tjn'  t/i'ir.     If  the  Several  observations  are  in  different 

*'  <         ft  »■' 

Vol.  I. -42 
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415.  Now,  the  Bnn*8  declination  is  equal  to  the  obliquity  only 
when  it  has  reached  its  maximum  (northern  or  southern)  limit, 
that  is,  precisely  at  the  solstitial  points.  But,  since  the  sun  will, 
in  general,  not  arrive  at  the  solstice  at  the  same  time  that  it 
culminates  at  the  particular  meridian  at  which  the  obsen'ation  is 
made,  we  cannot  directly  measure  this  maximum  by  meridian 
observations.  But  wo  can  measure  the  declination  at  several 
successive  tninsits  near  the  solstice,  and  then  by  inteq>olation 
infer  the  maximum  value.  A  simpler  practical  process  (whi<*h 
we  shall  exj)lain  fully  below)  is  to  reduce  each  obsen'ation  to  the 
solstice;  but  this  requires  us  to  know  (at  least  approximately) 
the  time  when  the  sun  arrives  at  the  solstice,  and  this,  again, 
pnp]»oses  a  knowledge  of  the  position  of  the  equinoctial  points, 
which  are  00°  distant  fn)m  the  solstitial  points. 

The  position  of  the  equinoctial  points  may  be  determined  by 
observing  the  sun's  declination  on  sevend  successive  days  near 
the  time  of  the  etjuinoxes,  and,  by  inteqxdation,  finding  the  time 
when  the  declination  is  zero.  At  the  same  time,  a  comparison 
must  be  made  between  the  times  of  transit  of  the  sun  and  some 
star,  a<loptcd  as  nfutida mn)tal  t^tar:  so  that  the  distance  of  the 
star  fnmi  the  equinoctial  j>oint,  or  its  right  ascension,  is  fi.\ed. 
AVc  may  then  regard  the  star  as  a  fixed  point  of  com]mrison  by 
which  the  instants  when  the  sun  arrives  at  any  given  points  (as 
the  solstices)  may  be  detennined.  But,  instead  of  finding  the 
ccjuiiuntial  ixuiits  by  a  direct  inteq)olation,  it  is  jireferable  in 
tills  case  also  to  refer  each  observation  to  the  equin<»x,  which,  as 
will  be  seen  below,  requires  an  approximate  knowledge  of  the 
obliquity  of  the  ediptie. 

The  detenniuation  of  these  two  elements,  the  obliquity  of  the 
ecliptic  and  the  position  of  the  e([uinoctial  points,  is,  tlieref«>re, 
effected  by  suci-essive  approximations;  but,  in  the  actual  state 
of  astronomy,  tlie  approximations  are  alrea<ly  so  far  carried  out 
that  tlie  remaining  error  in  either  element  can  be  treate<l  as  a 
diUerential  whielu  by  a  jndicious  arrangement  of  the  obser\'ati«ms, 
]»ro«luees  only  insensible  ern>rs  of  a  higher  onler  in  the  other 
element.  1  proceed  to  treat  fully  of  the  pri^cise  practical 
lnetho<ls. 

41«».  Jhttrininaton\  of  thr  oU,'/juih/  of  ihf  frlipti**. — Let  D  be  the 
sun's  ap]>arent  deelination  derive<l  from  an  obser\'ati<m  near  the 
sol>ti(e ;  .1  its  apparent  right  ascension  at  the  time  of  the  obser- 
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tan  D'  =  tan  c  cos  t/,  will  be  developed  in  the  sericB  [PI.  Trig., 
Art  254] 

D'  —  c  =  g  sin  2  c  +  J  j«  sin  4  f  -f-  J  J*  sin  6  c  +  Ac. 

in  which 

cos  ti  —  1  .     -  _ 

a  = =  —  tan*  }  u 

cos  u  -|-  1 

and  the  terms  of  the  series  are  expressed  in  arc.    Reducing  to 
seconds,  and  putting 


X  =  the  reduction  to  the  solstice, 
or 

tan* }  u    ,    ^         tan*  J  u    , 

sin  r 


X  =  :z:l^-1  sin  2 1 sin  4  c  -f  &c.  (697) 

sinr  ^  ^      ^ 


we  have,  at  the  northern  soUtice^ 

t  =  Z)'+a:  =  D— iJ  +  x  (698) 

The  reduction  x  can  be  tabulated,  for  any  assumed  value  of  c, 
with  the  argument  u.  The  changes  of  the  tabular  numbers 
depending  on  a  change  of  the  obliquity  may  also  be  given  in  the 
table :  so  that  these  numbers  may  be  readily  made  to  corre8|K)nd 
to  any  assumed  obliquity. 

For  the  southern  solstice,  we  take  ?«  =  270®  — -4,  and  the 
equation  (GOG)  will  give  tan  Z)'  =  —  tan  e  cos  ?/,  the  develojunent 
of  which  gives  the  algebraic  sum  /)'+€;  but  we  can  avoid  the 
use  of  two  formulie  by  throwing  this  change  of  sign  upon  c, 
rcganling  the  obliquity  obtained  from  the  wmthern  solstice  as 
negative,  during  the  computation.  This  simply  changes  the  sign 
of  the  reduction  x. 

417.  Let  us  now  inquire  what  effect  an  error  in  the  right 
ascensions  taken  from  the  tables,  or  in  ?/,  will  produce  in  the 
eonijnited  value  of  e.  Differentiating  the  equation  (GOG)  with 
reference  to  e  and  A  —  ±  90°  —  ?/,  we  find 

(/c  r=  }  tan  u  sin  2c  du 

If  we  suppose  the  error  in  the  tabular  right  ascension  of  the 
sun  to  1m'  in  any  ease  as  great  as  one  second  of  time  (the  actual 
]nol»al.|r  iiTnr,  liowrver,  being  much  less),  and,  therefore,  sub- 
stitnte  in  this  etpiation  flu  --  lo",  e  —  23®  27'.5,  we  find 

d€  =  5".48  tan  u 
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following  apparent  declinations  of  the  8un*8  centre,  obsen^ed  at 
the  Washington  Obaen'atorj'  by  ProfeBsor  Coffin  and  Lieutenant 
Page,  with  the  mural  circle. 


1846. 

D 

June  16 

23^ 

'  21'  66".02 

"     19 

26  28  .19 

"     20 

27     6  .79 

"     23 

26  89  .92 

ic    27 

20  17  .84 

1840. 

D 

Dccombcr  14 

—  23"  14'  17".26 

«        16 

17  33  .82 

"        16 

20  22  .94 

«        18 

24  82  .69 

21 

27   20  .43 

22 

27   19  .64 

"        23 

26  49  .82 

«        29 

14     1  .20 

Taking  5*  8"*  11'.2  as  the  longitude  of  Washington  from  Green- 
wich, we  find,  for  apparent  noon  at  Washington,  the  following 
values  of  the  sun*8  right  ascension  and  latitude  from  the  Nautical 
Almanae : 


1H4«. 


June  K,  .'y*3S-87M3 
**  I'.*  '  5  ol  6.77 
••  110  i  5  55  15.44 
••  2;5  r,  7  44.44 
**     27  I  0  24   22.00 


-{-0".18 

—  0.19 

—  0  .82 

—  0  .03 

—  0  .72 


1840. 

A 

$ 

December  14 

17*  26-  62-.  78 

4-(r.36 

16 

17  81    18.48 

+  0.46 

16 

17  85    44.88 

-rO.67 

18 

17  44    80.91 

-f  0.72 

21 

17  67    66.69 

-f  0.70 

*•        22 

18     2    28.89 

-i-0  .64 

28 

18     6    60.09 

4-0  .60 

u        29 

18  88    28.11 

—  0  .19 

Supposing  no  tables  of  the  reduction  at  hand,  let  us  first 
rodiKe  the  observations  at  the  summer  solstice  by  the  original 
etpiatioii  (♦)!h;).     ^Subtracting  ^9  from  the  obser\'ed  values  of  J), 

we  then  have 


1/ 

v>g%Mixiy 

fcif  roMC  A 

V)gtUk9 

c 

June  1«1 

2:i«  21'  55".  84 

9.6355081 

0.0018927 

9.6874006 

230  27'  23''.61 

♦'    r.t 

26  2H  .;IH 

.r»370823  j         08278 

4101 

25  .22 

'•     un 

27     7  .11 

.63730.Vi            0<K)80 

8986 

23  .28 

»'      •»;; 

l'»;  40  ..Vj 

.0371524  i          02478 

1 

4002 

23  .61 

-     JT 

20  IS  .50 

.0^349452  ;          2451»2 
Apparen 

4044 
t  obUquilj  = 

24  .26 

=  28    27  23  .96 
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eliminate  the  error  of  the  assumed  latitude  of  Washington,* 
we  have,  finally, 

Mean  obliquity  for  1846.0  from  observation  =  28®  27'  83".08 

The  same  by  Peters's  formula  (646)  with  )  ^, 

the  annual  decrease  0".4645  j  —  ^-  '^^ 

420.  The  secular  variation  of  the  obliquity  is  found  by  com- 
paring its  values  at  very  distant  epochs.  The  obser\'ation8  of 
Bradley  from  1753  to  1760  gave  for  1757.295  the  mean  obliquity 
23°  28'  14".055.  The  observations  at  the  Dorpat  Observatory 
gave  for  1825.0  the  mean  obliquity  28°  27'  42".607.    Hence 

Annual  var.  =  —  — ---^ -  =  —  0".4645 

67.706 

Bessel  found  —  0".457  by  comparing  Bradley's  obsen-ations 
with  his  own. 

The  secular  variation  is  also  found  in  Physical  Astronomy, 
theoretically.  The  value  thus  obtained  by  Peters  in  his  Xume- 
rits  CoHstans  Nutationis  is  —  0".4738,  as  given  in  the  formulas 
(646). 

421.  Dctemnnation  of  the  equinoctial  points^  and  the  absolute  right 
asrcusion  ami  decUnation  of  the  fixed  stars. — The  declinations  of  the 
fixed  Htars  are  either  diret^tly  measured  by  the  fixed  instruments 
of  the  obrtcn'atory,  or  deduced  immediately  from  their  observed 
meridian  zenith  dirttunces  (corrected  for  refraction)  by  the  formula 
o  if  -  ^.  The  practical  details,  which  depend  on  the  instru- 
ment employed,  will  be  given  in  Vol.  II.  Here  we  have  only 
to  observe  that  the  immediate  result  of  such  a  measurement  is 
the  npjHirtnt  declination  at  the  time  of  observation,  which  must 
then  he  re<luced  to  the  mean  declination  for  some  assumed 
eiMuh  l)y  the  fonnuhc  of  the  preceding  chapter. 

The  ]K)sition  of  the  ccjuinoetial  points  is  determined  as  soon 
as  wi'  have  found  the  riirht  ascension  of  one  fixed  star;  and  this 
is  done  by  deducing  from  obser\'ation  the  difference  between  the 


*  The  latittiile  employed  in  deducing  the  (leclinations  was  8S<»  58' a<.r.25.  Th« 
latitude  given  by  the  culminaliiin«  of  Pularit  ih  SS®  :>8' S^.W  {Wa»hington  Atlr. 
(fhf..  Vol.  I..  App.  p.  113).  If  we  Adopt  the  Utter  TAlae,  the  obliquity  derired  from 
the  northern  ^olr^tice  will  be  increAMeil  by  ()".27,  And  thAt  derived  ft'oin  the  southern 
!>ol«tioe  will  bi>  •liiuiiiiMhed  by  the  (tame  quAiitity :  And  the  difference  then  remaining 
between  the  two  re-ults  will  be  only  0".i»7. 
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.  .  ,2  tan  A 

dA  =  —  di  -     — 

sin  2  c 

The  correction  of  the  declination  D*  is  composed  of  the  cor- 
rections in  the  latitude  p,  and  the  zenith  distance  f ;  since,  by 
the  formula  D  =  if  —  ^,  we  have 

dD  =  d^  —  dZ 

But  r/^  is  itself  composed  of  the  corrections  required  in  the  re- 
fraction and  the  sun's  parallax  and  the  correction  for  any  error 
peculiar  to  the  zenith  distance  ^,  which  aftects  the  meridian  in- 
strument emi)loyed  in  the  observation.  Denoting  the  correction 
of  the  refraction  by  rfr,  that  of  the  sun's  parallax  by  dpmxZi 
that  of  the  instrument  for  the  zenith  distance  (^  by/(^),  we  have 

dD  =  d^'^  Idr  —  dp  sin  C  +fiZ)'] 

The  effect  of  this  correction  upon  A  is  found,  by  differentiating 
(01>9)  with  reference  to  ly  (regarding  dD  as  equal  to  dD')j  to  be 

^^  =  J2>?Un^ 
sin  2/>' 

If  then  a'  denotes  the  corrected  mean  right  ascension  of  the 
star,  free  from  all  constant  errors,  we  have 

,    r -       __-,2tan^        ,   2  tan  A 

a  — r  a  -f- 


^.  [rf^  -dr  +  dp  8in  Z  -/(:)]  -£^^  -  d» 


Hin  2  c 


This  fornnihi  shows  that  nearlv  all  the  errors  will  be  eliminated 
bv  takinir  the  mean  between  two  obsen^ations  taken  at  the  same 
zenith  distance  (or  the  same  declination),  the  one  near  the  venial, 
the  otlur  near  the  autumnal  ecjuinox.  For,  the  first  obser\*ation 
l)ciM^  taken  when  the  declinati<m  is  D'  and  right  ascension  Ay 
at  tlie  second  one  the  same  declination  Z>'  will  give  the  right 
ascension  IMO^  —  A,  the  tangent  of  which  is  the  negative  of  that 
of  A,  The  temperature  being  generally  different  at  the  two 
seasons  of  tlu*  year,  we  cannot  assume  that  the  error  in  the 
refraction  tables  will  l)e  the  same  at  both  obserN'ations  unU'ss  we 
can  al>o  assume  that  the  Ittti:  of  correeticm  of  the  refraction  for 
tt'iiiiKrature  is  perfectly  known.  So,  also,  we  must  admit  the 
j»os>ihility  that  such  changes  of  temperature  change  the  instru- 
mental correcti<»n;  but  the  corrections  of  the  latitude  and  the 
]»arallax  will  remain  the  same.     Hence,  if  a^  is  the  mean  right 
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6«9 


Feb.  23.  i)  =r:  - 

-    9*>  46'  15".85 

Oct.  17.  D  = 

—    9'»17'63".12 

i»       a       y 

22*  26-28M1 

a       {(      2*    ._ 

13»  28-40'.01 

((       ((      ^ 

0      5    18.99 

«    16.  <   = 

0      5   22.97 

The  times  of  transit  are  corrected  for  the  supposed  error  and 
rate  of  the  clock. 

For  the  dates  of  the  two  observations,  the  apparent  obliquity 
of  tlie  ecliptic  and  the  sun*s  latitude  are  as  follows: 


c 

whence 

—  tS  sec  c  cos  D 

D' 
log  tan  2>' 
log  cot  c 
log  sin  A 
A 
A-^T 
i  +  A—  T=^a 
Reduction  to  1850.0 
Mean  a  for      185Q.0 


Feb.  28. 

23*>  27'  26'MO 
+     0  .88 

—    0  .85 
-   9    46  16  .20 
n9.286063 
0.862585 
n9.598648 
22*  26-  28'.17 
+      0.06 
0     5    19.05 
+    12.15 
=    0      5    31.20 


Oct.  17. 

28*  27'  24".85 
—    0  .13 

+     0  .14 
—  9    17  52  .98 
n9.214105 
0.362595 
n9.576700 
13*  28-  40'.14 
+      0.18 
0     5    23.10 
+       S.12 
0     5    31.22 


The  reduction  to  1850  is  here  used  because  it  can  be  taken 
direitly  from  the  general  tables  for  reducing  the  apparent  places 
of  stars  to  mean  places,  given  in  the  volume  of  Washington 
()l)servations  for  1847.  Taking  the  mean  of  the  two  obsenations, 
we  have,  finally, 

Mean  R.  A.  of/-  Pegasi  for  1850.0  =  0*  5-  3V.21 

422.  AVhon,  by  the  combinaticm  of  a  great  number  of  olwerva- 
tioiis,  the  right  aseension  of  a  fundamental  star  is  thus  established, 
tlir  riglit  a.-^censions  of  all  other  stars  follow  from  the  differences 
of  tiinr  lutween  their  several  transits  and  that  of  the  fundamental 
star,  l^it,  in  the  present  state  of  tbe  star  catalogues,  it  will  bo 
l>referaMe  not  to  limit  the  object  of  these  obsen'ations  to  deter- 
niiniiiLT  a  single  star.  The  constant  use  of  the  same  fundamental 
stars  as  *-  clock  stars'*  (stars  near  the  equator  by  which  the  clock 
eorriMtioii  ami  rate  are  found)  gives  to  the  relative  right  ascensions 
of  these  stars  (as  derived  from  all  their  observed  transits  during 
one   or   more   years)  a   high   degree   of  accuracy.     A^sumingi 
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CHAPTER  Xm. 

DETERMINATION  OF  ASTRONOMICAL  CONSTANTS  BY  OBSERVATION. 

423.  I  SHALL  not  attempt  to  enter  into  all  the  details  of  the 
methods  hy  which  the  varions  aBtronomical  conBtants  are  deter- 
mined from  observationB,  but  shall  confine  myself  to  a  sketch  of 
their  general  principles,  which  will  serve  as  an  introduction  to 
the  special  papers  to  be  found  in  astronomical  memoirs  and 
other  sources. 

THE   C0X8TANT8   OF   REFRACTION. 

424.  The  general  refraction  formula  (191)  involves  the  two 
constantH  a  and  i%  both  of  which  may  be  found  from  theorj'  by 
the  formulie  (178)  and  (176).  But,  as  the  refraction  fonnula  was 
deduced  from  an  hypothesis,  it  w^as  not  to  be  expected  that  the 
theoretical  values  of  a  and  /9  would  give  refractions  in  entire 
accordance  with  ob«er\'ation.  The  discrepancies,  however,  are 
exceedingly  small:  so  small,  indeed,  that  the  formula  may  be  re- 
garded as  rei>resenting  well  enough  the  law  of  refraction,  with- 
out resorting  to  any  new  hypothesis;  and  to  perfect  it  we  have 
only  t<»  give  the  constiints  slightly  amended  values,  whereby  the 
conijiuted  refractions  are  made  to  hannonize  entirely  with  those 
de<lu('e(l  from  observation.  To  deduce  the  corrections  of  a  and  ^9, 
we  can  employ  the  concise  expression  of  the  refraction  (213),  or 

(l-a)r  =  8in'z^|.C 

Tlie  factor  1  —  a  differs  so  little  from  unitj*  that  we  may  regard 
it  as  constant  in  determining  the  small  correction  of  r,  and, 
therefore,  by  differentiating,  we  have 

By  (217)  and  (210)  we  have 

=  -      •         =  —^  —  •  -— ^-^—  ^ 
da        dx    da  X       sin'  z 
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TliG  true  zenith  distances  which  would  be  obtained  by  a  table 
of  refractions  founded  on  the  corrected  constants  vnll  be  2  +  rfr 
and  z^  +  c/r, ;  and,  therefore,  if  df  denotes  the  correction  of  the 
assumed  latitude,  we  shall  have 

990  -.(^^  ^  d^)  =  2  +  dr  +  90<*  —  « 
90°  -  (^  +  df)  =  z,  +  dr,--  (90O  -  ^J 

whence,  by  taking  the  mean, 

Tlie  quantity  <J,  — -  5  is  merely  the  very  small  change  of  the 
star's  declination  between  the  two  culminations,  arising  from 
precession  and  nutation,  which  is  accurately  known.  If  wc  sub- 
stitute the  values  of  dr  and  dr^  in  terms  of  da  and  (//9,  and  then 
put 

n  =  \{z^  r,)+  J(^,-  ^)  +  ^  -  ^^ 

we  have  the  equation  of  condition 

dip  +  rtc/a,-f  bd?^  +  n  =  0  (702) 

By  employing  a  number  of  stars  which  culminate  at  various 
zenitli  <listances,  we  shall  obtain  a  number  of  such  equations,  in 
which  the  coefficients  a  and  b  will  have  difterent  values :  so  that 
tlic  solution  of  all  these  ecpnitions  by  the  method  of  least 
s^jnans  will  determine  the  three  unknown  quantities  dify  da„ 
and  (/fi^, 

THE   CONSTANT   OF   SOLAR    PARALLAX. 

42^).  The  constftut  nf  solar  jmrallax  is  the  sun's  mean  equatorial 
h(irizu)ff'il  parallax^  or  it^  horizontal  parallax  when  its  distance 
from  the  earth  is  equal  to  the  semi-major  axis  of  the  earth's 
orliit.  The  constant  of  parallax  of  any  planet  is  also  its  parallax 
when  its  distance  from  the  earth  is  equal  to  the  semi-major  axis 
of  tlic  cai-th's  orbit :  so  that  the  constant  of  solar  parallax 
bclonir-^  to  the  whole  solar  svstem. 

The  nhitire  dimensions  of  the  orbits  of  the  planets  are  known 
from  the  periodic  times  of  their  revolutions  about  the  sun,  since, 
by  KiPLKKS  third  law,  the  squares'  of  their  periodic  times  are 
]»nq>oitioiial  to  the  cubes  of  their  mean  distances  from  the  sun, 

VuL.  I.— 43 
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and  therefore 

Bin  TT  =— 2.  Bin  7t.  Bin  k.  =  — =-ain  it^ 

The  quantities  J  and  J|  are  to  be  found  from  the  planetary 
tables,  or  directly  from  the  Nautical  Almanac,  where  they  are 

expressed  in  tenns  of  J^  as  the  unit :  bo  that  their  values  there 

J  J 

given  are  the  values  of  the  ratios  —  and  —' .     Hence  we  shall  put 

Jo         4, 
J^—  1  in  the  preceding  formulfe,  and  also  put  the  arcs  for  their 

sines  (since  the  greatest  planetary  parallax  is  only  35^') :  so  that 

we  have 


Then,  by  (114), 


p^pnein  [f  -  (f  -  f')]  =  ^ ««»  [C  -  (.9  -  fO] 

J 


But  we  also  have 
and  hence 

c  - :,  =  (:'-;>)  -  (:/-;>,)  =  ^  -  f.-  (a  -  a,) 

from  which  we  obtain 

p  -  Pi^  :'-:/-  (^  -  f,)  +  (^  -  ^.) 

As  the  small  diftVrenco  d  —  S^  will  be  accurately  kno\\ni,  the 
observations  being  taken  nearly  on  the  same  meridian,  all  the 
<iuantities  in  the  second  member  of  this  equation  may  be 
regarded  as  known.     Hence,  putting 

n  -  :' -  :: -  if  -  9,)  +  ii  -»,) 

'   (703) 
'^  .in  [:'  -  (^  -  /)]  -  J  Bin  [:,'-  (^,  -  O]   " 


we  obtain  the  equation 

fl  ir^  =  n  (704) 

which  (litennines  r^.     If  the  zeniths  of  the  two  places  of  obser- 
vation are  on  opi»osite  sides  of  the  star  (which  is  the  most  favor- 
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whore  dd  and  a^j  are  in  each  case  the  planet's  declination  mhiua 
the  star's  declination,  and  their  signs  are  to  be  carefully  observed. 
For  computing  the  coefficient  a,  the  apparent  zenilli  distances 
will  be  obtained  by  the  formulae 

so  that  we  have 

a  =  4  ®^^  y  —  C^  +  ^a)]  —  ^  sin  [f/  —  (D  +  Aa,)]    (700; 
J  J, 

and  then,  as  before, 

a»,=  n 

A  great  number  of  such  corresponding  observations  will  be 
noeewHary  in  order  to  determine  r^  with  accuracy;  and  all  the 
equaticiHrt  of  the  fonn  just  given  are  to  be  combined  by  the 
method  of  least  squares.     Thus,  from  the  equations 

a  r^  =  n,  a'  n^  ==  n',  a!\  =  n",  &c. 

we  obtain  the  final  equation 

[aa]  r,  =  [an]  or  r,  =  t_J. 

[rta] 

in  wliicli  [(la]  --  aa  +  a'a'+  a^^a^'  +  &c.,  and   [an]  =  an  +  a'n' 

427.  7')  find  (he  solar  parallax  hy  cxtra-vxeridian  observations  of  a 
])ffUHt. — Tlie  i»receding  jirocess  will  re<[uire  but  a  slight  modifi- 
cation. Tlio  diflVri'ncc  of  ajiparent  declination  of  the  planet  and 
a  nriirliborin*^  star  is  nicasurcMl  at  both  ntatiuns  with  a  micrometer 
attarlu'd  to  an  iMjiiatorial  telescope,  and  is  to  be  corrected  for 
refraction.  Tlic  quantity  n  will  then  be  found  by  (705).  The 
c(»cf}irir!it  a  will  now  bo  the  difterence  of  the  coefficients  of 
]>arallax  in  declination,  computed  by  the  formulae  (143),  accord- 
intr  to  wliich,  if  wc  put 

tan  cr'                                                  tan  f  / 
tun/'  -  tan;*,  = 

C08  {^  —  o)  COS(0j  —  tt,) 
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of  r^;  and,  proceeding  as  before,  we  shall  have  the  equation  of 
condition  0^^^=^  7i,  in  which  a-^  is  the  required  correction  of  ff^ 

420.  If  but  one  limb  of  the  planet  is  ob8er\'ed  at  one  or  both 
the  stations,  it  will  be  necessary  to  introduce  the  correction  for 
the  8oniidiameter.  As  the  semidiameter  itself  should  then  be 
regarded  as  an  unknown  quantity,  to  be  found  if  possible  from 
the  ol)8orvation8,  its  complete  expression,  in  terms  of  all  the  cor- 
rections which  the  observations  may  require,  is  to  be  employed. 
This  will  be  found  in  Article  435. 

430.  The  differences  of  right  ascension  of  the  planet  and  a 
neigliboring  star  may  also  be  employed  in  the  same  manner  as 
the  ditfcrcnces  of  declination,  the  places  of  obsen'ation  being  in 
that  case  in  widely  different  longitudes.  We  have  only  to  intro- 
duce into  (707)  the  coefficients  of  the  parallax  in  right  ascension 
computed  by  the  first  equation  of  (148),  and  in  the  expression  of 
n  substitute  right  ascensions  for  declinations. 

431.  The  only  ])lanets  which  are  near  enough  to  the  earth  for 
the  sueeessful  application  of  this  method  are  Mars  and  Venus. 

Mars  is  nearest  to  the  earth  at  the  time  of  opposition,  and  for 
this  time  the  British  Nautical  Almanac  furnishes  an  Ephemeris 
of  stars  to  be  observed  with  the  planet.  All  the  oppositions, 
however,  are  not  eipially  favorable.  The  mean  distance  of  Mars 
from  the  sun  being --- 1.524,  and  the  eccentricity  of  the  orbit 

0.0!»:5:5,  while  the  mean  distance  of  the  earth  --  1  and  the  ec- 
centricity of  its  orbit  -  0.017,  it  follows  that  for  an  opposition 
in  wlii<h  Mars  is  at  its  i)erihelion  while  ^he  earth  is  at  its 
ai»]ielion,  the  distance  of  the  two  bodies  will  be  0.305;  but  for 
one  in  which  Mars  is  at  its  aphelion  and  the  earth  at  its  peri- 
helion, their  distance  will  be  0.G83.  Thus  the  former  case  will 
be  ncailv  twice  as  favorable  as  the  latter. 

Venus  is  nearest  to  the  earth  at  the  time  of  inferior  conjunc- 
tion, hut  at  that  time  can  verv  rarely  be  compared  micrometric- 
ally  with  stai-s,  as  the  observations  would  be  made  with  the  sun 
above  the  horizon.  The  most  favorable  position  of  thirt  planet 
is  at  nr  near  its  stationary  points,  where  the  changen  of  the 
phinct'?^  |»la<'e  are  small  and  may  therefore  bo  a<»cunitely  com- 
jMitcd,  while  the  distan<'e  from  the  earth  is  still  not  too  great* 

*  GcRLi.<ca,  A9tron,  Nach.,  No.  60U. 
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d,  d^  =  the  apparent  declinations  of  the  limb  obsenred  at 
the  north  and  south  stations  respectively, 
D,  D^  =  the  geocentric  declinations  of  the  moon's  centre  at 

the  respective  times  of  observation, 
^y  f^  z=  the  geographical  latitudes  of  the  stations, 
Yj  Y^  =  the  reductions  of  the  latitudes  for  the  earth's  com- 
pression! 
p^  p^  =  the  distances  of  the  stations  fW>m  the  earth's  centrOi 

the  equatorial  radius  being  unity, 
P,  Pj  =  the  moon's  horizontal  parallax  at  the  times  of  the 
observation,  respectively; 

then,  the  apparent  zenith  distance  of  the  limb  and  the  geocentric 
zenith  distance  of  the  centre  of  the  moon  being,  for  the  northern 
station, 

C'  =  f  —  d  and  C  =  f  —  -D 

we  have,  by  (255), 

sin  (2)  —  a)  =  0  sin  (C  -~r)qik]  sin  P 

where  k  is  the  constant  ratio  of  the  radii  of  the  moon  and  the 
earth,  for  which  the  value  0.272956  may  be  assumed ;  and  the 
upper  or  lower  sign  of  k  is  to  be  used  according  as  the  upper  or 
lower  limb  is  obser\'ed. 
At  tlie  southern  station  we  have 

and  hence,  taking  the  reduction  7*1  as  a  positive  quantity, 

sin  (/),  -  .),)  =  -  D>,  sin  (:/  -  r,)  It  *]  «n  P, 

wliore  the  nijL^n  of  k  U  reversed,  since  the  same  limb  will  be  an 
upper  liiiii)  at  one  station  and  a  lower  limb  at  the  other.     For 

brevity,  jiut 

m  =r=  p  H\n(Z'  —  r)  ^  k 
^i^^/^i «»"(",  —Ti)  ±k 

then,  from  the  equations 

bin  ( I>  —  o)  —  m  sin  P  sin  (2>,—  d,)  =  —  m,  sin  P, 
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which  is  independent  of  A-,  and  thus  free  from  any  error  in  that 
quantity.  Small  errors  in  k  will  not  appreciably  affect  the  other 
terms  of  the  equation. 

Thus  every  pair  of  corresponding  observations  gives  an  equa- 
tion of  the  form 

0  =  n  +  rt  sin  p  (710) 

from  which  the  parallax  p  at  the  mean  time  of  each  pair  of 
observations  could  be  derived.  But,  in  order  to  combine  all 
thortc  equations,  we  must  introduce  in  the  place  of  .the  variable 
J)  the  constant  mean  parallax,  which  is  effected  as  follows.    Let 

r  =:  the  horizontal  parallax  taken  from  the  lunar  tables  for 

the  time  tj 
T^  =  tlio  constant  mean  parallax  of  the  tables, 
])^  --  the  true  value  of  this  constant. 

The  form  of  the  moon's  orbit  is  well  known :  so  that  for  any 
given  time  the  ratio  of  the  radius  vector  to  the  semi-major  axis, 
as  employed  in  the  tables,  is  to  be  regarded  as  correct;  that  is, 
the  ratio 

f^  =  — (<ll) 

sm  n^  ^       ^ 

derived  from  the  tables,  is  to  be  regarded  as  the  ratio  between 
the  (nir  parallax  at  the  given  time  and  the  irue  constant :  so  that 
we  have  also 

sin  p 
fi  --    ,    ^~  or  Bin  p  =  fi  sm  », 

8m  p^ 

and  tlie  equation  (710)  becomes 

a  sin p^+  -  =  0  (712) 

The  quantities  a,  w,  and  /i  being  computed  for  each  pairof  corre- 
BlK)inlini^  observations,  we  thus  obtain  a  number  of  equations, 
all  iiivnlvin*^  the  same  unknown  constant  sin  j>^  which  are  then 
to  be  solved  by  the  mc-tho<l  of  least  squares. 

4o3.  The  quantities  p  and  ^,  which  enter  into  the  coefficient  m, 
will  be  computed  for  an  assumed  value  of  the  compression  of  the 
earth.     Hut,  in  onler  to  see  the  effect  of  the  compression,  we 
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If  this  equation  be  divided  by  ;i,  it  may  be  expressed  under  the 

form 

0  =  n  +  a:  (a  —  c6)  (718) 

where  the  notation  is  as  follows : 

Rin  1" 


n  = 


+ 
Bin 


^[(8in  C'+  ^Xr-O  +  CBin  C.±  *)  (r,-0]f  cosj, 

a  =  sin  C'  +  sin  C/ 

6  =  sinV  8in  C'  +  sin  2  ^  cos  C'  +  sin'  f ^  sin  C/  +  sin  2  f i  cos  C/ 

X  =  sin  p^ 

It  is  liere  to  be  observed  that  we  have  taken  y*,  as  a  positive 
quantity  even  for  the  southern  station :  so  that  sin  2  f^  must  be 
taken  j)()sitively  in  computing  b. 

Let  us  now  suppose  we  have  obtained  from  a  large  number  of 
such  corresponding  obser\'ations  the  equations 

0  =  n  +  x(a  ^  cb) 
0  =  n'  +  ar  (a'  —  cb') 
0  =  «"  +  X  (a"  —  cb") 
&c. 

Multiplying  these  respectively  by  a,  a',  a",  &c.,  and  then  forming 
their  sum,  we  have 

0  =  [an']  +  [art]  x  —  [a6]  ex 

where  [^/?/]  —  an  +  a'n'  +  &c.,  [wa]  =  <ia  +  a'a'  +  &e.,  &c.  The 
last  term  is  wry  small :  so  that  an  approximate  value  of  x  may 
be  found  by  neglecting  it,  whence 

,  [an] 

(^>  -  -  U] 

whith  value  may  then  be  employed  with  sufRcient  accuracy  in 
the  term  [ab]cx ;  we  thus  iind  the  complete  value 


planets'  mean  semidiambters.  687 

the  mean  semidiameters  of  the  planets. 

435.  The  apparent  equatorial  pemidiameter  of  a  planet  when 
itri  distance  from  the  earth  is  ecpial  to  the  earth's  mean  distance 
from  the  sun  is  the  constant  from  which  its  apparent  semidiameter 
at  any  otlier  distance  can  he  found  hy  the  formula 

«  =  J  (715) 

ill  which  Sq  is  the  mean  semidiameter  and  J  the  actual  distance 
of  tlio  i)lanet  from  the  earth,  the  semi-major  axis  of  the  earth's 
orhit  beinp:  unity.  To  find  the  value  of  8^  from  the  values  of  8 
observed  at  ditterent  times,  we  liave  then  only  to  take  the  mean 
of  all  its  values  found  by  the  formula 

s,  ==.  8  J  (716) 

taklnii^  J  from  the  tables  of  the  planet  for  each  observation. 

But  here  it  is  to  be  remarked  that,  in  micrometric  measures 
of  the  api)arent  diameter  of  a  planet,  different  values  will  bo 
obtained  by  different  obfler\'er8  or  with  different  instruments. 
The  spurious  enhirgement  of  the  api>arent  disc  arising  from 
imperfect  definition  of  the  limb,  or  from  the  irradiation  resulting 
from  the  vivid  impression  of  light  upon  the  eye,  will  vary  with 
the  telescope,  and  may  also  vary  for  the  same  telescojie  when 
eye  pieces  of  ditierent  jiowers  are  employed.  The  irradiation 
may  be  assumed  to  consist  of  two  parts,  one  of  which  is  constant 
and  the  otlier  proportional  to  the  semidiameter.  Those  errors 
of  the  observer  which  are  not  accidviital  nuiy  also  be  supposed  to 
consist  of  two  parts,  one  constant  and  the  other  proj)ortional  to 
tlii'  si-midianieter ;  the  first  arising  from  a  faulty  judgment  of  a 
contaet  of  a  micrometer  thread  with  the  limb  of  the  planet,  the 
se(M»n(l,  from  tlie  variations  in  tliis  judgment  depending  on  the 
mai^nitnde  of  the  <lise  observed,  and  j)ossibIy  also  upon  any 
peculiarity  of  his  eye  by  which  the  irradiation  is/or  him  not  the 
same  (|uantity  as  for  other  obser\'ers.  AVith  the  errors  proportional 
to  the  sfUiidiameter  will  be  combined  also  any  error  in  the  sup- 
jiosi'd  value  of  a  revolution  of  the  micrometer.  The  errors  of 
the  two  kinds  will,  however,  be  all  rei)resented  in  the  formula 

^  ---  {8  +  x-\-sy)J  (717) 

where  x  is  the  sum  of  all  the  constant  corrections  which  the 
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tiniOR.  The  planet  was  nearer  the  earth  in  the  first  position  than 
in  the  second  hy  tlie  diameter  of  the  earth's  orbit;  and  hence 
KoEMER  was  led  to  the  true  explanation  of  the  discrepancy, — 
naiiu'ly,  that  li*i^ht  was  progressive  and  traversed  a  distance  equal 
to  the  diameter  of  tlie  earth's  orbit  in  about  16*.  More  recently, 
Delamijre,  from  a  discussion  of  several  thousand  of  the  obsen'ed 
eclipses,  found  8"^  13'.2  for  the  time  in  whicli  light  describes  the 
mean  distance  of  the  earth  from  the  sun.     From  this  quantity, 

whicli   is  denoted  by      »  Art.   395,  we   obtain   the   aberration 

constant  by  the  formula 


a 


9- 


k  = ^^^  (720) 

Hence,  with   the   values  -^~  -- 493'.2,   7=^366.256,  n  =- 86164, 

('  —-  O.OIGTT,  we   find   k  -=  20".2G0.     Pelamrre   gives   20".25r), 
whicli  would  result  from  the  above  fommla  if  we  omitted  the 

factor  ]   1  —  /^,  as  was  done  by  Delamrre. 

On  account  of  the  uncertaintv  of  the  obser\'ations  of  these 
ecli|»scs  (resjilting  from  the  gradual  instead  of  the  instantaneous 
extin<ti<»n  of  the  light  reflected  by  the  satellite),  more  confidence 
is  jihhM'd  in  the  value  derived  from  direct  observation  of  the 
apjmrcnt  j>laces  of  the  fixed  stars. 

4oT.  Ttt  find  the  alfcrrafion  constaDt  hij  ohscrvations  affixed  stars. — 
0])serviiti(»ns  of  the  right  ascension  of  a  star  near  the  jiole  are 
es])C(ially  suitable  for  this  purj)ose,  because  the  effect  of  the 
aberration  upon  the  right  ascension  is  rendered  the  more  evident 
by  till'  large  factor  sec  J  with  which  in  (678j  the  constant  is 
multiplitMl.  The  aj^parent  right  ascension  sliould  bo  directly 
observi'd  at  ditl'erent  times  during  at  least  one  year,  in  which 
time  tlic  aberration  obtains  all  its  values,  from  its  greatest  positive 
to  its  greatest  negative  value.  If  we  suppose  but  two  obser\'a- 
ti<>n>  made  at  the  two  instants  when  the  abernition  reaches  its 
maxim iiiM  and  its  minimum,  the  earth  at  these  times  being  in 
opjw)>it('  jjuints  of  its  orbit,  and  if  a'  and  a"  an^  the  apparent 
riglit  a^ciiisions  at  these  tiuics  (free<l  from  the  effects  of  the 
nutation  and  the  precession  in  the  interval  between  the  observa- 
tion^), we  shall  have 

A  }  (  a'  —  a")  COS  ^ 

Vol..  1.-44 
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observations  of  each  year  are  separately  discussed.  The  period 
of  the  leading  tenns  of  the  nutation  being  only  nineteen  years, 
if  we  extend  the  obsen-ations  for  aberration  over  a  considerable 
portion  of  this  period,  it  will  be  proper  to  introduce  into  our 
e([uationfl  of  condition  a  term  involving  the  correction  of  the 
nutation  constant,  as  will  be  seen  hereafter. 

438.  The  declinations  may  also  be  employed  for  determining 
the  aberration.     If  we  put 

d  =  tho  assnmod  mean  declination  -{-  the  nutation^ 
Ao  --  tho  correction  of  this  value, 
d'  z^  the  observed  value, 

we  have,  by  (678), 

d^  =-.  d  -j-  ^d  —  (k  -\-  aA)  [(sin  f  cos  d  —  cos  c  sin  d  sin  a)  cos  © 

-\-  sin  d  cos  a  sin  O] 

or,  putting 

m'  sin  M'  =  sin  d  cos  o 
tn'  COB  M'  =  cos  ^  sin  f  +  sin  d  cos  t  sin  a 
and  then 

a'  =  —  m'  cos  (O  —  JT) 
n'=:=       a  +  a'Jt  — a' 

tlie  equation  of  condition  is 

rt'AA-  4-  A')  +  n'  =  0  (723) 

4o0.  If  tlio  j)olc  Htar  U  employed,  which  has  a  sensible  annual 
parallax,  or  any  star  wIhwc  parallax  is  even  suspected,  it  will  be 
])rr>l»rr  to  introduce  into  the  e<juation8  of  condition  a  tenn  which 
ri|»ns»  iits  itft  clfect.     We  have,  by  (G91),  introducing  the  above 

auxiliaries, 

par.  in  T^.  A.  r^  -f  P^  ''*  sin  CO  —  M)  sec  9 
par.  in  dec.    — ^  -|-  y/r  m'sin  (©  —  Al') 

and  Im  iK'u  the  equation  of  condition  from  the  right  ascension 
will  bo 

a  aA  +  f»p  -f  jktt  +  n  =  0  (724) 

and,  iVoiii  tlic  declination, 

a'  aA  -f  6'/)  +  All  +  n  =  0  (725) 
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from  the  riglit  ascensions  of  the  pole  star  k  =  20".4486,  and  the 
annual  parallax  of  the  star  =  0".1444 ;  Peters,  from  six  hundreil 
and  three  ei^uations  of  condition,  formed  upon  the  right  ascen- 
sions of  the  pole  star,  ohserved  at  Doqiat  in  the  years  1822  to 
1838,  found  k  --  20".4255,  with  the  annual  parallax  =  0".1724; 
LiNDAHL,  from  one  hundred  and  two  obser\'ed  declinations  of 
this  star,  found  k  =-  20".o508,  and  the  parallax  =-  0'M473;  and 
Peters,  from  two  hundred  and  seventy-nine  declinations  of 
the  same  star,  ohser>^ed  with  the  Repsold  vertical  circle  of  the 
IMilkova    Observatory,   found   k  =  20". 503,  and    the    parallax 

:         0".0t]7*. 

Tlie  paralhix  is  so  small  a  quantity  that  the  discrepancies 
Ix'twoon  these  several  valuea  appear  to  be  relatively  great: 
nevertheless,  we  must  consider  them  as  surprisingly  small  when 
we  remember  that  all  these  determinations  rest  upon  observa- 
tions of  the  absolute  place  of  the  star.  Differential  measures  of 
the  chantres  of  a  star's  place  with  the  micrometer  are  susceptible 
of  irreatcr  rifinement.  Such  a  method  I  proceed  to  give  in 
the  next  article. 

441.  Tit  find  the  relative  parallax  of  two  stars  by  rni(T077ietnr 
r)}ra,^ures  nf  their  apimrent  angnliir  diManee. — It  was  first  suggested 
bv  the  elder  llEKsrHEL  that  if  the  absohite  linear  distances  of 
two  neiirliboring  stars  from  our  solar  system  were  very  unequal, 
tln'ir  a]»]»iirent  ani^ular  distance  from  each  other  as  seen  from 
the  eartli  wouhl  necessarily  vary  as  the  earth  changed  its  posi- 
tinn  in  its  orl>it.  If  one  of  the  stars  were  so  remote  as  to  have 
iin  si'iisilih^  parallax,  changes  in  this  apparent  distance  (provided 
they  tu] lowed  tlu^  known  law  of  panillax)  might  be  ascribed 
sohly  to  the  parallax  of  the  nearer  star;  and  in  any  cjise  such 
ehanires  iniirht  he  ascribed  to  the  relative  jKirallax ;  that  is,  to 
the  dittcriiK'i'  of  the  jKirallaxes  of  the  two  ntai's. 

For  the  trial  of  this  method  Resskl  judicious] v  selected  the 
star  ♦)!  ^V/^'.  near  which  are  two  much  smaller  stars  (at  dis- 
taiirrs  tV«»iii  it  of  about  8'  and  12'  respectively),  and  from  a 
siri«s  nt*  micrniiu'tric  measures  of  its  angular  distance  from 
earh,  ixtrndiiiir  throuirh  a  period  of  more  than  a  vear,  namelv, 
fr-.m  Au<ru-t  18,  1S:57,  to  October  2,  1888,  obtained  the  first 
clraily  (hinniistratcd  parallax  of  a  fixe<l  star.f     A   subse(|Ut»nt 


*  A.otn.n.  Xnrh.,  Vol.  XXII.  p.   IIU.  f  ^^»»**-  >'©•  ^^' 
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distance  ^17?  or  A^J3  —  AB^  wliich  will  bo  denoted  by  a^,  in 

given  by  the  ditlerential  formula 

A.^  =  —  Ao  cos  ^ .  sin  P  —  A'T  cos  P 

whore  mi  an<l  a<)  are  resj>cctively  the  parallax  in  right  ascennion 
and  declination,  which  are  given  by  (001).  Substituting  these 
valuer,  and  then  assmning  the  auxiliaries  m  and  J/,  such  that 

jii  cos  ^f  r^         sin  a  sin  P  -f-  eos  o  sin  5  cos  P 
m  sin  M  =  ( —  cos  a  sin  P  -(-  sin  a  sin  «)  cos  P)  cos  c 

—  cos  d  COS  Psin  c 
we  have 

A5  =  prm  cos  (O  —  3/)  (726) 

The  eft'cct  of  the  proper  motion  of  A  upon  the  distance  is 
found  as  follows.     Let 

X  —■-  the  angle  which  the  groat  circle  in  which  the  star 
moves  makes  with  the  declination  circle, 

p  z=  the  annual  proper  motion  on  the  great  circle, 
A'a,  a'o  ~  the  given  projwr  motion  in  right  asconnion  an*l 
declination,  reduced  to  the  assumed  e()Och  (Art. 
370); 

then,  as  in  Art.  380,  we  find  p  and  jf  by  the  formulas 

r  f*i"  /  ----  ^'<»  ^'o»  ^  )    (727) 

//  eosjj^        a'')  J 

Lot  r  be  tlio  time  of  anv  observation  reckoned  from  the  assumed 
ojxxli  and  expresse<l  in  fraetioind  parts  of  a  year.  In  the  above 
diairnmi,  it'  .1,1'  now  represents  the  j»roper  motion  on  a  great 
einlr  in  tlie  time  r,  then  A  A'  r/>;  and,  if  the  effect  of  the 
jn'ojM  r  inntion  upon  the  <listanee  is  denoted  by  a'.^?,  we  have  also 
A'J^      .       a'.s  A'AIi       P      x^  "»»<!  ^'»^*  triangle  AA'B  gives 

cos  ( X    .    a'.n)  -    COS  (Tft^  COS  s  -}-  sin  (rp)  sin  s  cos  (P  —  /) 

Dtvrliij.iiiir  this  eipiation,  and  retaining  only  second  i>owers  of  r/), 

we  tind 

^  .<  :  -,  __  rp  cos  (P  — />  -r .. "- 
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one  5,  and  will  thus  facilitate  the  computations.  "WTien  all  the 
substitutions  are  made  in  the  expression  of  «',  we  obtain  the 
following  equation : 

0  —  Sq  —  8  +  /r  +  /'rr  4-  a:  -f  ry  -f  prm  cob  (O  —  Jf ) 
To  put  this  in  the  usual  form,  let  us  take 

n  =  8,-s^+fT+rTT 
c  =  rm  cos  (O  —  M) 

then  each  observation  gives  the  equation 

x  +  Ty  +  cp4-n  =  0  fTSl) 

and  from  all  these  equations  we  find,  by  the  method  of  least 
squares,  the  most  probable  values  of  x,  y,  and  p. 

In  the  determination  of  so  small  a  quantity  as  p,  it  is  neces- 
sary to  give  to  the  micrometric  measures  the  greatest  possible 
precision.  It  is  particularly  important  to  find  the  eflfects  of  tem- 
perature upon  the  micrometer  screw;  for  these  effects,  depending 
on  the  season,  have  a  period  of  one  year,  like  the  parallax  itself, 
uikI  may  in  some  cases  so  combine  with  it  as  completely  to 
defeat  the  object  of  the  obser\'ations.  At  the  time  Be:?sel  pub- 
lislied  his  discussion  of  his  obser\'ations  on  61  Cygni^  he  had  not 
comjjleted  his  investigations  of  the  effect  of  temperature  upon 
tlie  s<re\v,  aiul  therefore  introducred  an  indeterminate  quantity  k 
into  his  equations  of  condition,  by  which  the  effect  \\\nm  the 
parallax  might  be  subse([Uently  taken  into  account  when  the 
eorreition  for  temperature  was  definitively  ascertained.  Tliis 
was  (lone  as  folhjws.  He  had  assumed  the  correction  of  a 
niea-^ured  dibtauee  for  the  temperature  of  the  micrometer  screw 
to  he 

a"x        --  0".0003912j?  (f  —  49*^.2) 

in  wlinh  /  is  tlie  temperature  by  Fahrenheit's  scale,  and  .v  is  ex- 
]»rr><r«l  in  revohitions  of  the  serew.  If  the  cocffieient  0".000;J1>12 
^hoiil«l  Im'  ihanLTi'd  hv  subsecjuent  investitrations  to  0".O()O8*»12 
(1  l\s  each  observed  distanee  w<iuld  receive  the  eorreeti«>n 
a"  . /,  the  «|tnuitity  II  in  the  equations  of  condition  would 
hrrnjiir  //        a".>. /.,  and  the  equations  would  take  the  form 

•^  -r  -y    :   '7>  -    -^"^  .  A-  -r  n  =  0  (732) 
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of  an  assumed  nberration  and  nutation,  and  denote  these 
apparent  values  by  a  and  5,  and  put 

A>  =  the  eorrection  of  the  nutaticyi  constant, 

o',  d'  z=z  the  observed  right  ascension  and  declination; 
then 

a    =  a  -\-  ^a  -{-  a  ^k  -{-  bp  -{-  C  /Iv 

d'  =  d  +  tid  -\-  a'tkk  +  h'p  +  (/Ay  (733) 

in  wliioh,  as  before,  Aa  and  aJ  are  the  corrections  of  the  star's 
mean  place,  aA*  the  correction  of  the  aberration  constant,  ;>  the 
Htar'rt  annual  parallax,  a  and  6,  a'  and  b'  are  the  coefRcienta 
found  in  Artn.  437,  438,  and  439.  It  only  remains  to  express  c 
and  c'  in  terms  of  known  quantities. 

In  the  physical  theor}',  it  is  shown  that  the  coefficients  of  those 
terms  of  the  nutation  formulte  (666)  which  depend  upon  2©, 
0  —  ^1  aiid  Q  +  r  involve  not  only  the  nutation  constant  (the 
coefficient  of  cos  JJ),  but  also  the  precession  constant;  while  all 
the  other  coefficients  vary  proportionally  to  the  coefficient  of 
cos  ft .     If  we  put 

V  =  the  assumed  nutation  constant, 

v'  =1  the  true  "  "         =  y  -|-  Av 

and  if  we  express  the  relation  between  v  and  v'  by  the  equation 

/=.(!  + 0 

and,  in  like  manner,  suppose  the  true  precession  constant  to  bo 

4  -=  50".3798  (1  +  C) 

tlicn,  accordine:  to  Pkters,*  the  fonnulse  (666),  adapted  for  any 
vahie  of  the  constants,  are  for  1800, 

A^       (1  4- , )  [9".2231  COS  JJ  —  0".0897  cos  2fl  f  0".08SC  cot  2C  ] 

-.   (1  — 2.ir,2i  4-  3.1C2  C)  [0".r>510co8  2O  -f  0".0093  coi  iQ  +  ^')] 

A>  _^(1    ;  I)  [-17'.24()o»inJJ  |-0".2078»m2JJ  -  a".2041  lin  2^ 

—  0^.0677  sin  (C  —  r)] 

-:-  (1  -  2.102 1  -f  3.1C2C)[— l".2694sin2  0  +  ^'^279sin(0-  ^') 

—  O".O218sin(0  -f  r)] 


*  \nif,>rnn  r.. nutans  Xufationm,  p.  40.     We  hare  omitted  some  terms  which  are 
inapjiriMMHt.lo  or  of  very  yhort  period.     This  omission  wiU  not  aflfect  the  meeurmej  of 

the  ik'tvrrninaiion  of  the  quantity  v. 
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1747,  and  embracing,  tlierefore,  a  whole  period  of  the  nutation, 
found  k  ^:  20".2116,  p  --  9".2320.  In  this  discussion  the  parallax 
of  tlie  stars  was  not  taken  into  account. 

Xearly  the  same  value  of  the  nutation  constant  follows  from 
the  more  recent  obserN'ations  at  the  Pulkova  Obser^'atorv.  From 
the  declinations  of  the  pole  star  obsen'cd  between  1822  and 
1838,  LrxDAHL  found  u-  9". 2164,  and  from  the  right  ascensions 
of  the  name  star  Peters  found  9".23G1.  The  value  9".2281, 
which  Pkters  has  adopted  in  the  Xwiierua  CoJistans  Nutatiojus,  is 
the  mean  of  the  three  values  found  by  BuecH,  Lvndahl,  and 
himself,  having  regard  to  the  weights  of  the  several  determiua^ 
tious  as  given  by  their  probable  errors. 

THE    PRECESSION   CONSTANT. 

443.  If  ttp  5„  and  a,,  J,  are  the  mean  right  ascensions  and 
declinations  of  the  same  star,  deduced  from  observation  at  two 
distant  epochs  t^  and  /j,  by  deducting  from  the  obser\'ed  values 
the  aberration  and  nutation,  the  annual  variations  of  the  right 
ascensit)n  and  declination  for  the  mean  epoch  jK^j  +  Q  will  be 

«-7I''  ^-rZ}  ("35) 

These  annual  variations  include  both  the  precession  and  the 
proper  motion  of  the  star;  and,  since  both  are  proportional  to 
tlic  tiiiKs  it  will  l)e  imjjossible  to  distinguish  the  proper  moticm 
until  the  precession  is  obtained.  If,  however,  we  suppose  that 
the  proper  motions  of  the  different  stars  observe  no  law,  or  that 
they  take  jjIikc  indiscriminately  in  all  directions,  it  will  follow 
that  till'  mean  value  of  the  precession,  deduced  from  such  annual 
vaiiati«»ns  uf  a  verv  lars^e  number  of  stars,  will  be  free  from  the 
effert  ot'  the  projKT  motions.  The  latter  are,  in  fact,  so  various 
in  diriM-tion,  although,  as  will  hereafter  be  shown,  not  entirely 
without  law,  that  this  mode  of  proceeding  must  lead  at  least  to 
ail  apjHoxiination  not  very  far  from  the  truth.  Acconlingly, 
tVniii  tlie  <i  and  />,  found  as  above  for  each  star,  we  derive  the 
///  and  n  ot*  Art.  374,  by  the  ecpiations* 

^  I'x  t)i  /'I  \i\\y\  n  may  be  fuunil  from  (he  right  a^ceniiiont  alon«  bj  formiog  equatiou 

uf  tlie  t'liu 

m    '    n  sin  a^  tan  rt^       a 

from  \\  ii>iiii))er  of  Ptars  and  !*oIviDg  them  by  the  methud  of  least  tquarea. 
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THE   MOTION   OP  THE   SUN   IN  SPACE. 

444.  TVitli  a  knowledgo  of  the  precession  we  are  enabled  to 
distinguish  i»ropor  motions  in  a  large  number  of  stars.  Upon 
comparing  these  proper  motions,  Sir  W.  IIerschel  was  the  first 
to  observe  that  they  were  not  without  law,  that  they  did  not 
occur  indiscriminately  in  all  directions,  but  that,  in  general,  the 
Btai-s  were  apparently  moving  towards  the  same  point  of  the 
Hphere,  or  from  the  diametrically  opposite  point.  The  latter  point 
he  located  near  the  star  i  Ilerculis,  This  common  apparent 
motion  he  ascribed  to  a  real  motion  of  our  solar  system,  a  con- 
clusion which  has  since  been  fully  confirmed. 

Xcverthcless,  there  are  many  stars  whose  proper  motions  are 
exceptions  to  this  law:  these  must  be  regarded  as  motions  com- 
l)()unded  of  the  real  motions  of  the  stars  themselves  and  that  of 
our  sun.  These  real  motions  must,  doubtless,  also  be  connected 
by  sonic  law  which  the  future  progress  of  astronomy  may 
develop;*  but  thus  far  they  present  themselves  in  so  many  direc- 
tions that  (like  the  whole  proper  motion  in  relation  to  the 
j)rc(cssi(>n)  they  may  be  provisionally  treated  aa  accidental  in 
relation  to  the  common  motion.  Hence,  for  the  puqH»se  of 
determining  the  common  i»oint  frcmi  which  the  stars  appear  to 
be  moving,  and  towards  which  our  sun  is  really  moving,  we  may 
employ  (dl  the  observed  proper  motions,  up<m  the  presumption 
that  the  real  motions  of  the  stars,  having  the  characteristics  of 
accith'utal  errors  of  observation  and  combining  with  them,  will 
be  ernniiiated  in  the  combination.  Xevertheless,  in  order  that 
the  errors  ot*  observation  may  not  have  too  great  an  influence,  it 
will  be  advisable  to  emjiloy  (»nly  those  proper  motions  which  are 
larL^*  in  comparison  with  their  probable  errors. 

The  direction  in  which  a  star  appears  to  move  in  consequence  of 
the  sun  s  motion  lies  in  the  great  circle  drawn  through  the  star 
an<l  the  j»oint  towards  which  the  sun  is  moving.  Let  this  [K>int 
be  lure  doignated  as  the  |M)int  (),  If  the  great  circle  in  which 
iuch  >tar  is  observed  to  move  were  <lrawn  upon  an  artificial  globe, 

"  Tlu-  1  iw  whirh  wo  nfitunilly  expect  to  finti  is  that  of  a  reTolution  of  nil  the  Htart 
of  our  •.\>.t.in  firoimil  their  coriinion  centre  of  gravity.  Madlkb,  conceiving  that 
our  km-wh-l^ri^  of  the  proper  motionfi  is  alremly  nufficient  for  the  purpone,  hM 
nn.riii.t..l  t..  a««-i^n  ihe  p<»«<ifion  of  thi«  centre.  He  has  fixed  upon  Airtftme,  the 
piiiioijil  vtur  of  the  l'lni'lf$,  n^  the  central  nun.  Attrun.  AVA.,  N'o.  t>t\t\.  i/i4 
A'./'/*'  '  j'linjtn  tl'T  FiiiKrtif  m  ihrer  lifztehumj  zum  GetammUyatem,  Ton  J.  U.  Madlee, 
l>ori'at,  \^'>*'}. 
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anc^le  i  prodnced  by  the  variations  of  A  and  2)  will  be  found 
from  the  triangle  POS  by  the  first  diflTerential  formulse  (47); 
whence 

.    ,      ,  ,       N  .    ,      /COS (a — .4)co8^8in2) — sindcosDV     ^        -^ 
i^/.sin^  =  (/— /jsioA  =1 ,— I  AAcosi) 

Bin(a-^)cosa^^  (740) 

Bin  ^  ^      ^ 

Ilcnce,  we  have  onlj'  to  compute  for  each  star  the  values  of  i 
and  sin  X  by  (738),  and  of  ;f'  by  (739),  and  then,  putting 

»»  =  (/—/)  sin  I 

COS  (o  —  A)  cos  ^  sin  D  —  sin  ^  cos  2> 

a  —  1 L ; — 

Bin  X 

,         sin  (a  —  A)  cos  ^ 

b  =r ^ — ^ — f 

Bin  X 

we  form  the  equation  of  condition, 

a .  L.A  cosD  +  ^  •  A-^  +  **  =  0 

in  wliieh  atIcos/)  and  a2)  are  the  unknown  quantities.  From 
all  the  equutioiirt  thus  formed  the  most  probable  values  of  ^A 
and  a/)  will  be  found  by  the  method  of  least  squares.  The 
quantity  (jf  ~  Z)  ^^'^  ^  ^^  ^^^^  difltance  between  the  great  circle  in 
which  tlu'  star  rcallv  moves  and  that  dniwn  from  the  Htar  to  the 
]K)iiit  O,  measured  at  this  point. 

Tn  this  manner  the  j)osition  of  the  point  0  has  been  verj'  closely 
determined.  The  earlier  determinations  founded  on  a  compara- 
tively small  number  of  well  established  proper  motions  are 
those  ot* 

W.  HERscnEL,  A  :  t  245*'  53'  2)  =  +  49°  88' 

aiui  (lAiss,        A  -     259    10  D  =  +  30    50 

Ot'tlio  more  recent  determinations,  the  first  in  the  order  of  time 
is  tliat  ot*  Ak<;klam)KU.*  He  employed  390  8t4irs,  the  proper 
motions  ot*  which  he  tound  by  comparing  their  ponitions  as  deter- 
mined hy  hinixlt'tor  lS.*]Ot  with  those  detenninedby  Bessel  from 
r>K\i)Li:v's  olMcrvations  for  1T55.J     lie  divided  these  stars  into 


^  .1  vr.f^.  S.ich.,  No.  8r,3.      f  DLX  Sull.  FU.  Poiithnes  Mtdim  ineumU  Ofuio  1830. 

^  Fumiiimrntit  A»tronomtie. 
Vol.  I.— 15 
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and  by  combination,  having  regard  to  the  number  of  stars  in 
each  class, 

A  =  261°  38'  8  i>  =  +  89<>  53'.9 

445.  It  would  at  first  sight  seem  that  the  existence  of  any 
law  in  the  proper  motions  of  the  stai's  would  vitiate  the  value 
of  the  precession  constant  found  by  Bessel  according  to  the 
method  of  Art.  443.  Accordingly,  Otto  Struve  has  attempted 
to  determine  both  the  precession  constant  and  the  motion  of  the 
solar  system  from  equations  of  condition  involving  both.  In 
order  to  accomplish  this  it  was  necessary  to  introduce  into  the 
e(|uations  the  magnitude  as  well  as  the  direction  of  the  proper 
motions.  But  since  the  apparent  angular  motion  of  a  star,  so 
far  as  it  depends  upon  the  motion  of  our  sun,  is  a  function  of  the 
star's  distance  from  us,  it  became  necessary  also  to  make  an 
hypothesis  as  to  the  relative  distances  of  the  stars  of  different 
orders  of  magnitude.  Thus,  the  new  value  of  the  precession 
constant  given  by  him,  and  which  we  have  (provisionally)  adopted 
on  page  r)()(>,  is  also  exposed  to  the  objection  that  it  rests  upon 
an  hypothesis. 

Astronomers  have,  therefore,  been  led  to  re-examine  the 
grounds  ui>on  which  Bessei/s  determination  rests.  It  is  to  be 
observed  that  the  method  which  he  emj»loyed  would  give  a  re- 
sult entirely  free  frojn  the  effects  of  the  sun's  motion,  if  the  stars 
employed  were  uniformly  distributed  over  the  sphere,  and  if  the 
average  distance  of  these  stars  in  all  directions  from  the  sun  were 
the  same.  Madler,  in  the  work  above  quoted,  has  shown  that 
tor  '2\'V^  stars  distributed  with  tolerable  uniformity,  Bessei/'s 
constant  gives  proper  motions  in  right  ascension  the  mean  of 
which  is  only  —  0".0()03.  If  now  this  quantity  were  aj>plied  to 
Bksski/s  value  of  m  and  the  proper  motions  again  computed, 
tlieir  mean  would  come  out  exactly  zero.  Hence  he  concludes 
that  these  stars  fully  confirm  Bessel's  constant^  since  the  correc- 
tion —  0".0()()3  is  insignificant.  It  appears,  however,  that,  in 
drawing  this  inference  without  reservation,  he  has  left  out  of 
view  the  second  conclusion  above  stated,  that  the  average  dis- 
tance of  the  stars  on  all  sides  of  us  should  be  the  same.  For,  if 
the  >mrs  motion  i»roduees  greater  apparent  motitms  in  stars  near 
to  us  than  in  those  more  remote,  a  want  of  unifonnitv  in  the  dis- 
ian(  MS,  notwithstaniling  the  equal  distribution  of  the  stars,  would 
jiroiliicc  a  greater  rt//?ow/</  of  proper  motion  in  one  hemisphere 


